The Complexity of Toughness in Regular Graphs

D. Bauer^1 J. van den Heuvel^2 A. Morgana^3 E. Schmeichel^{4 ∗}

1 Department of Mathematical Sciences Stevens Institute of Technology, Hoboken, NJ 07030, U.S.A.

2 Centre for Discrete and Applicable Mathematics London School of Economics, Houghton Street, London WC2A 2AE, U.K. 3 University of Rome Rome, Italy 4 Department of Mathematics & Computer Science San Jose State University, San Jose, CA 95192, U.S.A.

Abstract Let t ˘ 1 be an integer. We show that it is NP-hard to determine if an r-regular graph is t-tough for any fixed integer r ˘ 3 t. We also discuss the complexity of recognizing if an r-regular graph is t-tough, for any rational t ˘ 1.

Keywords : toughness, regular graph, NP-completeness

AMS Subject Classifications (1991) : 68R10, 05C38

� Supported in part by the National Science Foundation under Grant DMS9206991.

1 Introduction

We begin with a few definitions and some notation. A good reference for any undefined terms in graph theory is [7] and for computational complexity is [12]. We consider only undirected graphs with no loops or multiple edges. Let G be a graph. Then G is hamiltonian if it has a Hamilton cycle, i.e., a cycle containing all of its vertices. It is traceable if it has a path containing all of its vertices. Let ω(G) denote the number of components of G. We say G is t-tough if |S| ≥ t · ω(G − S) for every subset S of the vertex set V (G) of G with ω(G − S) > 1. The toughness of G, denoted τ(G), is the maximum value of t for which G is t-tough ( taking τ(K_n) =^{n−1}_2 for all n ≥ 1 ). A k-factor is a k-regular spanning subgraph. Of course, a Hamilton cycle is a 2-factor.

Toughness was introduced by Chvátal in [9]. In recent years much work has been done to understand the relationship between the toughness of a graph and its cycle structure. For survey papers in this area, see [4, 5, 6]. An obvious connection between toughness and hamiltonicity is that being 1-tough is a necessary condition for a graph to be hamiltonian. Chvátal conjectured that there exists a finite constant t_0 such that every t_0-tough graph is hamiltonian. This conjecture is still open. Until recently it was believed that the smallest value of t_0 for which this conjecture would be true was t_0 = 2. This belief, known as the “2-tough conjecture”, stemmed in large part by letting k = 2 in the two results below. The first of these results showed that Chvátal was correct in his conjecture that every k-tough graph on n vertices with n ≥ k + 1 and k n even has a k-factor.

Theorem 1.1 [11]. Let G be a k-tough graph on n vertices with n ≥ k + 1 and k n even. Then G has a k-factor.

Theorem 1.2 [11]. Let k ≥ 1. For any ε > 0, there exists a (k − ε)-tough graph G on n vertices with n ≥ k + 1 and k n even which has no k-factor.

We now know that the 2-tough conjecture is false.

Theorem 1.3 [1]. For every ε > 0, there exists a (^9_4 − ε)-tough nontraceable graph.

In this note we continue to study the complexity of recognizing t-tough graphs. This problem was first raised by Chvátal [8] and later appeared in [19] and [10, p. 429]. Consider the following decision problem, where t > 0 is a rational number.

t-TOUGH INSTANCE : Graph G. QUESTION : Is τ(G) ≥ t ?

The following was established in [2].

Theorem 1.4 [2]. For any rational t > 0, t-TOUGH is NP-hard.

It seems natural to inquire whether the problem of recognizing t-tough graphs remains NP-hard for various subclasses of graphs. A number of results in this direction are discussed in [3]. In this note we focus on the complexity of recognizing tough regular graphs, and begin with the class of cubic graphs. In [9], Chvátal showed that a necessary and sufficient condition on an integer n for the existence of an n-vertex, 3/2-tough cubic graph is that n = 4 or n ≡ 0 ( mod 6 ). Later, Jackson and Katerinis [15] strengthened this by characterizing 3/2-tough, cubic graphs.

Theorem 1.5 [15]. Let G be a cubic graph. Then G is 3/2-tough if and only if G = K_4, G = K_2 ×K_3, or G is obtained from a 3-connected cubic graph by replacing all the vertices of this graph by triangles.

