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Abstract

The key vehicle of the recent development of a topological theory of
regular variation based on topological dynamics [BOst13], and embrac-
ing its classical univariate counterpart (cf. [BGT]) as well as fragmen-
tary multivariate (mostly Euclidean) theories (eg [MeSh], [Res], [Ya]),
are groups with a right-invariant metric carrying flows. Following the
vector paradigm, they are best seen as normed groups. That concept
only occasionally appears explicitly in the literature despite its fre-
quent disguised presence, and despite a respectable lineage traceable
back to the Pettis closed-graph theorem, to the Birkhoff-Kakutani
metrization theorem and further back still to Banach’s Théorie des
opérations linéaires. We collect together known salient features and
develop their theory including Steinhaus theory unified by the Cate-
gory Embedding Theorem [BOst11], the associated themes of subaddi-
tivity and convexity, and a topological duality inherent to topological
dynamics. We study the latter both for its independent interest and
as a foundation for topological regular variation.

Classification: 26A03

Keywords: multivariate regular variation, topological dynamics,
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automatic continuity, density topology.
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1 Introduction

Group norms, which behave like the usual vector norms, except that scaling
is restricted to the basic scalars of group theory (the units £1 in an abelian
context and the exponents 1 in the non-commutative context), have played
a part in the early development of topological group theory. Although ubiqg-
uitous they lack a clear and unified exposition. This lack is our motivation
here, since they offer the right context for the recent theory of topological reg-
ular variation. This extends the classical theory (for which see, e.g. [BGT])
from the real line to metrizable topological groups. Normed groups are just
groups carrying a right-invariant metric. The basic metrization theorem for
groups, the Birkhoff-Kakutani Theorem of 1936 ([Bir|, [Kak], see [Kel|, Ch.6
Problems N-R, [Klee], [Bour] Part 2, Section 3.1, and [ArMa], compare also
[Eng] Exercise 8.1.G and Th. 8.1.21) is usually stated as asserting that



a first-countable Hausdorff group has a right-invariant metric. It is prop-
erly speaking a ‘normability’ theorem in the style of Kolmogorov’s Theorem
([Kol], or [Ru-FA2], Th. 1.39; in this connection see also [Jam], where strong
forms of connectedness are used in an abelian setting to generate norms), as
we shall see below. Indeed the metric construction in [Kak] is reminiscent
of the more familiar construction of a Minkowski functional (for which see
[Ru-FA2| Sect. 1.33), but is implicitly a supremum norm — as defined below;
in Rudin’s derivation of the metric (for a topological vector space setting,
[Ru-FA2] Th. 1.24) this norm is explicit. Early use by A. D. Michal and
his collaborators was in providing a canonical setting for differential calculus
(see the review [Mich] and as instance [JMW]) and included the noteworthy
generalization of the implicit function theorem by Bartle [Bart] (see Section
5). In name the group norm makes an explicit appearance in 1950 in [Pet1] in
the course of his classic closed-graph theorem (in connection with Banach’s
closed-graph theorem and the Banach-Kuratowski category dichotomy for
groups). It reappears in the group context in 1963 under the name ‘length
function’, motivated by word length, in the work of R. C. Lyndon [Lyn2] (cf.
[LynSch]) on Nielsen’s Subgroup Theorem, that a subgroup of a free group is
a free group. (Earlier related usage for function spaces is [EH].) The latter
name is conventional in geometric group theory despite the parallel usage in
algebra (cf. [Far]) and the recent work on norm extension (from a normal
subgroup) of Bokamp [Bo].

When a group is topologically complete and also abelian, then it admits
a metric which is bi-invariant, i.e. is both right- and left-invariant, as [Klee]
showed in solving a problem of Banach. This context is of significance for the
calculus of regular variation (in the study of products of regularly varying
functions with range a normed group) — see [BOst15].

Fresh interest in metric groups dates back to the seminal work of Milnor
[Mil] in 1968 on the metric properties of the fundamental group of a manifold
and is key to the global study of manifolds initiated by Gromov [Grl], [Gr2]
in the 1980s (and we will see quasi-isometries in the duality theory of normed
groups), for which see [BH] and also [Far] for an early account; [PeSp]| con-
tains a variety of generalizations and their uses in interpolation theory (but
the context is abelian groups).

The very recent [CSC] (see Sect. 2.1.1, Embedding quasi-normed groups
into Banach spaces) employs norms in considering Ulam’s problem (see [Ul])
on the global approximation of nearly additive functions by additive func-
tions. This is a topic related to regular variation, where the weaker concept
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of asymptotic additivity is the key. Recall the classical definition of a regu-
larly varying function, namely a function h : R — R for which the limit

Orh(t) := lim h(tz)h(z)™! (1)

r— 00

exists everywhere; for f Baire, the limit function is a continuous homomor-
phism (i.e. a multiplicative function). Following the pioneering study of
[BajKar| launching a general (i.e., topological) theory of regular variation,
[BOst13] has re-interpreted (1), by replacing |z| — oo with ||z|| — oo, for
functions h : X — H, with tx being the image of x under a T-flow on X
(defined in Section 3), and with X, T, H all groups with right-invariant met-
ric (right because of the division on the right) —i.e. normed groups (making
Ohx a differential at infinity, in Michal’s sense [Mi]). In concrete applications
the groups may be the familiar Banach groups of functional analyis, the as-
sociated flows either the ubiquitous domain translations of Fourier transform
theory or convolutions from the related contexts of abstract harmonic analy-
sis (e.g. Wiener’s Tauberian theory so relevant to classical regular variation —
see e.g. [BGT, Ch. 4]). In all of these one is guaranteed right-invariant met-
rics. Likewise in the foundations of regular variation the first tool is the group
H(X) of bounded self-homeomorphisms of the group X under a supremum
metric (and acting transitively on X); the metric is again right-invariant and
hence a group norm. It is thus natural, in view of the applications and the
Birkhoff-Kakutani Theorem, to demand right-invariance.

