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Abstract

In the metrizable topological groups context, a direct product con-
struction (mimicking the ‘action groupoid’) provides a multiplicative
representation canonical for arbitrary continuous flows. This implies,
modulo metric differences, the topological equivalence of the natural,
flow setting of regular variation of [BOst13] with the Bajsanski and
Karamata [BajKar| group formulation. In consequence topological
theorems concerning subgroup actions may be lifted to the flow set-
ting. Thus the Bajsanski-Karamata Uniform Boundedness Theorem
(UBT), as it applies to cocycles in the continuous and Baire cases, may
be reformulated and refined to hold under Baire-style Carathéodory
conditions. Its connection to the Banach-Steinhaus UBT is clarified.
An application to Banach algebras is given.
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1 Multiplicative action, duality and a trans-
fer principle

We work in the category of metrizable topological groups, implying that if X
and Y are isomorphic, then they are also homeomorphic. For groups 7" and
X, with identities er and ey, a (continuous) T-flow on X (|GoHe]|, [Be], or
the more recent [Elll]) is a continuous mapping ¢ : 7" x X — X such that,
for s,t,e T and =z € X,

o(st,x) = (s, t) and pler, z) = .

Write the map induced by t as ¢'(z) := @(t,x); then ¢’ is a home-
omorphism with (continuous) inverse ¢’ () and for e = er, ¢¢ = idy,
where idg(s) := s denotes the identity self-homeomorphism of a space S.
Thus ¢ : t — ' embeds T as a subgroup of Auth(X), the group of self-
homeomorphisms (auto-homeomorphisms) of X. As a blanket assumption:
we restrict 7' to contain only bounded members, those t for which |[t]| :=
sup, dx(t(x),x) < oo; this guarantees 7' is metrized by the supremum met-
ric, denoted dr.

Identifying ¢ with ', one may write () for ¢'(z), which permits devel-
opment of a proper duality between the T-flow ¢ (¢, z) = t(x) and the asso-
ciated X-flow on Tx the group of translates {t, : x € X,t € T} with group
operation s, - t, = st,,, where t,(u) := t(uz) and the X-flow is o~ (z,t) = ¢,
(first noted albeit in another setting in [Sel]). Point-evaluation of ¢, at ex,
formally a projection on the ey co-ordinate space, is t,(ex) = t(z), the
original T-flow. (One may write xt for t, or even (t,z), for t(z), so that ¢
and xr commute at least at the projection level; we see very pervasive con-
sequences of this later.) Proper expression of a duality calls for embedding
X in the double ‘topological dual’ Auth(Auth(X)). Alternatively, the dual-
ity may be captured by a commutative diagram of homeomorphisms (where
®T(t,x) = (t,tz) and ®X(x,t) = (t,zt).

(t,x) L (t,tz)

(x,t) (t,zt)



Here the two vertical maps may, and will, be used as identifications, since
(t,tx) S (t,x) S (t, ot) are bijections (more is true, see below).

However, there is a simpler, purely algebraic approach for capturing the
duality. Observe first that the simplest example of a flow is a restriction
of the multiplicative action of a group X on X to the action of a subgroup
T of X on X, e.g. left translation (t,2) — tz. We show that a T-flow on
X and the associated X-flow on T'x may be represented canonically in this
multiplicative form by a group structure on the phase space T' x X with
T and X represented by complementary normal subgroups isomorphic to T’
and X. We denote the group 7' >1 X and call it the phase-group. (Anatole
Beck points out that 7' is sometimes called the parameter space and X the
state space, so their product may correctly be termed a phase space.) Albeit
with more structure here, this is similar in spirit to the semi-direct product
of group theory which describes a ‘split extension’ of a group G by a group
A of automorphisms of G; see eg [As] Sect. 10. Our construction mimics
the construction of the action groupoid of Lie groupoid theory (cf. [We],
or [ALR] Section 1.4), but remains within group theory (appropriately to
our context/category). Here again the topological structure is richer than in
the groupoid setting (it contains a representation of the action groupoid, for
which see below), since it also takes into account the group structure of X —
see Example 2 below for further elucidation. In topological dynamics ¢(x) is
written multiplicatively as tx (cf. [GoHe]), consistently with a multiplicative
representation.

The representation implies the transfer principle that a topological theo-
rem about multiplicative group actions may be lifted to a theorem concerning
flow actions, in fact to a primal and dual form of the theorem (see [BOst13]
for a discussion of this point). Here we give the details for two such trans-
fers which are of interest to the topological theory of regular variation: the
two uniform boundedness theorems (for continuous, alternatively Baire, co-
cycles).

Recall that a group G is an internal direct product (for a topological view
see [Na] Ch. 2.7; for an algebraic view see [vdW] Ch. 6, Sect. 47, [J] Ch.
9 and 10, or [Ga] Section 9.1) if it is factorizable by two normal subgroups
H, K,ie. G=HK with HNK = {eg} (so that factorization in G is unique).
Under these circumstances hk = kh holds for h € H, k € K (since hkh™ k™!
isin HN K, cf. [vdW] Ch. 6, Sect. 47), so this setting provides a pleasingly
simple expression, when X, T" are metrizable, of the inherent duality between
T acting on X and X acting on 7' if, as can be arranged, H and K are
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isomorphs of X and 7. We now indicate why.

Under the above circumstances K is a unique complement for H (for
which see [As] Section 10 p. 29), and vice versa H a unique complement of
K, so we may also regard them as duals of each other. Furthermore, suppose
that G has a right-invariant metric (see Section 2 for details). If we identify
an element h in H with translation by A on G (i.e. with 7,(g) := hg), then

di(h, ') :=supdg(hg, W' g) = dg(h, h')

geG

shows that H, as a subgroup of G, is isometric with {7, : h € H}, as a
subgroup of Auth(G) under the supremum metric. Now, restricting ¢, the
multiplicative action of G on G, to H we obtain the H-flow on G, namely
o (h,g) == hg. The map induced by h is 7, and h — 7, embeds H in
Auth(Q); its image, ¢ (H), is simply an isometric isomorph of H. The same
goes for K and . Our theorem says we may identify H with 7" and K with
X, as well having a commutative diagram of isomorphisms.

Theorem (Multiplicative Representation of dual flows on topo-
logical groups). For ¢ any continuous T-flow on X with T C Auth(X),
there is a canonical internal direct product group G = ©= and isomorphisms

0:T — 0,£: X — = (as between topological groups) such that the T-flow
on X 1is represented by the multiplicative ©-flow on G :

p2i(r,9) — 19, (1€6,9€0),
as is simultaneously (mutatis mutandis) the associated X -flow on Tx. That
18,
(i) the isomorphisms 0,& commute: 6,§, = £,0y;
(ii) there are isomorphisms such that

(t,I) A <6t7£x) A et’gcc — (tatx> A (t,SU)

! !