The above characterization allows 3/2-tough, cubic graphs to be recognized in polynomial time. However, the arguments used in [15] seem very dependent on the particular constant 3/2, and it seems unlikely that a polynomial time algorithm exists to recognize t-tough, cubic graphs for any t such that 1 ≤ t < 3/2. In [3] we established this for t = 1.

Theorem 1.6 [3]. 1-TOUGH remains NP-hard for cubic graphs.

In [3] we were also able to use Theorem 1.6 to establish the following result.

Theorem 1.7 [3]. For any integer t ≥ 1, t-TOUGH remains NP-hard for 3 t-regular graphs.

In this note we extend both Theorem 1.6 and Theorem 1.7. We first extend Theorem 1.6 by proving Theorem 1.8 below. The proof is modelled after the proof of Theorem 1.6 given in [3].

Theorem 1.8 For any fixed integer r ≥ 3, 1-TOUGH remains NP-hard for r-regular graphs.

We then extend Theorem 1.7 by proving Theorem 1.9 below. The proof, which uses Theorem 1.8, is modelled after the proof of Theorem 1.7 given in [3].

Theorem 1.9 For any integer t ≥ 1 and any fixed integer r ≥ 3 t, t-TOUGH remains NP-hard for r-regular graphs.

The truth of Theorems 1.8 and 1.9 is not surprising in light of Theorems 1.6 and 1.7, respectively. Nevertheless, it is not always easy to establish this type of intuitively obvious result. For example, after Holyer [14] established that it is NP-hard to decide if a cubic graph is class one ( relative to edge-coloring ), it required a surprisingly difficult proof by Levin and Galil [16] to show the problem is also NP-hard for r-regular graphs for fixed r > 3. We now consider the problem of recognizing t-tough r-regular graphs for any rational t ≥ 1. Note that if r < 2 t, an r-regular graph cannot be t-tough since removing the neighborhood of any vertex yields at least two components. If r = 2 t, then t-TOUGH would be polynomial if the following conjecture of Goddard and Swart [13] is true.

Conjecture 1.10 [13]. Let G be an r-regular graph. Then G is^r_2 -tough if and only if G is r-connected and K_{1,3}-free.

Note that Conjecture 1.10 is true for r = 3 by Theorem 1.5. In addition, the “if” direction of Conjecture 1.10 was established by a result of Matthews and Sumner [17].

Theorem 1.11 [17]. Let G be a noncomplete K_{1,3}-free graph. Then τ(G) is equal to one half of the connectivity of G.

We now make the following conjecture.

Conjecture 1.12 For any rational t ≥ 1 and any fixed integer r ≥ 1, t-TOUGH remains NP-hard for the class of r-regular graphs if and only if r > 2 t.

In the next two sections we present the proofs of Theorems 1.8 and 1.9. Finally, in the last section we conclude with a discussion of Conjecture 1.12.

2 Proof of Theorem 1.8

We already know that recognizing 1-tough cubic graphs is NP-hard [3]. For fixed r ≥ 4, we now prove that 1-TOUGH is NP-hard for r-regular graphs by reducing 1-TOUGH for cubic graphs.

Let G be any cubic graph. For r ≥ 4, construct the corresponding r-regular graph H_r = H_r(G) as follows. Each vertex v ∈ V (G) will correspond to a graph H_{v,r} as in Figures 1 and 2 below. The structure of H_{v,r} will depend on the parity of r. In each case the three black vertices on each side of the connection graph will have degree r − 1 in H_{v,r}.

Case 1 : r = 2 k, k ≥ 2.

In this case there are four basic graphs, B^a_1 , B^b_1, B^a_2 , B^b_2, and one connection graph C_3.

For j ∈ {a, b}, the graph B^j_1 is a complete graph on 2 k vertices. Let V (B^j_1) = R^j_1 ∪ S^j_1, where R^j_1 = {r^j_{1,1}, r^j_{1,2}, . . . , r^j_{1,k}} and S^j_1 = {s^j_{1,1}, s^j_{1,2}, . . . , s^j_{1,k}}.

For j ∈ {a, b}, the graph B^j_2 is a complete graph on 2 k + 1 vertices with certain edges

removed. Let V (B^j_2) = R^j_2 ∪ S^j_2 ∪ {w}, where R^j_2 = {r^j_{2,1}, r^j_{2,2}, . . . , r^j_{2,k}} and S^j_2 =

{s^j_{2,1}, s^j_{2,2}, . . . , s^j_{2,k}}. Now remove the edges {r^j_{2,1}s^j_{2,1}, r^j_{2,2}s^j_{2,2}, . . . , r^j_{2,k−1}s^j_{2,k−1}}.