We show in Section 3 and 6 that normed groups offer a natural setting
for subadditivity and for (mid-point) convexity.

2 Metric versus normed groups

This section is devoted to group-norms and their associated metrics. We
collect here some pertinent information (some of which is scattered in the
literature). A central tool for applications is the construction of the subgroup
of bounded homeomorphisms of a given group G of self-homeomorphisms of
a topological group X; the subgroup possess a guaranteed right-invariant
metric. This is the archetypal example of the symbiosis of norms and metrics,
and it bears repetition that, in applications just as here, it is helpful to work
simultaneously with a right-invariant metric and its associated group norm.

We say that the group X is normed if it has a group-norm as defined
below (cf. [DDD]).



Definition. We say that ||-|| : X — R, is a group-norm if the following
properties hold:

(i) Subadditivity (Triangle inequality): ||zy|| < ||=|] + [|y]|;

(ii) Positivity: ||z|| > 0 for x # e;

(iii) Inversion (Symmetry): ||z~ = ||z||.

If (i) holds we speak of a group semi-norm; if (i) and (iii) and |le|| = 0
holds one speaks of a pseudo-norm (cf. [Petl]); if (i) and (ii) holds we speak
of a group pre-norm (see [Low] for a full vocabulary).

We say that a group pre-norm, and so also a group-norm, is abelian, or
more precisely cyclically permutable, if

(iv) Abelian norm (cyclic permutation): ||zy|| = ||yz|| for all z,y.

Other properties we wish to refer to are :

(x for all 2,y : [y < K(J]] + Iyl

(e for all 2,y : [[zy|| < max{][z[],[[y][}

Remarks 1

1. Mutatis mutandis this is just the usual vector norm, but with scal-
ing restricted to the units +1. The notation and language thus mimick the
vector space counterparts, with subgroups playing the role of subspaces; for
example, for a symmetric, subbadditive p : X — R, the set {x : p(x) = 0}
is a subgroup. Indeed the analysis of Baire subadditive functions (see Sec-
tion 3) is naturally connected with norms, via regular variation. That is why
normed groups occur naturally in regular variation theory.

2. When (i) , for some constant K, replaces (i), one speaks of quasi-
norms (see [CSC], cf. ‘distance spaces’ [Rach] for a metric analogue). When
(1)u replaces (i) one speaks of an ultra-norm, or non-Archimedean norm.

3. Note that (i) implies joint continuity of multiplication, while (iii) im-
plies continuity of inversion. (Montgomery [Mon1] shows that joint continuity
is implied by separate continuity when the group is locally complete.) See
below for the stronger notion of uniform continuity invoked in the Uniformity
Theorem of Conjugacy.

4. Abelian groups with ordered norms may also be considered, cf. [JMW].

Remarks 2

Subadditivity implies that |le|]| > 0 and this together with symmetry

implies that ||z|| > 0, since |le|| = ||lzz7!|| < 2||z||; thus a group norm
cannot take negative values. Subadditivity also implies that ||z"|| < nl|z||,
for natural n. The norm is said to be 2-homogeneous if ||22|| = 2||z||; see

[CSC] Prop. 4.12 (Ch. IV.3 p.38) for a proof that if a normed group is



amenable or weakly commutative (defined in [CSC] to mean that, for given
x,y, there is m of the form 2", for some natural number n, with (zy)™ =
x™y™), then it is embeddable as a subgroup of a Banach space. In the
case of an abelian group 2-homogeneity corresponds to sublinearity, and here
Berz’s Theorem characterizes the norm (see [Berz] and [BOst5]). The abelian
property implies only that ||zyz|| = ||zzy|| = ||yzx||, hence its alternative
name. Harding [H], in the context of quantum logics, uses this condition to
guarantee that the group operations are continuous and calls this a strong
norm. See [Kel] Ch. 6 Problem O (which notes that a locally compact group
with abelian norm has a bi-invariant Haar measure). We note that when
X is locally compact continuity of the inverse follows from the continuity of
multiplication (see [Ell]). The literature concerning when joint continuity of
(x,y) — zy follows from separate continuity reaches back to Namioka [Nam|
(see e.g. [Bou], [HT], [CaMo]).

Remarks 3

If f: R,y — R, is increasing, subadditive with f(0) = 0, then

[z[I]:= f(l]]])

is also a group-norm. See [BOst5| for recent work on Baire (i.e., having the
Baire property) subadditive functions.

Proposition 1 (Symmetrization) If |x| is a group pre-norm, then the
symmetrization
2] o= || + |27

defines a group-norm
Proof. Positivity is clear, likewise symmetry. Also

layll = eyl + |y~ 27 < Jal+ lyl+ 1y~ + a7
=l +[lyll. O

Proposition 2. If || - || is a group-norm, then d(z,y) := ||lzy~'|| is a
right-invariant metric; equivalently, d(z,y) = d(z7 ', y™') = ||~ y|| is the
conjugate left-invariant metric on the group. ~

Conversely, if d is a right-invariant metric, then ||x|| := d(e,x) = d(e, x)
18 @ group-norm.

Thus the metric d is bi-invariant iff ||zy~ || = ||~ y||, i.e. iff the group-

norm is abelian.



Proof. Given a group-norm put d(x,y) = ||zy~!||. Then ||zy~!|| = 0
iff zy~! = e, i.e. iff ¥ = y. Symmetry follows from inversion as d(z,y) =

||[(xy=™)7Y| = |lyz~Y| = d(y, ). Finally, d obeys the triangle inequality,
since
oy || = oz~ 2y | < floz™ | + [zy ™.
As for the converse, given a right-invariant metric d, put ||z|| := d(e, x).