(:L‘,t) — (5357915) — gxet — (ZEt,t) — (ZE,t)

(iii) T'x is isomorphic to G under the mapping xt — £,0;,
(iv) denoting (0 x &)(t,x) := (6;,&,) etc., the diagrams below commute:



@
{11

o= d G =0 L G
0 x & and Ex 0
oT X
Tx X Tx X X xT Tx X
as

T = T o (f x €) and &X = = o (€ x 0);

(v) moreover, if T is an internal direct product with T = UV, then © =
G(U)O(V) is also an internal direct product; likewise, if X is an internal
direct product with X =Y Z, then = = £(Y)&(Z) is an internal direct product.

Proof. We proceed by constructing a generalized product group (as in
the Zappa-Szép product, or knit product, cf. [Sz], see Remark 3 below), i.e.
a group that is factorizable by two general subgroups H, K, so that G = HK
with H N K = {eg}. We then check that H, K are normal. For X a group
and T' C Auth(X), we equip the Cartesian product

G=TxX
with a group operation on G defined by
(5,2) < (t,y) = (st,st(s 't y)),

for which eq = (er,ex). (For an interesting homeomorphic alternative see
Remark 2.) An equivalent definition is by the symmetric product formula:

(s,sa) < (t,th) = (st, st(ab)),

showing that (¢,tz)™' = (t71,t}(z~!)). The latter product formula (which
motivates the construction) shows that ® : (t,2) — (¢, tz) describes an
isomorphism from the direct product T'x X to the general product T' > X. As
this is also a homeomorphism, we see that T' 01 X is a metrizable topological
group, when X is metrizable. For t € T,z € X, write

0, == (t,t(ex)), ¢, = (er,x).



Then X is isomorphic to
== rveX}={(er,x) x € X}
Also = is a normal subgroup, since
(5,5a) < (ep,z) < (s, s a™ ) = (e, ara™).
On the other hand, T is isomorphic to
©:={0;:teT}={(ttlex)) :teT}

since by the symmetric product formula
(s,s(ex)) > (t,t(ex)) = (st, st(ex)).
As with =, so too here © is a normal subgroup, since
(5,5a) < (t,t(ex)) >a (s s ta™h) = (sts™, sts ™ ex)).

Finally, note =N 0O = {eg}, since if (t,t(ex)) € E, then t = ep = idx and
so t(ex) = er(ex) = ex. Thus G is in fact an internal direct product.

The flow 7' x X — X may now be recovered from ¢®, the multiplica-
tive action of the subgroup ©, when restricted to the subgroup = via the
projection 7 : G — X, since

008, = (t t(ex)) 0 (er, @) = (£, Lt (t(ex))x)) = (¢, t(x)).

Indeed the equation confirms that the multiplicative action yields an isomor-
phic target and also that the T-flow on X is isomorphic, because

Os 10,18, =0 <&, = (st,st(x)).
We note that 0, > &, = £, > 6, since
£, >0y = (er,x) > (t,t(ex)) = (¢, U(zex)) = (¢, 1(2)).

The same goes for the flow X x T — Tx and restriction of the action ¢=
to the subgroup ©. Indeed Tx is of course isomorphic to the internal direct
product X < 7' under the mapping t, < (z,t) — (t,t(x)) = £, > 0;; indeed
it is a homomorphism since (s, - t,)(ex) = styy(ex) = st(xy), so that

(z,5) - (y,t) = (zy, st) — (st, st(wy) = (s,5(x)) @ (£, 1(y));
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it is injective, since t(x) = s(y) and t = s implies z = y; and it is surjective
since (t,y) = (¢, t(ty)).

Finally, suppose that T' itself is an inner direct product T = UV, with
UNV ={er} and U,V normal. Then, since UV = VU elementwise, we see
that

0, >0, = (uv,uv(ex)) = (vu,vu(ex)) = 0, > 0,.
Put 0(U) ={0,:ue€ U} and (V) = {6, : v € V}. Then §(U) and 6(V) are
normal subgroups of 6(7") = ©. Since 0, = 6, iff u = v, we see that © is an
inner direct product of §(U) and v(V'). Thus

0 =0U)6(V),

Likewise, if X = Y Z, with Y N Z = {ex} and Y, Z normal, since this time
we have
gy > 52 = (eTa y) > (eTa Z) = (eTa Zy) = 52 > €y7

as claimed.

Remarks
0. Note that (s,sa)Z! = (s, s71a™!), since

(s,sa) > (t,th) = (st, st(ab)).

-1

1= (s, 5a7?) since

(5,8 ta) % (t,t7'b) = (st, (st) " (ab)).

similarly(s, s7'a)

1. If T is a group of self-isomorphisms of X, then t(ex) = ey and so
0; = (t,ex). Here

(S,QL‘) >d (ta y) = (Stv (Stsilx) ) 83/)7
suggesting more general forms, appropriate to isomorphism groups, such as
(R, k1) (he, k2) = (a(hy, he)ha, B(ha, ho) (k)R (k2)),

with «, 8 homomorphisms, e.g. a(hy, hy) = hihohi and B(hy, hy) = hihoh 't
2. An alternative product, denoted T'x X, derives from the group opera-
tions on G defined by

(s,2) x (t,y) = (st, (st) " (szty)),
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and is homeomorphic to 7" < X via inversion (with a repeated inversion
on the first coordinate). An equivalent definition of the operation is by the
symmetric product formula

(5,8 a) % (t,t7'b) = (st, (st) " (ab)).

Specialization of the latter formula here to the case of T" a subgroup of X
yields pairs (z,y) satisfying xy = a etc.; thus this generalized product re-
flects the mechanics of a multiplicative convolution (Mellin transform). The
notation of regular variation, however, prefers the earlier choice 7' <1 X (see
later). For

0= (5,57 (ex) &= (en,a),
we obtain
05 &, = (5,5 (ex)) * (er, @) = (5,57 (s(s 7 (ex))r)) = (5,5 (2)).
3. Note that 7(0, - g) = sx for g = (t, ), since
0,9 = (s,s(ex)) < (t,x) = (st,st(t 'w) = (st,sx).
We use this observation in the Transfer Principle of the next section.

Examples.
1. If T C Tr(X) is a subgroup of translations 7; : z — tz and X is
abelian, then

(T, @) 4 (T, Y) = (T, w0 (u™ 207 1y)) = (TuT0, 7).