The graph C_3 is a complete graph on 2 k vertices with certain edges removed. First let

V (C_3) = R_3 ∪ S_3, where R_3 = {r_{3,1}, r_{3,2}, . . . , r_{3,k}} and S_3 = {s_{3,1}, s_{3,2}, . . . , s_{3,k}}. Now

remove the edges {r_{3,1}s_{3,1}, r_{3,2}s_{3,2}, . . . , r_{3,k−1}s_{3,k−1}}.

Finally, consider the 6 black vertices {u_1, u_2, . . . , u_6} in Figure 1. The vertex

u_1 is joined to (R^a_1 ∪ R^a_2) − {r^a_{2,k}},

u_2 is joined to (S^a_2 ∪ R_3) − {s^a_{2,k}},

u_3 is joined to (S^a_1 ∪ R_3) − {r_{3,k}},

u_4 is joined to (R^b_2 ∪ S_3) − {r^b_{2,k}},

u_5 is joined to (R^b_1 ∪ S_3) − {s_{3,k}} and

u_6 is joined to (S^b_1 ∪ S^b_2) − {s^b_{2,k}}.

The graph H_{v,r} for r even is shown in Figure 1.

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ..

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... ...

.... .... .... .... .... .... .... .... .... .... ..... .... .... .

..............

...............

..............

...............

...............

...............

...............

..............

.............

...............

................

................

...............

................

................

................

.........

.....

......

...... ......

......

......

.....

......

..... ......

......

......

.....

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ..

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ..

....

....

....

....

....

....

....

....

....

....

....

....

.... .

...............

...............

..............

...............

...............

...............

..............

...............

............

...............

................

................

................

...............

................

................

.........

.....

......

......

......

......

......

.....

......

.....

......

......

......

.....

.. ... .....

............

............................................

..... ... .. .. .... ......

.............

........................................

.....

.... .. .

.. ... .....

............

............................................

..... ... .. .. ... .....

...........

...........................................

.....

.... ..

.. ... .....

...........

............................................

..... ... .. .. .... .....

.............

........................................

.....

.... .. .

.. ... .....

...........

............................................

..... ... .. .. ....

.....

............

...........................................

.....

.... ..

B^a_1

B^a_2

B^b_1

B^b_2

w w w

w w w ......

......

......

......

......

.....

......

......

......

.....

......

......

......

Fig. 1 : H_{v,r} for r even.

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ..

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... ...

.... .... .... .... .... .... .... .... .....

.... .... .... .... .

..............

...............

..............

...............

...............

...............

...............

..............

.............

...............

................

................

...............

................

................

................

.........

...............

................

................

................

...............

................

................

.........

...... ...... ...... ...... ...... ..... ...... ...... ...... ..... ...... ...... ......

...............

...............

..............

...............

...............

...............

..............

...............

............

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ..

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ..

....

....

....

....

....

....

....

....

.....

....

....

....

.... . u_1 u_2

u_3 u_4

u_5 u_6

....... .

.......

.......

..............

.......

...... .... ....

.......

...... .

.......

.......

......

......

....... .......

.......

......

.......

......

......

....... .... ....

....... .......

C_3

........

.......

.......

...........

....

.......

...... ...... .......

.............

Case 2 : r = 2 k + 1, k ≥ 2.

In this case there are four basic graphs, B^a_4 , B^b_4, B^c_4, B^d_4 , and one connection graph C_5.

For j ∈ {a, b, c, d}, the graph B^j_4 is a complete graph on 2 k + 2 vertices with certain

edges removed. Let V (B^j_4) = R^j_4 ∪ S^j_4, where R^j_4 = {r^j_{4,1}, r^j_{4,2}, . . . , r^j_{4,k+1}} and S^j_4 =

{s^j_{4,1}, s^j_{4,2}, . . . , s^j_{4,k+1}}. Now remove the edges {r^j_{4,1}s^j_{4,1}, r^j_{4,2}s^j_{4,2}, . . . , r^j_{4,k}s^j_{4,k}}.

The graph C_5 is a complete graph on 2 k + 2 vertices with certain edges removed. Let

V (C_5) = R_5 ∪S_5, where R_5 = {r_{5,1}, r_{5,2}, . . . , r_{5,k+1}} and S_5 = {s_{5,1}, s_{5,2}, . . . , s_{5,k+1}}. Now

remove the edges {r_{5,1}s_{5,2}, r_{5,2}s_{5,3}, . . . , r_{5,k}s_{5,k+1}} and {r_{5,2}s_{5,1}, r_{5,3}s_{5,2}, . . . , r_{5,k+1}s_{5,k}}.