Now ||z|]| = d(e,x) = 0 iff x = e. Next |[z7|| = d(e,2™!) = d(z,¢e) = ||z]|,
and so

d(zy,e) = d(z,y™") < d(z,e) +d(e,y™") = ||z]| +[yll.

Also d(za,ya) = ||zaa ™ y™|| = d(z,y).

Finally d is bi-invariant iff d(e,yz ™) = d(z,y) = d(e,x'y) iff ||yz~!|| =
||z~ 1y||. Inverting the first term yields the abelian property of the group-
norm. [J

The two conjugate metrics separately define a left and right uniformity;
taken together they define what is known as the ambidextrous uniformity,
the only one of the three to be complete — see [Hal-ET, p. 63] and [Br-2].
We will be concerned with special cases of the following definition.

Definition ([Grl], [Gr2], [BH] Ch. 1.8) For constants A > 1,7 > 0,
the metric spaces X and Y are said to be (A-y)-quasi-isometric under the
mapping 7 : X — Y, if
1
XdX(a,b)—v < dy(mwa,wb) < Mdx(a,b) + (a,b € X),

dy(y,7[X]) < v (yeY).

Corollary. For m a homomorphism, the normed groups X,Y are (\-
v )-quasi-isometric under w for the corresponding metrics iff their norms are
( A-v)-quasi-equivalent, i.e.

1
Hellx =7 = lmally < Mlaflx +v - (a,0 € X)),

dy(y,7[X]) < v (yeY).

Proof. This follows from 7(ex) = ey and w(zy™') = n(z)7(y) . O
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The following result (which we use in [BOst14]) clarifies the relationship
between the conjugate metrics and the group structure. We define the e-
swelling of a set K in a metric space X, for a given right-invariant metric
dx, to be

B.(K) :={z :dx(z,k) < ¢ for some k € K}

and for the conjugate left-invariant case we can write similarly

B.(K) :={z :dx(z k) < ¢ for some k € K}.
We write B.(zg) for B.({zo}), so that
B.(z0) == {z : ||z Y]] < e}

When zy = ey, the ball B.(ex) is the same under either of the conjugate
metrics, as

B.(ex) :={z:||z]| < e}.

Proposition. (i) In a locally compact group X, for K compact and for
e > 0 small enough so that the closed e-ball B.(ex) is compact, the swelling
B, 5(K) is pre-compact.

(ii) B.(K) = {wk : k € K,||w||x < ¢} = B:(ex)K, where the notation
refers to swellings for dx a right-invariant metric; similarly, for dy, the
conjugate metric, B.(K) = K B.(e).

Proof. (i) If z,, € B./2(K), then we may choose k,, € K with d(k,, z,) <
e/2. W.lo.g. k, converges to k. Thus there exists N such that, for n > N,
d(kn, k) < e/2. For such n, we have d(z,, k) < €. Thus the sequence x,, lies in
the compact closed e-ball centred at k£ and so has a convergent subsequence.

(i) Let dx(z,y) be a right-invariant metric, so that dx (x,y) = ||zy~!|]. If
[|w|| < e, then dx(wk, k) = dx(w,e) = ||w|| < e, sowk € B.(K). Conversely,
if e > dx(z,k) = dx(zk™', e), then, putting w = zk™!, we have z = wk €
B.(K). O

The significance of the following simple corollary is manifold. It explicitly
demonstrates that small either-sided translations do not much alter the norm
nor either of the pair of conjugate metrics d,d. Its main effect is on the
analysis of subadditive functions.



Corollary. With ||z|| := dx(z,e), where dx is a right-invariant metric
on X,
[(Hel] = MlyIDE < {lzyll < Hel + [yl

Proof: By Proposition 2, the triangle inequality and symmetry holds for
norms, so [|y|| = |l ay|| < |la7H] + [[ayl] = [lz]] + [Jay]]. O

We now generalize (1), by letting 7', X be subgroups of a normed group
G with X invariant under 7.

Definition. We say that a function h : X — H is slowly varying on X
over T if Oxh(t) = eg, that is, for each t in T’

h(tz)h(x)™t — ey, as ||z|| — oo for v € X.

We omit mention of X and 7" when context permits. In practice G will be
an internal direct product of two normal subgroups G = T'X. We may verify
the property of h just defined by comparison with a slowly varying function.

Comparison criterion. h : X — H is slowly varying iff for some slowly
varying function g : X — H and some \ € H,

lim h(z)g(z)™' =\

||| =00
Proof. Use
h(tz)h(x) ™t = h(tx)g(tz) tg(tz)g(z) tg(z)h(x) ™" — degA™' = ep. O
Theorem. For dx a right-invariant metric on X, the norm ||z|| =

dx(x,e), as a function from X to the multiplicative positive reals R’ , is
slowly varying in the mutiplicative sense, i.e., for any t € X,

t
lim M
llell—o0 |||

More generally, for T a one-parameter subgroup of X, any sub-additive Baire
function p : X — R with

. p\r
lpl|r == lim p(x) >0
z€T, ||z||—o0 ||LIZ‘ ‘
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is multiplicatively slowly varying. (The limit exists by the First Limit Theo-
rem for Baire subadditive functions, see [BOst5].)