2. For two commuting flows U and V on X, the action T" = U x V
is an internal direct product and the theorem asserts that both flows on
X are representable by commuting multiplications. Analogous to this is a
representation for the general linear skew-product flow 7. This is defined to
be (see [Sel], [Se2]) a T-flow on X =Y x Z, with Y a topological space and
Z a normed vector space, whereby 7 takes the form

m(t,y,2) = (t(y), alt,y)z).

Here (t,y) — t(y) is a flow in Y. Note that

m(st,y,2) = mw(s,m(t,y,2)) = 7(s, (t(y), alt,y)z))
(s(t(y)), als, ty))alt, y)2),
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m(st,y, z) = (st(y), a(st,y)z)
we have
a(st,y)z = a(s, t(y))a(t, y)z,

or the cocycle condition:

a(st,y) = a(s, t(y))a(t, y).

We have
I=ale,y) =alt™ ty)alt,y),

so a(t™t(y)) = a(t,y)~".

The one-parameter group A(t) := «a(t,t(y)) has A(0) = I, with A(t) invertible
since A(—t)A(t) = A(0) = I. (In fact more is true when 7' = R, as the defin-
ing properties of a flow secure the continuity condition lim; o ||Q(t)z—z|| = 0
for every z in Z; hence, if A(t) is itself continuous on Z, then A(¢) has an ex-
ponential representation — see [Ru] Ch. 13, Semigroups of operators.) Thus
a phase-group © HZ can be created with

W(t,y,Z) = 0; 1y B Cza

with 7= R, Z = R, and Y as in the standard example. (Motivation and
details are presented in Appendix 1 of the extended web-site version of this
paper.)

3. We note here the multiplicative representation that the phase-group
gives for the action-groupoid of a T-action on X. (Compare Appendix 2 of
the extended website version of this paper.) In the current circumstances
the groupoid is presented as a space of points (objects) together with a space
of arrows (morphisms), with the space X taken as the space of objects (we
agree to call points locations) and T' x X as the space of arrows (¢,z). The
arrow (t, x) has source x and target t(x). The binary operation is composition
of two arrows, (t,z) followed by (s,y), and is possible if and only if y =
t(z) (when the arrows are said to be a composable, ordered pair); that is,
speaking intuitively, the target of the first displacement provides the location
for a subsequent displacement. We term the points £, in the group G the
source elements, as they correspond to sources of arrows, and the terms 6,
displacement elements.



The natural embedding v : T' x X — ©Z of arrows to the phase-group G

V(t, ) = (¢ ().
The embedding is continuous, if we agree to use the product topology on the
space of arrows T' x X. We may call the arrow (¢,ex) a basic displacement,
as it is represents an arrow from the base point ex of X; this is carried to
v(t,ex) = (t,t(ex)), i.e. to the point §; of ©. We then have the unique
representation of an arrow in G as a multiplicative decomposition

f)/(ta I’) = Qt > é.xa
i.e. the product in G of a displacement 6, and a source &,.

The decomposition above induces a natural projection o from arrows to
displacements, defined from the set T" x X to the subset © of T" x X by

d(t,z) =0, = (t, tlex)).
This is an idempotent when viewed as acting only on sets; however, regarding
O as a subgroup of GG, the map 0 there serves further as a disabling operation,

since it disables one of the two operations which define < in GG, as we see in
the following computation:

v(st,x) = (st,stx) = (s,s(ex)) > (t, tx)
0 > y(t, )
= 0(s,tz) xy(t, x).

is

Thus
(s,tz) o (t,x) = ' [d(s, tx) > v(t, x)],
so that the binary operation of composition o in the space of arrows is re-
coverable via the representation 7, from the projection § and the binary
operation < of G.
4. Continuing from the last computation of Example 3, we deduce, for
the composable pair of arrows « = (s, stx) and g = (¢, z), that

V(o B) = d(a) > v(B).
Thus fixing «, the following relation, for any [ right-composable with «,
holds in G = 6=

d(a) = (o B)y(B)".
We are about to recognize, in Section 3, the right-hand side (independent

here of ) as a cocycle 0., the main concept in the Uniform Boundedness
Theorems.
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2 Metric aspects of duality: regular variation

In any group X we define the group-norm by ||z||x = dx(z,ex). If dx is
right- or left-invariant, then we have |[x7!|| = ||z||, i.e. the group-norm is
symmetric. Assuming either right- or left-invariant dy, we have the triangle
inequality in the form

[yl < [l=[] + llyll;

since, for instance, for the (preferred) right-invariant case
d(zy,e) =d(x,y™") < d(z,e) + d(e,y ).

(On its own symmetry is not helpful, though easily arranged using the sym-
metrization ||z|| := ||z||x + ||z7"||x.) Normed groups are of fundamental
importance to regular variation; see [BOst12] for an exploration of the the-
ory, the earlier literature on the subject, and an alternative approach to the
duality of topological flows.

If the group is abelian the defining inequality reduces to the usual triangle
inequality. If the group is a vector space (e.g. R, or C), then the group-norm
is just the usual norm. For a less obvious, but significant, example note that
if T' is a subgroup of the bounded elements in Auth(X), with composition as
the group operation, then the group-norm is symmetric, as

[[h]] = sup d(h(z),x) = Sup d(y, k™' () = |Ih],

and the triangle inequality is satisfied, because

[|1'h|| = sup d(W'h(x), z) = sup d(h(y), b~ (y)) < [|h]] + ||']],

)

an argument which draws on the fact that the metric dr is in fact right-
invariant, since

dr(hg, W g) = sup dx (h(g(x)),h'(g(x))) = supdx (h(y), ' (y)) = dr(h, ).

Y

We may give the phase-group G' =T 1 X the metric

dG((t’ x)? (Svy)) = dT(Sa t) + dX(:v,y), (1)

so that if dy is right-invariant, then so is dg. Here dp(s,t) = sup, dx(s(2),t(2)).
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Before investigating metric connections between T <t X and T x X we
note that sequential convergence is a topological notion, whereas the notions
of divergence are metric. We are thus more concerned with divergence, es-
pecially so in the following cases: divergence defined in X by ||z,|| — oo,
and in T by either a uniform condition ||¢,|| — oo, or a pointwise condition
||tnx|| — o0, for each . The first lemma below is concerned with 7" x X and
is followed by a result for 7" X.

Proposition (Duality of divergence) Let the topological group X have
right-invariant metric. For s a bounded member of Auth(X) and a € X,

Is(@)Il < llsll +llal| and —[la][ < [[s]| + [[s(a)[]-

Hence, for s and {t,} bounded members of Auth(X),
(i) |lzn]lx — o0 4ff ||s(zn)l|x — oo, and

(ii) if ||tn(2)||x — oo,then ||t,|lr — oc.