Finally, consider the 6 black vertices {w_1, w_2, . . . , w_6} in Figure 2. The vertex

w_1 is joined to (R^a_4 ∪ R^c_4) − {r^a_{4,k+1}, r^c_{4,k+1}},

w_2 is joined to (S^a_4 ∪ R_5) − {s^a_{4,k+1}, r_{5,k+1}},

w_3 is joined to (S^c_4 ∪ R_5) − {s^c_{4,k+1}, r_{5,1}},

w_4 is joined to (R^b_4 ∪ S_5) − {r^b_{4,k+1}, s_{5,k+1}},

w_5 is joined to (R^d_4 ∪ S_5) − {r^d_{4,k+1}, s_{5,1}} and

w_6 is joined to (S^b_4 ∪ S^d_4 ) − {s^b_{4,k+1}, s^d_{4,k+1}}.

The graph H_{v,r} for r odd is shown in Figure 2.

..............

...............

...............

...............

...............

...............

..............

...............

.......

..... ..... ..... ..... ..... ..... ...... ..... ..... ...... ..... ..... ..... .....

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... ..

.... .... .... .... .... .... .... .... .... .... ....

.... .... .... .

.............

..............

..............

..............

.............

..............

..............

...............

.............

..........

.....

.....

.....

......

.....

.....

.....

.....

.....

.....

.....

.....

.....

....

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ..

....

....

....

....

....

....

....

....

....

....

....

....

....

.... .

.............

..............

..............

..............

..............

..............

..............

..............

.............

..........

..............

...............

...............

...............

...............

...............

..............

...............

.......

.....

.....

..... ......

.....

.....

.....

.....

.....

.....

.....

.....

.....

....

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... ..

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .

..............

..............

..............

.............

..............

..............

..............

..............

..............

..........

...............

...............

...............

...............

...............

...............

...............

...............

.....

.....

.....

.....

.....

.....

.....

......

.....

.....

......

.....

.....

.....

.....

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ..

....

....

....

....

....

....

....

....

....

....

....

....

....

.... .

Fig. 2 : H_{v,r} for r odd.

w_1 w_2

w_3 w_4

w_5 w_6

B^a_4 B^b_4

B^c_4 B^d_4

C_5

..............

..............

..............

.............

...............

..............

..............

.............

..............

..........

...... .

.......

......

.............

.......

......

.......

......

.......... ...

......

......

......

...... ......

......

......

.......

......

......

...... .... ....

......

....... w . ... ....

.......

.....................................................

..... ... . .. ... ....

........

....................................................

.... ... .. .

. ... ....

.......

.....................................................

..... ... . .. ... ....

........

....................................................

.... ... .. . .. ... ....

........

.....................................................

..... ... .. .. ... .....

.......

....................................................

.... ... .. .

.. ... ....

........

.....................................................

..... ... .. .. ... .....

.......

....................................................

.... ... .. .

w

...............

...............

...............

...............

...............

...............

...............

...............

.....

w w w w ....... ......

.......

.......

......

......

...... ...... ......

............

For r even, arbitrarily designate the black vertices in H_{v,r} on one side of C_3 by A_{v,r}, and

those on the other side by B_{v,r}. Similarly, for r odd arbitrarily designate the black vertices

in H_{v,r} on one side of C_5 by A_{v,r}, and those on the other side by B_{v,r}. Thus the set of

“black” vertices in H_r is B = S_{v∈V (G)} A_{v,r} ∪ B_{v,r}. Let W be the remaining set of “white”

vertices in H_r. An edge vw in G will be represented in H_r by joining any previously unused

vertex in A_{v,r} to any previously unused vertex in B_{w,r}, and any previously unused vertex

in A_{w,r} to any previously unused vertex in B_{v,r}. Note that H_r is an r-regular 2-connected

graph.

To complete the proof, it now suffices to show the following.

Claim. G is 1-tough if and only if H_r(G) is 1-tough.

Proof of the Claim : Suppose first that G is not 1-tough. Then there exists a nonempty

set X ⊆ V (G) with ω(G − X) > |X|. Let Y ⊆ V (H_r) be given by Y = S_{v∈X}(A_{v,r} ∪ B_{v,r}).