Proof: By the corollary, for = # e,

N S TR 1

[zl = [ll] [|[|”
which implies slow variation. We regard p as mapping to R7, the strictly
positive reals (since p(x) = 0 iff x = ex). If ||p||r > 0, we may then take
A = ||pl|r and the assertion follows from the Comparison criterion above.
Explicitly, for z # e,

plry) _ plry) eyl l=]
plx) Ayl ]l p(z)

1
= |lpllr-1-77=1 O
’PHT

Corollary. If m: X — Y is a group homomorphism and || - ||y is (1-
v )-quasi-isometric to || -||x, then the subadditive function p(x) = || (x)||y is
slowly varying. For general (1-y)-quasi-isometry the function p is extended
reqularly varying, i.e. satisfies, for some constants c,d,

2 < pulz) <pi(2) < 25

where

-1 -1

p«(2) =lim sup p(zz)p(z) p«(2) =lim inf p(z2)p(z)

||2||—o00 []|—o0

Proof. Subadditivity of p follows from homomorphism, since p(zy) =
In(@)lly = Im@r@)lly < 7@y + 7). Assuming that, for A = 1

and 7 > 0, the norm || - ||y is (A-)-quasi-isometric to || - ||x, we have, for
T # e,
1 S29(95) <1- 2
lzllx — Jllx |||
So

m 2y g

lelﬂoo |||

and the result follows from the Comparison criterion and the Theorem.
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If, for general A > 1 and v > 0, the norm || - ||y is (A-y)-quasi-isometric
to || - ||x, we have, for z # e,

1o 0 oplE) gl

llzllx — [lzllx — || x

So
to) _pte) el Lol ()l (a2 )

p(z)  layll =]l p(2) ][ x Iz x

giving
p*(y) := lim sup M <\ O
a—c0 P(T)

Remark. The meaning of the abstract definition of slow variation is
open to varying interpretations according to choice of structures. Thus if
X = H = R is construed additively, so that ey = ex = 0 and ||z|| :=
|z —0| = |x| in both cases, and with the action tz denoting ¢+ z, the function
f(z) := |z| is not slowly varying, because (v +t) —x =t - 0 = eg. On the
other hand a multiplicative construction on H = R, for which ey = 1 and
||h||gr == |logh|, but with X = R still additive and ¢z still meaning t + z,
yields f as having slow variation (as in the Theorem), in the sense that

fix)f(x) ' =(r+1t)/r = 1=ey as z — oo.

We note that in this context the regularly varying functions 2 on X behave
asymptotically as h(z) := e, for some constant a.

Note that, for X = H = R, and with fz meaning ¢.z, since again
||z|]| = | log x| is the group norm, we have here

_ logtx logt + log x
Pt fa) = litall/Ife)] = Hostel _ ] |

= — 1=ey, as x — 00,
| log x| | log x|
which again illustrates the content of the Theorem. Here the regularly vary-
ing functions take the form h(x) = 2 for some constant a. See [BGT] Ch.
1 for background on additive and multiplicative formulations of regular vari-
ation in the classical setting of functions f : G — H with G,H = R or
R,.
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Definition. We say that £ € X is infinitely divisible if, for each positive
integer n, there is z with x™ = . We say that the infinitely divisible element
¢ is embeddable if, for some one-parameter subgroup 7" in X, we have £ € T.
When such a T exists it is unique (the elements §m/ " for m,n integers, are
dense in T'); we write T'(¢) for it. Clearly any element of a one-parameter
subgroup is both infinitely divisible and embeddable. For results on this see
[D], Heyer [Hey|, McCrudden [McC]. With these definitions, our previous
analysis allows the First Limit Theorem to be stated in the context of normed
groups.

Proposition. Let £ be infinitely divisible and embeddable in T'(§), a one-
parameter subgroup of X. Then for any Baire subadditive p : X — R, and
teT(E),

. p(ts)
Or@ep(t) ==  lim T pl|r,

s€T, ||s||—o0 | |S

i.e., treating the subgroup T (&) as a direction, the limit function is determined
by the direction.

Proof. By subadditivity, p(s) = p(t~1ts) < p(t™1) + p(ts), so

p(s) = p(t™") < p(ts) < p(t) + p(s).
For s # e, divide through by ||s|| and let ||u|| — oo :

pllr < Orp(t) < ||p||lr- O

Definition (Supremum metric, supremum norm). Let X have
a metric dx. Following [BePe] we denote by Auth(X) the group of auto-
homeomorphisms of X under composition. We denote by idx the identity
map idx(z) = x. As before G is a fixed subgroup of Auth(X), for example
Trp(X) the group of left-translations 7., defined by

T:(2) = x2.

(We consider this in detail in the next section.) For g,h € G, define the
possibly infinite number

di(g,h) = sup dx(g(x), h(x)).

zeX
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Put
H(X)=H(X,G) :={g€G:dx(g,id) < oo}.

For g, h in H(X), we call d% (g, h) the supremum metric and
124} = [Allrx) = di (h, id) = sup dx (h(), z)
the supremum norm. Our next result justifies these terms.

Proposition 3 (Group-norm properties in H(X)).
|| - || is a group-norm: that is, for h,h' € H(X),
R[] = 0iff h=e, |[hoh|| < [|h]| +||W|| and ||h]| = [[A7"]].

Proof. Evidently d*(h,id) = sup,cx d(h(x),z) = 0 iff h(z) = idx. We
have

[1Al| = d*(h.id) = sup d(h(), z) = supd(y, h~*(y)) = |[h""]].

zeX yeX

Next note that

d*(id,h o h') = supd(hh'(x),z) = supd(h(y), ' (y)) = d*(h, K" 1). (2)

But
d*(h,h'") = sg}p{ d(h(x), B (z)) < sg}p{[d(h(a?),x)—l—d(x, B ()] < d*(h,id)+d* (I, id) < .
O

Theorem 1. The set H(X) of bounded auto-homeomorphisms of a met-
ric group X is a group under composition, metrized by the right-invariant
supremum metric d.