Moreover, if T C X and the action is multiplicative, then
[Is]] < [[sal| + [|all,

so that here

[ltn]] — oo iff ||tn(2)|| — o0, for all/for some x € X.

Proof. All three results follow from inversion-invariance and the triangle
inequality. The second and third follow from the identities: a = s 's(a),
se = saa~'. The first inequality shows (ii) because ||t,(z)|| < ||t.]| + ||=]|
and z is fixed. The third shows that ||t,|| < ||[t,z|| + ||z||. O

Proposition (Triangle inequality with a parameter cf. [Ra] 2.2).
Let G =T a X be metrized by (1); then

e = llzllx  and  [|0|c = [[t]lr + dx(t(ex), ex),
so that
[tz < |[0:lle < 2[tllr and [0 < &[] < 2(]10:] + 1€, ]])-

Hence, for x € Xt €T
() Ifal] = o0 4 [I£,]| = oo, and
(i1) [[2]] = oo iff [|6:]] — oo.
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Proof. Indeed ||£,|| = da((er, ), (er,ex)) = ||z||. Now
& @)l = da((t,t(z)), (er, ex)) = supdx (t(2), 2) + dx (#(), ex)
=t + dx(t(x), ex) < 2[[¢]] + |||
so, in particular, ||6:|| = ||¢|| + dx(t(ex), ex).Thus

160 b2 &l = 11t 1@ < 2[[e]] + [l + []]
< 2([[6:]] + 11€.1D-

Clearly the parameter 2 does not disturb divergence considerations. [J
Interest in divergence structures is motivated by the following.

Definitions. Given groups 7', X, H and a T-flow on X, we say that the
function h : X — H is reqularly varying on T , resp. reqularly varying on
X, if the respective limit below exists. (For a development of the theory, see
[BOst13]).

Oxh(s) = ||:vl|i\r~l>100 h(sx)h(z)™ ", (seT)
Orh(z) = ||Sl|i|gOo h(sz)h(s(ex))™t, (x € X).

In the next section we begin a study of the relation of these ideas to the
phase-group.

3 Cocycles and the transfer principle

Recall (cf. [El2]) that for a T-flow on X, a function ¢ : T'x X — H is a
cocycle on X if
o(st,x) =o(s,tx)o(t, ). (2)

(This says, according to Example 3 of Section 1, that o preserves the com-
position of composable arrows of the action groupoid.) Let

on(t,z) = h(tz)h(x) ™t (3)
Then oy, is a cocycle (the h-cocycle), since

h(stz)h(x)™ = h(stz)h(tz)  h(tz)h(z) ™!,
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and this permits an interleafing idempotent of H, a projection, = to be in-
serted into the formula for o), to yield the cocycle h(tx)mh(xz)™'. A cocycle
is a coboundary on X if there is continuous h : X — H such that

h(tx) = o(t,z)h(z).

We will then say that the cocycle is a h-coboundary on X. Thus, for h
continuous on X, o, is a h-coboundary on X. (Equipping the space of
arrows T' x X of Example 3 of Section 1 with the product topology, the
cocycle 0., (a, B) of Example 4 is a y-coboundary, since + is continuous.)

Before investigating boundedness properties of cocycles, we show how to
lift cocycles from 7' x X to T > X.

Proposition (Transfer Principle). Given a T-flow on X, and a func-
tion h : X — H into the group H, define its extension hg to the phase-group

G by
ha((t,z)) = h(z).

Then the corresponding cocycle og defined on © x G by hg(0s > g)hg(g)™*
satisfies

oc(0s, (t,x)) = on(s,z) and, in particular, og(0s,&,) = on(s, ).

Hence, if h is reqularly varying on T, then hg is reqularly varying on ©,
and likewise, if h is reqularly varying on X, then hg is reqularly varying on
=. That 1s,

Oxh(s) = limh(sz)h(z)™! = li;n ha(0s - 9)ha(g) ™",

T

s

Orh(r) = limh(sz)h(s(ex)) ™! = lign ha(0s - €,)ha(8,)71.

Proof. Interpreting G as the internal direct product of 7" and X in the
sense of the representation theorem, we have

ha (0> €,) = ha((t 1(x))) = h(tx), and ha(E,) = ha((er, x)) = h(x),

and, for g = (¢, ), we have
ha(0s > g9) = ha((s,s(ex)) > (t, 7)) = ha((st, st(t'x)) = h(sz) = hg(fs =< £,).
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Also hg(05) = ha((s,s(ex))) = h(s(ex)). Thus

on(s,x) = h(sz)h(x) ™ = ha(0s = g)ha(&,) ™" = 0a(0s, &),

Thus we do indeed have

Oxh(s) = Tmh(s)hle)”! = lmhelb £)/ho(€,),
Orh(z) = lignh(sx)h(s(ex))_l zliinhg(esfx)/hg(ﬁs),

as asserted. Here it is important to bear in mind that ||z|| — oo iff ||£,]| —
oo, and |[t]|| — oo iff ||04]| — c0. O

Remark. Recall that Ty is isomorphic to G under zt — &0, = (¢,t(x)).
The natural extension of h : X — H from X to Tx is via point-evaluation
as given by

hry (7) := h(7(ex)) = h(t(z)), for 7 =t, € Tx.
This is consistent with the transfer principle, since

ha(§,0:) = h(t(x)) = hry ().

4 Uniform boundedness theorems for cocy-
cles

In the theorems of the next section we will be concerned with boundedness of
cocycles. We say that o is locally bounded (resp., locally essentially bounded)
at t € T if, for some open neighbourhood U C T of t, the set {o(s,z) : s €
U,z € X} is bounded in H (resp. the set {o(s,z) : s € Uz € X\E} is
bounded in H, for a meagre set F).

We will invoke somewhat less than continuity, placing instead conditions
on the separate behaviours of o(t,.) and o(.,x). Examples below illustrate
how these conditions may arise; however, it is as well to pause and consider
the general significance of the separate continuity on 7" of the map t — o (¢, z).
We note it is a natural assumption in the theory of integral equations (for
which see [MS]) including the renewal equation of probability (see [Le]).

Specifically, consider the situation in a multiplicative framework, when
T C X, so that e; = ex. Since T' may act on T (being a subgroup), we
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examine the restriction of cocycles from T'x X down toT'xT. Let h : T' — H.
Note that o (t, er) = h(t)h(er)™!, from where h may be recaptured. Observe
also the standardizations

h(t) = Uh(ty eT)h(e), and Uh(eT7 €T> = ey,

and additionally, w.l.o.g., we may also require h(er) = ey (since H(t) =
h(t)h(er)~! generates the same cocycle as h on T)).