It is easily verified that ω(H_r − Y ) > |Y |, and thus H_r is also not 1-tough.

Conversely, suppose H_r is not 1-tough. Then there exists a nonempty set Y ⊆ V (H_r) with

ω(H_r − Y ) > |Y |. We will now establish a series of properties ( Lemmas 2.1 to 2.4 ) which we may assume Y satisfies, since otherwise we may select a nonempty set Y^′ ⊆ V (H_r) with ω(H_r − Y^′) > |Y^′| satisfying the desired properties.

Lemma 2.1 We may assume that Y ∩ W = ?.

Proof : For a given v ∈ V (G), let F be any basic or connection subgraph of H_{v,r} ⊆ H_r, together with the black neighbors of this subgraph ( see Figures 1 and 2 ). Let Y_F (W ) ( resp., Y_F (B) ) denote Y ∩ V (F ) ∩ W ( resp., Y ∩ V (F ) ∩ B ), with Y_F (W ) ≠ ?. We first prove

Fact 1 : ω( (F − Y_F (B)) − Y_F (W ) ) ≤ |Y_F (W )| + 1.

Proof of Fact 1 : When r ≥ 5, F − Y_F (B) is hamiltonian, and hence 1-tough, regardless of which vertices are in Y_F (B). Thus ω( (F − Y_F (B)) − Y_F (W ) ) ≤ |Y_F (W )| < |Y_F (W )| + 1. If r = 4, it is easy to verify the inequality directly for each F . 2

Let Y^′ = Y − Y_F (W ). We next prove

Fact 2 : ω(H_r − Y^′) > |Y^′|. Proof of Fact 2 : By Fact 1 we have

ω(H_r − Y^′) ≥ ω(H_r − Y ) − [ ω( (F − Y_F (B)) − Y_F (W ) ) − 1 ] > |Y | − [ (|Y_F (W )| + 1) − 1 ] = |Y | − |Y_F (W )| = |Y^′|. 2 To complete the proof of Lemma 2.1, simply iterate the above procedure for each basic or connection graph F in H_r having Y_F (W ) ≠ ?. We finally obtain a set Y^′ ⊆ B with ω(H_r − Y^′) > |Y^′|. This set Y^′ must be nonempty; otherwise the previous set Y^′ consists solely of white vertices in a single basic or connection graph F and satisfies ω(H_r − Y^′) > |Y^′|. This clearly is impossible. 2

Lemma 2.2 We may assume, for all v ∈ V (G), that A_{v,r} ∩ Y ( resp., B_{v,r} ∩ Y ) is either A_{v,r} ( resp., B_{v,r} ) or ?.

Proof : Suppose A_{v,r} ∩ Y is neither A_{v,r} nor ?. Then there are two “consecutive” vertices a, b ∈ A_{v,r} ( see Figure 3 ) with a ∈ Y , b /∈ Y . Set Y^′ = Y ∪ {b}.

It is immediate that |Y^′| = |Y | + 1 and ω(H_r − Y^′) ≥ ω(H_r − Y ) + 1, and thus we have a nonempty Y^′ ⊆ V (H_r) such that ω(H − Y^′) > |Y^′|. We simply iterate this modification to Y until A_{v,r} ∩ Y = A_{v,r}. The proof for B_{v,r} is identical. 2

We will call v ∈ V (G) a split vertex if exactly one of A_{v,r}, B_{v,r} belongs to Y . In a moment we will show we may assume there are no split vertices. First we need the following result.

......................

.......................

......................

.......................

......................

.......................

......................

......................

.......................

......

.............................

.............................

.............................

.............................

.............................

.............................

.............................

..............................

.........

......

......

......

.....

......

......

......

......

......

......

......

.....

......

......

......

......

.....

......

......

......

......

......

...... ...

.....

.....

.....

.....

......

.....

.....

.....

.....

......

......

.....

.....

.....

.....

......

.....

.....

.....

.....

......

.....

.....

..... B^j_i

b a v ......

......

......

...... ...... v

. .. .. ... ... ....

....

......

........

...............

.............................................

........

......

....

....

.... ... .. .. . . . .. ... ... .... .... ...... ........

................

...........................................

........

.....

....

....

.... ... .. .. . .

Fig. 3 : Consecutive vertices in A_{v,r}.

16.226

......