Proof. The identity, idy, is bounded. For right-invariance (cf. (2)),

d*(goh, g'oh) = supd(g(h(z)), g'(h(z)) = supd(g(y),d'(y)) = d*(g9,9'). O

reX yeX

We apply the above construction in the next result to deduce that right-
invariance may be arranged if every z € X has finite right-translation sup-
norm:

supdx(xz,z) < o0.
zeX
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We consider the norm induced by a single left-translation in the next section.

Proposition 4 (Right-sup-norm).
For any metric dx on a group X, put

H = Hxy={re€ X :supdx(xz,z) < oo},
zeX

l|z||le @ =supdx(zz, z), for x € H.

For x,y € H, let dy(x,y) := sup,dx(xz,yz). Then dy is a right-
invariant metric on H, and dy(z,y) = |2y -
If dx s right-invariant, then H = X and dyg = dx.

Proof. The argument relies implicitly on the natural embedding of X in
Auth(X) as Trp(X) (made explicit in the next section). For = € X, put

||72||" := supdx(xz, z).

For z # e, we have 0 < ||7,|| < co. By Proposition 3, H(X) = H(X,Tr.(X)) =
{72 ||72||* < o0} is a subgroup of H(X, Auth(X)) on which || - ||* is thus a
norm. Identifiying H(X) with the subset H = {x € X : ||7,|| < oo} of X,
we see that on H

dH(xa y) ‘= sup dX(EL'Z, yZ)
defines a right-invariant metric, as dy (zv, yv) = sup, dx (zvvz, yvz) = sup, dx (22, yz).
Moreover,

|72\ = d(z,€) = [I72]]oc,
hence by Proposition 3
I7er, " = d(z,y) = [l2y™ ],
as asserted. If dy is right-invariant, then of course ||7,||* = dx(z,e) = ||z||x

and H = X. O

Example. Let S, T be normed groups. For o : S — T we define the
possibly infinite number

[lad]:= sup{lla(s)|lr/llslls : s € S} = inf{M : [|a(s)|| < M[s][}.

14



« is called bounded if ||«|| is finite. The bounded elements form a group G
under the pointwise multiplication a5(t) = a(t)3(t). Clearly ||a|| = 0 implies
that a(t) = e, for all £. Symmetry is clear. Also

Ha@®BWI < @I+ 18O < {[lall + [I5I11],

SO
[l < el + 1[B]]-

We say that a function o : S — T is multiplicative if o is bounded and
a(ss’) = a(s)a(s).

A function v : S — T is asymptotically multiplicative if v = af, where «
is multiplicative and bounded and [ is bounded. In the commutative situa-
tion with S, T normed vector spaces, the norm here reduces to the operator
norm. This group norm is studied extensively in [CSC] in relation to Ulam’s
problem.

Proposition 5 (Magnification metric) Let T = H(X) with group
norm ||t|| = dp(t,er) and A a subgroup (under composition) of Auth(T')
(so, for t € T and o € A, a(t) € H(X) is a homeomorphism of X). For
any € > 0, put

di\(avﬂ> ‘= sup d;‘(a(t)vﬂ(t))

Suppose further that X distinguishes the maps {a(exn(x)) : o € A}, t.e.,
for o, € A, there is z = 2,3 € X with aexnx))(2) # Blenx))(2)-

Then d(c, B) is a metric; furthermore, d° is right-invariant for trans-
lations by v such that v~! maps the c-ball to the e-ball.

Proof. To see that this is a metric, note that for ¢t = ey x) = idr we
have [|t|| = 0 and

dr(alencx), Blenx)) = supdx(alenn)(2), Blenx)(2))

> dx(alenx))(2a,8), Blenx))(za,p)) > 0.

Symmetry is clear. Finally the triangle inequality follows as usual:

dy(a, 8) = sup dp(a(t),B(t)) < sup [dr(a(t),y(t) + dr(v(1), B(¢))]

[¢1<1 ¢1<1
< ﬁﬁg dr(a(t),y(t)) + ||S£|l|1£1 dr(y(t), 8(t))

= dy(en,y) +dx(v, P).
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One cannot hope for the metric to be right-invariant in general, but if y—*
maps the e-ball to the e-ball, one has

dy(avy,By) = = sup dp(a(y(1)), B(v(t)).

= sup dr(a(s),B(s)). O

llv=t(s)lI<e

In this connection we note the following.

Proposition 6. In the setting of Prop 5, denote by ||.||c the norm induced
by d; then

sup [[y(t)[lr —e < ||7lle < sup [[v(O)]lr +e.

IIt]|<e I[t]|<e

Proof. By definition, for ¢ with ||t|| < e, we have

IWlle = = sup dr(y(#),1) < sup [dr(y(1), e) + dr(e,t)] < sup [[y(t)][r +e¢,

el <= el <= el <=
IOlle = dr(y(t),e) < dp(y(D),t) + dr(t, €)
< Il e+ llle. O

Theorem 2 (Invariance of Norm Theorem) (for (b) cf. [Klee]).
(a) The group-norm is abelian (and the metric is bi-invariant) iff

|y (ab) = < [lwa™ ] + [lyp~ "]
for all x,y,a,b, or equivalently,
|luabol| < |[uv|| + [|abl],

for all x,y,a,b.
(b) Hence a metric d on the group X is bi-invariant iff the Klee property
holds:
d(ab,zy) < d(a,z) +d(b,y). (Klee)

In particular, this holds if the group X is itself abelian.
(¢) The group norm is abelian iff the norm is preserved under conjugacy
(inner automorphisms).
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Proof (a) If the group-norm is abelian, then by the triangle inequality
lzyb™ - a™M| = |la wyd™|
< la™ ]| +[lyd 7.