Now let o be an arbitrary cocycle from T'x T'— H (implying association
with the multiplicative T-flow on T"), save only that it satisfies o (er, er) = ep.
Put k(t) = k,(t) := o(t,er); then ox(s,t) is a k-coboundary on 7" provided
o(.,er) is continuous. But,

op(s,t) = k(st)k(t)™' = a(st,er)o(t,er)™
= o(s,ter)o(t,er)o(t,er)™ = o(s,t).

So if o(.,er) is continuous, then o itself is a k-coboundary on 7', as k(.) is
continuous on 71" (cf. [El2] Prop. 2.4). To go in the opposite direction by
taking T' = X is, generally, over-restrictive. For a more searching analysis,
played out in a compact space setting, see [Ell2]; there (X, T) is extendable
to (M,T), a ‘universal minimal set’, where the extended cocycle o is a k,-
coboundary.

A special case of the first uniform boundedness theorem below, when T is
a subgroup of X and o = oy, with t — o(t, ) continuous on 7, was proved
by Bajsanski and Karamata; they stated only conclusion (ii), but a close
inspection of their proof reveals the stronger, unstated, result (i). The brief
proof for their case is reproduced here, for convenience and to document
a new environment and the stronger conclusion, stronger than asserted in
[BajKar].

In the second uniform boundedness theorem we weaken the continuity
hypothesis to merely the Baire property and obtain only the weaker original
conclusion of Bajsanski and Karamata. We prove this in a group setting and
from that deduce the more general flow version.

The paradigm is of course the Banach-Steinhaus Theorem (for which see
[Ru] Th. 2.5, p. 44), where X, H are topological vector spaces and I is a
collection of continuous linear maps ¢ : X — Y with bounded ‘orbits’ {tz :
t € T'}. (Embed T in the finitely generated subgroup 7' which it generates
in the additive group of bounded linear maps B(X, H); this gives a T-flow
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(t,z) — t(z).) Example 1 demonstrates that the weaker hypothesis here
yields in general (say in an infinite-dimensional Hilbert space) a weaker result.

We say that T' is a Baire group when T is a Baire space ([Eng]; see espe-
cially p.198, Section 3.9 and Exercises 3.9.J). The three distinct conditions
appearing as pairs in Theorems 1 and 2 may be called Baire Carathéodory
conditions after the three conditions of (Co) continuity, (M) measurability
and (Bo) boundedness, applied by Carathéodory to the initial value problem
(for details see [Good], and for a more recent example [BB]); here, these are
Baire analogues, obtained by replacing ‘measurable’ with ‘Baire property’.
Recall that ||h|| := d(h, ey) and note that ‘for quasi all ’ means ‘for all ¢ off
a meagre set’.

Theorem 1 (First, or Continuous, Cocycle Uniform Bounded-
ness Theorem, cf. [BajKar|, Th. 3). Let X and H be topological groups
and T a Baire group acting on X. Suppose the cocycle o : T x X — H 1is
such that
(Bo) for quasi all t € T, the mapping x — o(t,z) is bounded over X,

i.e. there a meagre set ET and function m : T — w such that, for all
te T\ET, ||o(t,z)|| < m(t), for all x € X;

(Co) for quasi any x € X, the mapping t — o(t, ) is continuous on T.
Then

(i) o(t,x) is essentially-bounded on the unit ball of T, and so

(ii) o(t, z) is uniformly essentially-bounded for t in compact subsets K avoid-
ing ET.

Moreover, replacing ‘quasi all” with ‘all’ yields the stronger conclusion ob-
tained by replacing ‘essentially-bounded’ with ‘bounded’ and ‘compact subsets
K avoiding ET’ with ‘all compact subsets K.

Proof. We give a streamlined version of the proof in [BajKar| for the
group version of the theorem; the transfer principle implies the flow version
(see the second step of the second theorem below for an explicit deduction
of the flow version). We suppose that (Co) and (Bo) holds off the respective
meagre sets EX and E7 of exceptions. For n € w, put F,, = {h € H : ||h]| <
n}. For n € w, put also

Ku(z)={t:o(tz) € F,}, K,=[{Ku(x):2€X\Ex}.

By assumption (Co), for each x € X\ Ex, the mapping t — o(t, z) is contin-
uous. Hence K, (z) is closed, for each x € X\ FEy. Hence also K, is closed.
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Now, for a given t ¢ Er, the set {o(t,x) : x € X}, being bounded, is con-
tained in some F,,4). Hence t € K,,4(x) for each € X in fact, and so
te Km(t)- Thus

T=E"U|JK.=|JEu| K.

new new new

where each E! is nowhere dense. By Baire’s Theorem, for some open U and
some p € w, we have U C K,,. Thus, for t € U and arbitrary = € X\ EX, we
have

lo(t, z)|| < p,

i.e. o is locally uniformly-essentially bounded at t. But this local assertion
is true on sU for any s ¢ E7, because for any t € U

o(st,x) =o(s,tx)o(t,x),

and the set {o(s,y) : y € X} is bounded, so that {o(st,z) : t € U,z €
X\EX} is bounded.

This last result easily implies the weaker property of uniform essential-
boundedness on compact sets. Indeed, let K be compact in T\E”. Since
(ET)~! is meagre, being a homeomorphic image of ET, we may pick ¢t €
U\(ET)™!; thus t7! ¢ ET. Since e € t7'U we see that kt~'U is an open
neighbourhood of k. Thus there are finitely many points ki, .., k, € K such
that

KcOmﬂU
=1

So for k € K there is i < n and s € U such that k = k;t~'s. Again applying
the defining property that o(st,z) = o(s,tz)o(t, z), we obtain

olk,2) = o(kit 's,x) = okt 'sx)o(t s, )

= o(ky,t tsx)o(t™h, sx)o(s, z).

Since s € U, the set {o(s,z) : x € X\EX} is bounded. By assumption (Bo)
the set {o(t7!,y) : y € X} is bounded, and likewise, so is each of the sets
{o(ki,z) : 2 € X} fori=1,...,n. Hence the set {o(k,z) : k € K,z € X\E~}
is bounded, i.e. o(k,x) is bounded uniformly for x € X\ Xg with K ranging
over compact sets in T\ E7.
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Taking E7 = EX = @, a re-reading of the arguments above yields the
asserted strengthenings. [

The assumption (Co) is weakened in the following theorem and conse-
quently the conclusion is also weaker. The proof is more involved as it em-
ploys the Category Embedding Theorem, a result that we quote below after
a definition from [BOst11] (to which we refer also for its proof).