Lemma 2.3 Let v ∈ V (G). If A_{v,r} ⊈ Y and B_{v,r} ⊆ Y , then we may assume, for all w ∈ N_G(v), that B_{w,r} ⊆ Y .

Proof : Suppose A_{v,r} ⊈ Y , B_{v,r} ⊆ Y , but B_{w,r} ⊈ Y for some w ∈ N_G(v). Set Y^′ = Y ∪ A_{v,r}. We find |Y^′| = |Y | + 3 and ω(H_r − Y^′) ≥ ω(H_r − Y ) + 3, and thus we have a nonempty Y^′ ⊆ V (H_r) such that ω(H_r − Y^′) > |Y^′|. Now simply iterate the modification of Y until the desired condition holds. 2

Lemma 2.4 We may assume there are no split vertices.

Proof : Suppose S = { v ∈ V (G) | v is a split vertex } ≠ ?. Consider any component K of ⟨S⟩ in G, and let V (K) = {v_1, v_2, . . . , v_m}. By Lemma 2.3 we may assume, without loss of generality, that A_{vi,r} ⊈ Y , B_{vi,r} ⊆ Y , for i = 1, 2, . . . , m. Note that if wv_i ∈ E(G) for some i, 1 ≤ i ≤ m, and w /∈ V (K), then by Lemma 2.3, A_{w,r}, B_{w,r} ⊆ Y . Also note that^mS_{i=1}(H_{vi,r} − B_{vi,r}) induces a subgraph in H_r with exactly 3 m components. Now

set Y^′ = Y \ (^mS_{i=1} B_{vi,r} ). Suppose Y^′ = ?. If V (K) ≠ V (G), then G is disconnected by the above observation on edges wv_i. On the other hand, if V (K) = V (G), then ω(H_r − Y ) = 3 |V (G)| = |Y |, a contradiction. Hence Y^′ ≠ ?. Thus we have |Y^′| = |Y | − 3 m ≥ 1. (1) By Lemma 2.3, we also have

ω(H_r − Y^′) = ω(H_r − Y ) − (3 m − 1). (2) Using (1), (2), and ω(H_r − Y ) > |Y |, we find that Y^′ is a nonempty subset of V (H_r) such that ω(H_r − Y^′) > |Y | − 3 m + 1 = |Y^′| + 1 > |Y^′|. Now simply iterate the above modification to Y for every component K of ⟨S⟩. 2

Finally, let X = { v ∈ V (G) | A_{v,r}, B_{v,r} ⊆ Y }. Since there are no split vertices, it is easy to check that X is a nonempty subset of V (G) such that ω(G − X) > |X| and so G is not 1-tough.

This proves the Claim, and completes the proof of Theorem 1.8. 2

Note that for every r ≥ 4, H_{v,r} ( and thus H_r ) contains a 1-factor. Thus the proof of Theorem 1.8 actually proves the following result : For every fixed integer r ≥ 3, 1-TOUGH remains NP-hard for the class of 2-connected, r-regular graphs which contain a 1-factor.

3 Proof of Theorem 1.9

Before proving Theorem 1.9, we require the following lemma. The proof is essentially the same as the proof of Theorem 1.7 given in [3].

Lemma 3.1 Let t ≥ 1 and k ≥ 3 be integers. Then t-TOUGH remains NP-hard for the class of kt-regular graphs.

Proof of Lemma 3.1 : We will reduce 1-TOUGH for 2-connected, k-regular graphs containing a 1-factor ( see the remark at the end of the previous section ). Let G be any such graph, and construct H = H(G) as follows. Each vertex in G is replaced by a K_t in H. Each edge in the 1-factor in G is replaced by a matching ( henceforth called an m-join ) between the corresponding K_t’s in H, while each edge not in the 1-factor in G is replaced by a complete bipartite join ( henceforth called a c-join ) between the corresponding K_t’s. It is immediate that H is k t-regular.

We next show that H is 2 t-connected. Since G is 2-connected, disconnecting G requires removing at least two vertices, one vertex and a nonincident edge, or two independent edges. Thus disconnecting H requires removing at least two K_t’s, removing one K_t and breaking a nonincident m-join, or breaking two independent m-joins. Note that “breaking an m-join” means removing enough vertices in the m-join to eliminate all edges in the join without completely removing either K_t; obviously this requires removing a total of at least t vertices in the two K_t’s. It follows that any cutset in H must contain at least 2 t vertices, and thus H is 2 t-connected.