For the converse we demonstrate bi-invariance in the form: |[|ba™!|| =
lla=tb||. In fact it suffices to show that ||yz~!|| < |lz71y||; for then bi-
invariance follows, since taking = = a,y = b we get ||ba™|| < ||a~'b||, whereas
taking x = b,y = a~! we get the reverse ||a™1b|| < [|ba™!||. As for the claim,
we note that

lya 1 < Mlya~ gy < vy + N2yl = 27y

(b) Klee’s result is deduced as follows. If d is a bi-invariant metric, then

|| - || is abelian. Conversely, for d a metric, let ||z|| := d(e, x). Then ||.|| is a
group-norm, as

d(ee,zy) < d(e,x) + d(e,y).

-

Hence d is right-invariant and d(u,v) = ||uv™'||. Now we conclude that the

group-norm is abelian since
[lzy(ab) ]| = d(zy, ab) < d(x,a) + d(y,b) = [lwa™" || + [lyb~|l.

Hence d is also left-invariant.
(c) Suppose the norm is abelian. Then for any g, by the cyclic prop-

erty ||g7'bg|| = ||gg~"b|| = ||b||. Conversely, if the norm is preserved under
automorphism, then we have bi-invariance, since ||ba™!|| = ||a™(ba™")a|| =
lla=t0|]. O

Remark. Note that, taking b = v = e, we have the triangle inequality.
Thus the result (a) characterizes maps || - || with the positivity property
as group pre-norms which are abelian. (The extended web-site version of
this paper offers alternative proofs using a metric formulation.) In regard to
conjugacy , see also the Uniformity Theorem for Conjugation in Section 10.
We close with the following classical result.

The Normability Theorem for Groups (Kakutani-Birkhoff). Let
X be a first-countable group and let V,, be a balanced local base at ex with

Vi, CV,.
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Let r =37, ¢c,(r)27" be a terminating representation of the dyadic number
r, and put

A(r) = Z Cn(1r)V,.

Then -
p(z) :=inf{r:x € A(r)}

is a group-norm. If further X is locally compact, non-compact, then p may
be arranged such that p is unbounded on X, but bounded on compact sets.

For a proof see that offered in [Ru-FA2] for Th. 1.24 (p 18-19), which
derives a metrization of a topological vector space in the form d(x,y) = p(x—
y) and makes no use of the scalar field, That proof may be rewritten verbatim
with zy~! substituting for the additive notation z — y (cf. Proposition 1).

Remarks.
1. If the group-norm is abelian, then we have the commutator inequality

[z, ylll < 2ll=""yll,
because
[z, ylll = lla™"y~ gl < [l "yl + [y al] = 2l "y]].
The triangle inequality gives only
1z )l = [l y ™ yll < a7y ] + eyl = lloyl] + [yal.

2. Taking u = f(tx),v = f(z)~! etc., assuming the Klee Property, we have

[1f (tz)g(ta)[f (x)g()] | 1/ (tz)g(tz)g(x) =" f(z) |
< |lf @) f (=) + g (tz)g(x) "],

showing that the product of two slowly varying functions is slowly varying,
since

ft) f()~" — e iff ||f(tx) f(£) 7] — 0.
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3 Subadditivity

Recall from [Kucz| p. 140 the definitions of upper and lower hulls of a function
p:
p(w) = lim sup{p(z) : z € B,(2)},

my(z) = h%1+ inf{p(2) : z € B,(z)}.
(Usually these are of interest for convex functions p.) These definitions re-
main valid for a normed group. (Note that e.g. inf{p(z) : z € B.(z)} is a

decreasing function of r.) We understand the balls here to be defined by a
right-invariant metric, i.e.

B, (z):={y : d(z,y) < r} with d right-invariant.

These are subadditive functions if the group G is R%. We reprove some re-
sults from Kuczma [Kucz], thus verifying the extent to which they may be
generalized to normed groups. Only our first result appears to need the Klee
property (bi-invariance of the metric); fortunately this result is not needed in
the sequel. The Main Theorem below concerns the behaviour of p(x)/||z||.

Lemma 1 (cf. [Kucz] L. 1 p. 403). For a normed group G with the Klee
group, m, and M, are subadditive.

Proof. For a > my(z) and b > m,(y) and r > 0, let d(u,z) < r and
d(v,y) < r satisfy

inf[p(z) : z € B.(z)] < p(u) < a, and inf[p(z) : z € B.(y)] < p(v) < b.
Then, by the Klee property,
d(zy,uwv) < d(x,u) + d(y,v) < 2r.

Now
inf[p(z2) : 2 € Bo,(zy)] < p(uv) < p(u) + p(v) < a+0,

hence
inf[p(z) : z € Boy(xy)] < inf[p(z) : z € B.(z)] + inf[p(2) : z € B.(z)],

and the result follows on taking limits as r — 0+ . [J
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Lemma 2 (cf. [Kucz] L. 2 p. 403). For a normed group G, if p: G — R
18 subadditive, then

my(z) < My(z) and My(x) —my(z) < My(e).

Proof. Only the second assertion needs proof. For a > m,,(z) and b < M,(z),
there exist u,v € B,(z) with

a > p(u) > my(z), and b < p(v) < M,(z).
So
b—a < p(v) = p(u) < plou"u) = p(u) < plou™) +p(u) = p(u) = p(ou™).

Now
ou™ ] < Jvf| + [Jul] < 2r,

so vu~! € By, (e) and hence
plou™t) < sup[p(2) : 2z € Ba,(e)].
Hence, with r fixed, taking a, b to their respective limits,

M,(x) —my(z) < sup[p(z) : z € By, (e)].

Taking limits as r — 04, we obtain the second inequality. [

Lemma 3. For any subadditive function f : G — R, if f s locally
bounded above at a point, then it is locally bounded at every point.