Definition (weak category convergence). A sequence of homeomor-
phisms 1), satisfies the weak category convergence condition (wcc) if for any
non-empty open set U, there is an non-empty open set V' C U such that, for
each k € w,

m V\ (V) is meagre. (wee)

n>k

Equivalently, for each k € w, there is a meagre set M such that, for t ¢ M,

teV = (3n>k)y,t) eV

Category Embedding Theorem. Let X be a Baire space. Suppose
giwen homeomorphisms v, : X — X for which the weak category convergence
condition (wcc) is met. Then, for any non-meagre Baire set T, for locally
quast all t € T, there is an infinite set My such that

{,,(t) :me M} CT.

Example. In any metrizable group with invariant metric d, for any
sequence tending to the identity z, — e, the mappings defined by v, (z) =
zpx satisfy the (wee) holds. For a proof see [BOst13].

Theorem 2 (Second, or Baire, Cocycle Uniform Boundedness
Theorem, cf. [BajKar|, Th. 3). Let X and H be topological groups and T
a Baire group acting on X. Suppose the cocycle o :'T'x X — H 1is such that
(Ba) for each fized x € X, the mapping t — o(t,x) is Baire on T,

(Bo) for quasi all t € T, the mapping x — o(t,x) is bounded over X,

i.e. there a meagre set ET and function m : T — w such that, for all
t € T\ET, ||lo(t,z)|| < m(t), for all z € X.

Then

o(t,x) is uniformly bounded for t on compact subsets K avoiding E*.
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Moreover, replacing ‘quasi all’ with ‘all’ yields the stronger conclusion
obtained by replacing ‘compact subsets K avoiding ET’ with ‘all compact
subsets K.

Proof. Our first step is to prove the result for 7" a subgroup of X. As a
second step we infer the result for flows.

We suppose that (Bo) is satisfied off a meagre set ET of exceptions.
Suppose, by way of contradiction, that t,, — to ¢ ET and {o(t,,x,) : n € w}
is unbounded. We may assume that ¢y = e; indeed

oty s Tm) = 0 (ty s tm@m) 0 (tms T,

and by assumption (Bo), the set {o(t5',2) : = € X} is bounded, hence
{o(ty*tn, 7,) : n € w} is unbounded and here t;'t,, — e.

For each n, the mapping h,(.) = o(.,z,) is Baire. Let Y := {z; : i € w}.
On a co-meagre set S C T each function h,(.) is continuous on S. We may
suppose that S is complementary to E7. We now adapt the proof in [BajKar]
by working with S and Y in place of T and X. Recalling that, as usual,
[|h|| = d(h,en), put F,, ={h € H : ||h|]| < n} and

Ku(r)={teS:o(t,m;) € F,},  Ky=({Ku(z:):icw}h

Thus K, is Baire. Now, for a given ¢t € S, the set {o(t,z) : © € Y}, being
bounded, is contained by some Fj,. Hence t € K, () for each , and so

te Km(t)~ Thus
S=J K.

new

Now for some p, K, is non-meagre. By the category embedding theorem
[BOst11], for some s € S (implying that s ¢ E7) and some infinite M, the
set {st,, : m € M} C K,,. Thus, in particular,

lo(stm, zm)| < p.
But
0(Stm, Tm) = (8, tn@m )0 (L, Tun)-

Now again by assumption (Bo), the set {o(s,z) : z € X} is bounded, as
s ¢ ET. But this contradicts the unboundedness of {0 (¢, z,,) : m € M}.

Taking E7 = EX = @, a re-reading of the arguments above again yields
the asserted strengthenings. [J (group setting)
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Our second step is to deduce the theorem from its group formulation. For
h: X — H, and with G =T x X, define the extension hg : G — H by

ha((t,z)) = h(z).

Then, interpreting GG as the internal direct product of 7" and X in the sense
of the representation theorem, we have

ha(o: 2 €,) = ho((t H(w)) = h(t), and ha(E,) = ha((er, v)) = h(z),

and so
o(t,z) = hg(os = &) ha(E,) " = h(tz)h(z) ™ .
Now apply the group version of the theorem established in the first step. [

Theorem 3 (Third, or Asymptotic, Cocycle Uniform Bounded-
ness Theorem, cf. [BGT|, Th. 2.0.1). Let X and H be topological groups
with right-invariant metric. Let T a Baire group acting on X. Suppose the
cocycle o : T x X — H is such that
(Ba) for each fired x € X, the mapping t — o(t,x) is Baire on T,

(ABo) for quasi all t € T, the mapping x — o(t,x) is asymptotically bounded
over X,

i.e. there a meagre set ET and functions m,k : T — w such that, for all
t e T\ET, ||lo(t,z)|| < m(t), for all x with ||x|| > k(t).

Then

o(t,x) is uniformly bounded for t on compact subsets K avoiding ET.

Proof. We argue as in Theorem 2 and but now specifically suppose
|0 (tn, x,)|| > n for chosen sequences {u,} in T" and {x,} in X with u,, — u
and ||x,|| — co. Now boundedness at ¢ implies that, for all n > k(t), we have

1
llo(t, x,)|| < m(t) < §n

Put
. 1
T= ETUL];JTk with T, = m{t ot z,)]| < §n}

n>k

By (Ba), for each k, the set 7} is Baire. For some K, we see that Tk is
non-meagre, so there is s and an infinite My > K such that

{sty, : m € M} C Tk.
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This gives, for m € M, that

1
llo(Stm, zm)|| < §m.

We claim that ||u,T,|| — oo; otherwise, by inversion-invariance, ||u,}!|| =
||t || is bounded, so boundedness of ||u,Z,,|| would imply boundedness of
||Z|| from

12l = Nt Tl | < {1ty ] + [Tl

Now, for m € My such that ||u,x.,|| > k(s), we have ||o(s, umxm)|| < m(s).
But, by the defining property of a cocycle,

0 (SUpm, Tm) = (8, U@ )0 (U, T,
which implies that
Ha(umaxm)H = Ha(s,umxm)fla(sum,mm)]‘ < ’|U(s>umxm)71”+“0(5umaxm)“-

So, using inversion-invariance and the triangle inequality of the group-norm,
we have, for m € M such that ||um,xm,|| > k(s) that

1 1
m < ||o(tm, Tm)|| < §m—|—m(s) < gm+gm<m,

a contradiction. [

Remarks

1. When H is the real line there is the opportunity to interpret unbound-
edness in two directions.

2. There is an implicit affinity between Theorem 3 and extensions of the
Karamata Theory of regular variation (for which see [BGT] Ch. 2). The
classical context places the asymptotic boundedness assumption on h : X —
H, which at its simplest requires that there exists m* : T — w, such that

lim sup ||h(tx)h(z)7|] < m*(t).