To complete the proof, we now show G is 1-tough if and only if H is t-tough. If G is not 1-tough, there exists a cutset X ⊆ V (G) with ω(G − X) > |X|. Let Y ⊆ V (H) consist of the K_t’s corresponding to the vertices in X. It is easy to see that Y is a cutset and ω(H − Y ) = ω(G − X) > |X| = |Y |/t, and thus H is not t-tough.

Conversely, suppose H is not t-tough. Then there exists a cutset Y ⊆ V (H) with ω(H − Y ) > |Y |/t. We now establish the following.

Claim. We may assume each K_t in H is entirely contained in Y or entirely disjoint from Y ( i.e., no K_t in H is “split” by Y ).

Assuming we have established the Claim, let X ⊆ V (G) denote the vertices in G corresponding to the K_t’s in Y . Then X is a cutset in G and ω(G−X) = ω(H−Y ) > |Y |/t = |X|, and thus G is not 1-tough as desired.

To prove the claim consider a cutset Y ⊆ V (H) such that ω(H − Y ) > |Y |/t and Y splits as few K_t’s in H as possible. If Y splits no K_t’s there is nothing to prove, so suppose A is a K_t split by Y , and let B denote the K_t which is m-joined to A. We now consider several cases.

Case 1 : B is not split by Y .

Let Y^′ = Y − (A ∩ Y ). Then |Y^′| < |Y | while ω(H − Y^′) = ω(H − Y ), since A is still c-joined to the same K_t’s as was A − Y . Thus we have |Y^′| ω(H − Y^′) < |Y | ω(H − Y ) < t, or ω(H − Y^′) > |Y^′|/t. Since Y is a cutset and ω(H − Y^′) = ω(H − Y ), Y^′ is also a cutset in H. Since Y^′ splits fewer K_t’s than Y , this violates the optimality of Y .

Case 2.1 : B is split by Y and |A ∩ Y | + |B ∩ Y | < t.

Set Y^′ = Y − (A ∩ Y ) − (B ∩ Y ). Then ω(H − Y^′) = ω(H − Y ), since A − Y and B − Y belong to the same component of H − Y , and A ( resp, B ) is c-joined to its adjacent K_t’s besides B ( resp, A ). Thus we get |Y^′| ω(H − Y^′) < |Y | ω(H − Y ) < t, or ω(H − Y^′) > |Y^′|/t. Since Y is a cutset and ω(H − Y^′) = ω(H − Y ), Y^′ is also a cutset in H. Again, Y^′ splits fewer K_t’s than Y , and this violates the optimality of Y .

Case 2.2 : B is split by Y and |A ∩ Y | + |B ∩ Y | ≥ t.

Let Y^′ = Y − (A ∩ Y ) − Z, where Z ⊆ B ∩ Y is any subset with |Z| = t − |A ∩ Y | > 0. Since H is 2 t-connected and Y is a cutset in H, we have |Y^′| = |Y | − t ≥ 2 t − t = t. Note that ω(H − Y^′) ≥ ω(H − Y ) − 1, since we might still lose one component by pulling together the two components containing A − Y and B − Y , but nothing more. Since ω(H − Y ) > |Y | t , we get |Y^′| ω(H − Y^′) ≤ |Y | − t ω(H − Y ) − 1 < t, or ω(H − Y^′) > |Y^′| t ≥ 1.

Thus Y^′ is a cutset in H. Since Y^′ splits fewer K_t’s than Y , this violates the optimality of Y .

This proves the Claim, and thereby proves Lemma 3.1. 2

Proof of Theorem 1.9 : Given any integer r ≥ 3 t, choose the integer k ≥ 3 such that k t ≤ r ≤ (k + 1) t − 1. In the construction of H(G) given in the proof of Lemma 3.1, replace each m-join between a pair of K_t’s by r − k t + 1 edge-disjoint 1-factors between the pair of K_t’s. The resulting graph H^′(G) is then r-regular. The remainder of the proof that G is 1-tough if and only if H^′(G) is t-tough is essentially the same as in the proof of Lemma 3.1. In particular, if H^′(G) is not t-tough, then clearly H(G) is not t-tough. Thus G is not 1-tough as before. 2

4 Concluding Remarks

Conjecture 1.12 appears quite difficult, particularly when r is slightly larger than 2 t. In [3] we considered a special case of Conjecture 1.12; namely, that for any integer t ≥ 1, t-TOUGH remains NP-hard for (2 t + 1)-regular graphs. We thought that a reasonable approach toward attacking this special case was to use the same approach as in the proof of Theorem 1.7 given in [3], except to interchange the roles of the m-joins and c-joins in the construction of H(G). Note that this yields a graph Ĥ(G) that is (2 t+1)-regular. Unfortunately, we recently found a 1-tough graph G^′ for which the graph Ĥ(G^′) constructed in this way is not t-tough.