Proof. We repeat the proof in [Kucz] p. 404 Th. 2, thus verifying that
it continues to hold in a normed group.

Supppose that p is locally bounded above at tg by K. We first show that
f is locally bounded above at e. Suppose otherwise that for some ¢, — e we
have p(t,) — oo. Now t,tg — ety = to and so

ptn) = p(tatotyh) < pltate) + p(tg?) < K + p(ty?h),

a contradiction. Hence p is locally bounded above at e, i.e. My(e) < oo.
But 0 < M,(xz) —my(z) < M,(e), hence both M,(x) and m,(x) are finite for
every x. That is, p is locally bounded above and below at each z. [
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Proposition (cf. [Kucz| p 404 Th 3). For a Baire group G and a Baire
function f: G — R, if f is subadditive, then f is locally bounded.

Proof. By the Baire assumptions for some k, H* = {z : |f(z)| < k}
is non-meagre Suppose that f is not locally bounded; then it is not locally
bounded above at some point u, i.e. there exists u,, — u with

f(un) — +00.

By the Category Embedding Theorem ([BOst11], and Section 4), for some
k € w, t € H* and an infinite M, we have

{u,t :n € M} C H”.
For n in M, we have

flun) = fluntt™) < flunt) + f(E71) < k4 f(ET),
which contradicts f(u,) — +oo. O

Definition. We say that a normed group G has a wvanishingly small
word-net (which may be also compactly generated, as appropriate) if, for any
e > 0, there is 7 > 0 such that, for all § with 0 < § < n there is a set (a
compact set) of generators Z; in Bs(e) and a constant M such that, for all
x with ||z|| > Ms, there is some word w(x) = 2i...2,(;) using generators in
Zs with ||z;|| = 0(1 +¢;), with |g;| < &, where

d(z,w(z)) < d
and

n(x)d

||

1—e< <1l+4e.

Thus R? has a vanishingly small compactly generated word-net and hence
so does the sequence space ls.

Main Theorem. Let G be a normed group with a vanishingly small
word-net. Let p: G — Ry be Baire, subadditive with

p(v)

[ :=1lim sup —= < o0.
2| -0+ ||Z]]
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Then
p(x)

lim sup —= < [ < o0.

lzl|—oo [T

Proof. Let € > 0. Let b = § + €. Hence on Bjs(e) for § small enough to
gurantee the existence of Z5 and Ms we have also

o) _,
ll] =

By the Proposition, we may assume that p is bounded by some constant K
in Bs(e). Let ||z|| > M.
Choose a word w(x) = 2921...2, with ||z]| = (1 + &;) with |g;| < e, with

p(x;) < bl|z;|| = bd(1 + ;)

and
d(z,w(x)) <9,
ie.
r=w(x)s
for some s with ||s|| < § and
PP
1]
Now
p(r) = pws) <p(w)+p(r) = plz)+pls)
< Y b3(1+) +p(s)
= nbi(l+¢)+ K.

So 5 u
o) om0y oy M
2| [ll] |||

Hence we obtain u

plz) <b(l+e)?+—.
|z el

So in the limit

lim sup M B,



as asserted. [J

We note a related result, which requires the following definition. For p
subadditive, put

p«(x) = lim inf p(y), p*(x) := limsup p(y).

y—x y—x
These are subadditive and lower (resp. upper) semicontinuous with p,(z) <
p(z) < p*(z).

Mueller’s Theorem ([Mue| Th. 3). Let p be subadditive on a locally
compact group G and suppose

lim inf p*(z) < 0.

r—e

Then p is continuous almost everywhere.

4 Theorems of Steinhaus type and Dichotomy

If 4, converges to the identity, then, for large n, each 1), is almost an isome-
try. Indeed, as we shall see in Section 10, by the Proposition on Permutation
metrics, we have

d(x,y) = 2|[¢,l] < d(,,(2), ¥, (y)) < d(x,y) + 2[4,

This motivates our next result; we need to recall a definition and the Cat-
egory Embedding Theorem from [BOst11], whose proof we reproduce here
for completeness. In what follows, the words quasi everywhere (gq.e.), or for
quasi all points mean for all points off a meagre set (see [Kah]).

Definition (weak category convergence). A sequence of homeomor-
phisms 1), satisfies the weak category convergence condition (wcc) if:

For any non-empty open set U, there is an non-empty open set V C U
such that, for each k € w,

ﬂ V\, 1 (V) is meagre. (wee)

n>k
Equivalently, for each k € w, there is a meagre set M such that, for t ¢ M,
teV = (Gn>k)y,(t) eV
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Category Embedding Theorem. Let X be a Baire space. Suppose
giwen homeomorphisms 1, : X — X for which the weak category convergence
condition (wcc) is met. Then, for any non-meagre Baire set T, for locally
quast all t € T, there is an infinite set Ml; such that

{,(t) :m e M, } CT.

Proof. Suppose T is Baire and non-meagre. We may assume that T =
U\M with U non-empty and M meagre. Let V C U satisfy (wcc).
Since the functions h,, are homeomorphisms, the set

M =M U b (M)

is meagre. Put

W=h(V)=JVvnr'(Vv)cvcu

kew n>k

Then V NW is co-meagre in V. Indeed

V\w = N V\e(v),

k€w k>n

which by assumption is meagre.