" lellzn

From this hypothesis, in the case when "= H = X = R, one deduction of
[BGT] Th. 2.0.1 p. 62 is a Uniform Asymptotic Boundedness Theorem, that
for K compact

lim sup sup ||A(tz)h(z) | < oo.
" |z||>n teK
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This is implied by Theorem 3. In the classical one-dimensional case, UABT
in turn yields a regularly varying function of ¢ dominating h(tz)h(x)™! for all
large x and t. I conjecture that the theorem generalizes to a multivariate form
with varying indices in the various flow directions. It would be interesting to
see whether these indices would remain bounded when X is locally compact
(presumably so in the abelian case).

Illustrative Example (Euclidean equivalence of UBT with Uni-
form Convergence Theorem). For h : X — H and a given T-flow on
X, the map t — o,(t,x) is continuous/Baire, if the function h is continu-
ous/Baire since (t,z) — tz is continuous (‘iff” when 7" = X).

Suppose now that X, H are normed vector spaces and T is a subspace of
X acting on X by translation. Assume first that A is linear. Reverting to
the abelian additive notation, we have

ou(t, ) = h(tz) — h(z) = h(t),

so that for fixed ¢ the map x — o(t, z) is bounded. More generally, assume
that h is Baire and regularly varying on 7', that is, (Section 2 or [BOst13]),
the limit function
axh<t) = ! l‘1|m Uh(t, iU) (4)

exists for all ¢. Indeed, according to the Uniform Convergence Theorem (see
[BOst13] for the general metrizable topological group setting of UCT, and
[BGT] for the special case of X = R), convergence to dh is uniform for ¢
restricted to compact sets. We take up this point in a later step.

For now fix t; then, for all x with ||z||x large enough, for simplicity say
for ||z||lx > 1,

ow(t, 2)l|a < [[0xh(O)|la + llon(t, z) — Ixh(@)||u- ()

If X is finite-dimensional (Euclidean) and additionally A is continuous, then
||on(t, x)|| g is bounded on the unit ball ||z||x < 1 and so again, for fixed ¢,
the map © — o(t, ) is bounded. Here both Theorem 1 and 2 assert that
on(t, z) is bounded on the unit ball of 7T'.

Here is an alternative proof from UCT. Observe that dxh is additive by
(2), and, being Baire (4), is linear (by the Banach-Mehdi Theorem, see e.g.
[Ban] 1.3.4, p. 40 in collected works, cf. [Meh], or the literature cited in
[BOst14], or [BOst13]), since the Euclidean space T  is Baire. Thus dxh
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here is continuous, so has bounded operator norm, and hence ||0xh(t)||g <
[|0xh||||t]|x. This together with the UCT applied to (5) confirms that, for
t restricted to the unit ball in 7', i.e. when ||t||x < 1, the function o, (¢, x)
remains bounded as x varies arbitrarily. We have just shown the following
new result.

Proposition. For h continuous, the UCT and the UBT are equivalent
in the Fuclidean setting.

Remark. A close inspection of the proofs above, shows that they depend
on the cocycle property and the convergence of the sequence tz, to ¢t when
z, — e. It seems plausible that the proof of Theorem 2 could be carried out
in a metrizable groupoid setting.

5 Applications in functional analysis

We give two examples of applications of the UBT to functional analysis.
The first clarifies the relationship between UBT for cocycles and the Banach-
Steinhaus Theorem. The other views group characters corresponding to max-
imal regular ideals as cocycles.

Example 1. (Adaptation of the ‘equicontinuity example’ of [BajKar].)
Let V and H be topological vectors spaces regarded as additive groups, with
V Baire (e.g. a Banach space). For simplicity, we consider a countable family
of continuous linear mappings from V to H, presented for convenience as
{L;, : m € Z}. Suppose that, for each z € V, the set {L,,(z) : m € Z} is
bounded in H. We deduce that the family is uniformly bounded on compact
subsets of V.

Form the direct product X = V x Z of V with the additive group of
integers. Take T := {(x,0) : x € V}, a subgroup of X isomorphic to V,
hence a Baire group. Define the additive function h : X — H by

h((z,n)) = L,(x).

Consider the h-cocycle o, : T'x X — H, defined as in (3). Then, with
g = (y,m) and t = (z,0), we have

on(t,g) = on((2,0),(y,m)) = h((x,0) + (y,m)) = h((y,m))
= )



Hence,
(i) for fixed g, the map t — o(t, g) is Baire; indeed, for fixed m, the map
x — L, (z) is continuous;
(i) for fixed t = (z,1), the map g — o,(¢,g) is bounded in H; indeed, for
fixed x € V, the map (y, m) — L,,(z) is bounded on X.

Theorem 2 above asserts that {L,,(z) : m € Z} is uniformly bounded in
H for z in any compact subset of V. On the other hand, Theorem 1, with its
stronger assumption that each map = — L,,(x) is continuous, implies that oy,
is locally uniformly bounded, so that {L,,(x) : ||z|| < 1,m € Z} is bounded.

Example 2. We refer to [Loo] for standard terminology used here. When
X = C(T) is the Banach algebra of continuous, complex-valued functions on
a locally compact group T, consider the familiar continuous action of 1" on
X given by (t,x) — tx, where

(tx)(s) = z(t™'s).

Thus if h : G — C is an algebra homomorphism (multiplicative, as well as
homogenous and additive), then, for any x ¢ N(h), the formula ay(t) :=
on(t,z) = h(tx)/h(z) defines a character on T' corresponding to the kernel
N (h), viewed as a maximal regular ideal of functions (see e.g. [Loo] p. 135).
The notation for «y, reflects the known fact that h(tz)/h(z) is independent of
x. Here h is continuous and, as in Example 1, x — o,,(¢, ) is trivially bounded
as a function of x. As an immediate corollary we see that a;(t) is uniformly
bounded on compact subsets of T; indeed, in view of the continuity, it is
locally uniformly bounded. In fact of course the cocycle equation (2) implies
that ay(t) is multiplicative (reducing in this case to Cauchy’s functional
equation). The conclusion here is a special case of the Uniform Convergence
Theorem (UCT) of regular variation (see [BGT] for the classical setting of
functions h : R — R and [BOst13] for a topological setting); the UCT asserts
that the limit function Oxh(t) := lim, oy(t, z), if it exists, is multiplicative
(with uniform convergence on compacts), thus providing a representation for
Oxh(t) in the classical setting via Cauchy’s functional equation, or in the
topological setting via a Riesz Representation Theorem.
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6 Appendix -1 : Skew-product flows

Afixed f € C(T x Z,Z), with T = R and Z a normed vector space (e.g. R?),

gives rise to the non-autonomous differential equation
u(t) = f(t,u(t)) with u(0) = z.