References

[1] D. Bauer, H. J. Broersma, and H. J. Veldman. Not every 2-tough graph is hamiltonian.

To appear in Discrete Appl. Math.

[2] D. Bauer, S. L. Hakimi, and E. Schmeichel. Recognizing tough graphs is NP-hard.

Discrete Appl. Math., 28 : 191 – 195, 1990.

[3] D. Bauer, J. van den Heuvel, A. Morgana, and E. Schmeichel. The complexity of recognizing tough cubic graphs. Discrete Appl. Math., 79 : 35 – 44, 1997.

[4] D. Bauer, E. Schmeichel, and H. J. Veldman. Some recent results on long cycles in tough graphs. In Y. Alavi, G. Chartrand, O. R. Oellermann, and A. J. Schwenk, editors, Graph Theory, Combinatorics, and Applications - Proceedings of the Sixth Quadrennial International Conference on the Theory and Applications of Graphs, pages 113 – 121. John Wiley & Sons, Inc., New York, 1991.

[5] D. Bauer, E. Schmeichel, and H. J. Veldman. Cycles in tough graphs - Updating the last four years. In Y. Alavi and A. J. Schwenk, editors, Graph Theory, Combinatorics, and Applications - Proceedings of the Seventh Quadrennial International Conference on the Theory and Applications of Graphs, pages 19 – 34. John Wiley & Sons, Inc., New York, 1995.

[6] D. Bauer, E. Schmeichel, and H. J. Veldman. Progress on tough graphs - Another four years. In Y. Alavi, D. Jones, H. Gavlas, A. Schwenk, and M. Schultz, editors, The Proceedings of the Eighth Quadrennial International Conference on Graph Theory, Combinatorics, Algorithms and Applications. John Wiley & Sons, Inc. To appear.

[7] G. Chartrand and L. Lesniak. Graphs and Digraphs. Chapman and Hall, London, 1996.

[8] V. Chvátal. Private communication.

[9] V. Chvátal. Tough graphs and hamiltonian circuits. Discrete Math., 5 : 215 – 228, 1973.

[10] V. Chvátal. Hamiltonian cycles. In E. L. Lawler, J. K. Lenstra, A. H. G. Rinnooy Kan and D. B. Shmoys, editors, The Traveling Salesman Problem, A Guided Tour of Combinatorial Optimization, Ch. 11, pp. 403 – 429. John Wiley & Sons, Chichester, 1985.

[11] H. Enomoto, B. Jackson, P. Katerinis, and A. Saito. Toughness and the existence of k-factors. J. Graph Theory, 9 : 87 – 95, 1985.

[12] M. R. Garey and D. S. Johnson. Computers and Intractability. Freeman, San Francisco, CA, 1979.

[13] W. Goddard and H. Swart. On some extremal problems in connectivity. In Y. Alavi, G. Chartrand, O. R. Oellermann, and A. J. Schwenk, editors, Graph Theory, Combinatorics, and Applications - Proceedings of the Sixth Quadrennial International Conference on the Theory and Applications of Graphs, pages 535 – 551. John Wiley & Sons, Inc., New York, 1991.

[14] I. Holyer. The NP-completeness of edge coloring. SIAM J. Comput., 10 : 718 – 720, 1981.

[15] B. Jackson and P. Katerinis. A characterization of 3/2-tough cubic graphs. Ars Combinatoria, 38 : 145 – 148, 1994.

[16] D. Leven and Z. Galil. NP-completeness of finding the chromatic index of regular graphs. J. Algorithms, 4 : 35 – 44, 1983.

[17] M. M. Matthews and D. P. Sumner. Hamiltonian results in K_{1,3}-free graphs. J. Graph Theory, 1 : 139 – 146, 1984.

[18] J. Petersen. Die Theorie der regulären Graphen. Acta Math., 15 : 193 – 220, 1891.

[19] C. Thomassen. Long cycles in digraphs. Proc. London Math. Soc., 42(3) : 231 – 251, 1981.