For simplicity assume f is such that, for each z, the solution exists uniquely
and globally. Then, regarding f as a parameter, we may write the solution
in the form

u(t) = ¢(t7 f> Z)'
The system is said to be linear if ¢(¢, f,z) = a(t, f)z with «(t, z) a linear
operator. Note that for the system f(t,z) = Az, with A a constant matrix,
the operator a(t, f) = €' is invertible, a feature to which we return.

The non-autonomous system was reformulated in flow terms by G. R.
Sell as follows (see [Sel], [Se2]). Put sf(t,z) := f(s+1t,z) and let Y = {y €
C(I'xZ,Z):y = sf for some s € T}, then the binary operation on Y defined
by

sf-sf=(s+s)f
turns Y into a group. If Y is given a topology such that s — sf is continuous
Y becomes a topological group.

Time-shifting the d.e by s we have su(t) = f(s + t, su(t)) = sf(t, su(t))

with su(0) = z. Thus
su(t) = (s +t,sf, z),

and the analysis is reduced to the study of the T-flow 7 on Y X Z given by:

(s,y,2) = (sy,9(s,9,2)),

known as a skew-product flow.

There are two components in 7. Now, for two commuting flows U and V'
on X, the action T'= U x V is an internal direct product and the theorem
asserts that both flows on X are representable by commuting multiplications.
Here we show that an analogous representation can be coaxed out for the
general linear skew-product flow 7 defined as T-flow on X =Y x Z with Y
a topological space and Z a normed vector space in which 7 takes the form

m(t,y,2) = (t(y), alt,y)2).
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Here a(t,y) € L(Z) is an invertible linear operator from Z to Z with
aler,ey) = I whereas (t,y) — t(y) is a flow in Y. We may obtain a multi-
plicative representation starting from the equation

(s,sa, (s, sa)u) > (t,th, A(t, th)v) = (st, st(ab), A(st, st(ab))(u + v)),

I we have

since with v = —u and b=a" ! and t = s~
(s, sa, A(s, sa)u) > (t,tb, A(t,th)v) = (e, e,0).

But this requires that we work with the product {(s,v,q) : s,y,q} with the
equation ¢ = A(s,y)v in mind. We put

(t,2,p) > (s,y,q) = (ts,ts(t tws™ty), A(ts, ts(t tws™ty))[A(L, ) 'p+A(s,y) " 'q).
Here
(t’ t(e)’ u) > (67 Y, 0) = (t’ t(y)’ A<t’ t<y))u) - ﬂ-(ta Y, u)7

and moreover, since A(e,y) = I (see A spectral Theory p. 324 property (2))
we have

Os > 0, = (s,s(e),0) > (t,t(e),0) = (st, st(e),0) = O,
0; > m, = (t,t(e),0) = (e, y,0) = (¢,t(y),0),
0, > (, = (t,t(e),0) (e, e,u) = (t,t(e),u),
ny, > C, = (e,y,0)px (e, e,u) = (e, e(y), Ae,y)u),
0 b m, 2 Q, =0 (e e(y), Ale, y)u) = (t,t(e),0) > (e, e(y), Ae, y)u)
(t,t(y), At, ty) [0 + Ale, y) ']
= (t,t(y), At ty)u) = (t, 7(t, y,u))

Here the first and last lines confirm that the mutiplicative flow ¢(t,g) =
0 < g is isomorphic to the T-flow (homomorphic by the first lien with image
corresponding to the T-flow image.)

Cu ™, = (e,e,u) (e, e,v) = (e,e,u+ v).

05 >0 >, < C, = g A1, > C,

o(st,x) =o(s,tx)o(t,x)
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(st,st(y), A(st, st(y))u) = n(st,y,u)
W)u) = =(t,y,u)
W) = =(s,7m(t,y,u)) = (st, st(y), A(st, st(y))u)

(s,se,A(s,s€)0) b (t,th, A(t,th)v) = (st, st(b), A(st, st(b))(0 + v))
(s, ma(t,b,v)) = (s,tb, A(t,tb)v)
= m(st,b,v)

(s, t(y), A(t, t(y))v) > (¢, 1y), At Hy))u) = (st, (s ty)y

7 Appendix - 2 : action groupoids

We offer a brief explanation of an action-groupoid, side-stepping, as is pos-
sible for T-flows on X, the language of category theory. For our purposes
a groupoid arises as a structure which resembles a group but with two de-
ficiencies: its binary operation is not necessarily defined on all pairs and
there are both left and right identities for each element of the groupoid, and
corresponding inverses. In principle a groupoid is presented as a space of
points (objects) together with a space of arrows (morphisms), but here we
can ignore the former. Indeed, in the case of a T-flow on a topological group
X, with the space X taken as the space of objects (let’s agree to call points
locations) and T x X as the space of arrows (¢, z) with source = and target
t(z), objects are superfluous, since the source map here is freely available as
a projection from 7' x X (so, the objects form the set of sources).

Adopting instead the vectorial language of linear algebra, we regard an
arrow as comprising a displacement together with a location to which the
displacement is applied (yielding the target). The binary operation is compo-
sition of two arrows, (t, z) followed by (s, y), and is possible if only if y = ¢(x)
(then the arrows are said to be a composable, ordered pair); that is, the target
of the first displacement provides the location for a subsequent displacement.
The composition (s,tx)o (t,z) is then (st,x) with target st(z). Here er may
be regarded as providing null displacements; specifically, £, = (er,y) pro-
vides the right identity (under composition) for the source y of (s,y), while
(er,y) with y = tx provides the left identity under composition for the target
y = tx of (t,7). Accordingly we term the point {, in the group G a source.
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This intuition leads to the natural embedding v : T'x X — ©Z, of arrows
to the phase-group G is
v(t, z) = (t,t(x)).

We call (¢, ex) a basic displacement, as it is applied to the base point ex of X;
this is carried to v(t,ex) = (¢,t(ex)), i.e. to the point §; of ©. We therefore
call 0; a displacement. In consequence, we have the unique representation of
an arrow in G as a multiplicative decomposition

V(t? l’) = et > gxa
i.e. the product in G of a displacement 6, and a source &,.

To Do:
Dynamical Systems and Ergodic Theory by Mark Pollicott, Michiko Yuri
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