Let t € VN W\M’' so that ¢t € T. Now there exists an infinite set M,
such that, for m € M, there are points v,, € V with ¢t = h_!(v,,). Since
hot(vy) =t & h (M), we have v,, ¢ M, and hence v,, € T. Thus {h,,(t) :
m € M} C T for t in a co-meagre set, as asserted. [

Examples. In R we may consider 9,,(t) =t + z, with z, — zo:= 0. It
is shown in [BOst11] that for this sequence the condition (wcc) is satisfied in
both the usual topology and the density topology on R. This remains true in
R¢, where the specific instance of the theorem is referred to as the Kestelman-
Borwein-Ditor Theorem; see the next section ([Kes|, [BoDi]; compare also
the Oxtoby-Hoffmann-Jgrgensen zero-one law for Baire groups, [HJ] p. 356,
[Oxt], cf. [RR-1]). In fact in any metrizable groupX with right-invariant
metric dy, for a null sequence tending to the identity z, — z9 := ex, the
mapping defined by 9, (x) = z,z converges to the identity (see [BOst13],
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Corollary to Ford’s Theorem); here too (wcc) holds. This follows from the
next result, which extends the proof of [BOst11].

First Proposition on weak category convergence. If i), converges
to the identity, then 1, satisfies the weak category convergence condition
(wece).

Proof. It is more convenient to prove the equivalent statement that v, !
satisfies the category convergence condition.

Put z, = v,(20), so that z, — zy. Let k be given.

Suppose that y € B.(29), i.e. r = d(y, 29) < €. For some N > k, we have
en = d(1,,id) < 5(e —r), for all n > N. Now

d(y7 Z’n) S d(yu Zo) + d(207 zn)
= d(y,20) + d(20,%,(20)) <7+ ép.

For y =, (z) and n > N,

d(fZOa :E) < d(207 Zn) + d(zna y) + d<y7 :C)
= d(Zo,Zn) +d(zn7y) —f-d(I,@/Jn(iL'))
< et (r+e,)+e,<e.

So x € B.(z), giving y € ¥,,(B:(z)). Thus

y & [ Be(20)\Wu(B:(20)) 2 ] Be(20)\t0s (Bx(20))-

n>N n>k

It now follows that

(M) B(20)\n(B-(20)) = 2.

n>k

O

As a corollary we have the following important result known for topo-
logical groups (see [RR-TG], Rogers [Jay-Rog] p. 48, and [Koml] for the
topological vector space setting) and here proved in the metric setting.

Piccard-Pettis Theorem (Piccard [Picl], [Pic2], Pettis [Pet1], [RR-TG]
cf. [BOst14]). In a normed group, for A non-meagre, the sets AA™! and
AT A have non-empty interior.
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Proof. Suppose otherwise. We consider the set AA™! and refer to the
right-invariant metric d(x,y) = ||xy~!||. Suppose the theorem is false. Then,
for each integer n = 1,2, .., there is z,, € By, (€)\AA™!; hence z, — z = e.
By Proposition 1 of Section 2, ¢, (z) := z,z converges to the identity (as
the metric is right-invariant) and so satisfies the (wcc); hence, there is a € A
such that for infinitely many n

Y, (a) € A, ie z,a€ A, or z, € AAT

a contradiction. Reference to the conjugate metric secures the same result
for A71A. O

One says that a set A is thick if e is an interior point of AA™! (see e.g. [HJ]
Section 2.4). The next result (proved essentially by the same means) applied
to the additive group R implies the Kesteman-Borwein-Ditor ([BOst11]) the-
orem on the line. The name used here refers to a similar (weaker) property
studied in Probability Theory (in the context of probabilities regarded as
a semigroup under convolution, for which see [PRV], or [Par| 3.2 and 3.5,
[BlHe|, [Hey]). We need a definition.

Definition. Say that a set A in G is right-shift compact if, for any
sequence of points a,, in A, there is a point ¢ and a subsequence {a,, : n € M, }
such that a,t converges through M; to a point agt in A; similarly for left-
shift compact. Evidently, finite Cartesian products of shift-compact sets are
shift-compact. Thus a right-shift compact set A is pre-compact. (If the
subsequence a,,t converges to apt, for m in M, then likewise a,, converges
to ag, for m in Mj;.)

Proposition. In a normed group, if a subgroup S is locally right-shift
compact, then S is closed and locally compact. Conversely, a closed, locally
compact subgroup is locally right-shift compact.

Proof. Suppose that a, — a¢ with a, € S. If a,,t — apt € S down
a subset M then agt(ant)™! = aga,! € S for m € M. Hence also ay =
aga,ta, € S for m € M. Thus S is closed. [

Remark. Suppose that a, = (a’) € A = [] A;. Pick t; and inductively
infinite Ml; C M;_; so that a't; — alt; along n € M; with a’t; € A; forn € w.
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Diagonalize M; by setting M := {m;}, where m,, ;1 = min{m € M,,; : m >
my }. Then the subsequence {a,, : m € M} satisfies, for each J finite,

pr ta,, C H A; for eventually all m € M.
jeJ

Shift-Compactness Theorem. In a normed group G, for A precom-
pact, Baire and non-meagre, the set A s right-shift compact, i.e., for any
sequence a,, € A, there are t € G and a € A such that a,t € A and a,t — a
down a subsequence. Likewise the set A is left-shift compact.

Proof. Suppose a, € A C A with A compact. W.lo.g. a, — ay €
A. Hence z, := aya;' — eq. By the First Proposition on weak category
convergence above, ¥, (x) := z,z converges to the identity. Hence, for some
a € A and infinite M, we have {z,,a : m € M} C A. Taking t = a,'a, we
thus have a,t € A and a,t — a € A along M. Replace A by A~! to obtain
the other-handed result. [J

The following theorem asserts that a ‘covering property modulo shift’ is
satisfied by bounded shift-compact sets. It will be convenient to make the
following

Definitions. 1. Say that D:= { Dy, ..., Dy} shift-covers X, or is a shifted-
cover of X if, for some dy, ...,d;, in G,

(D1 —di) U ..U (D) —dy) = X.

Say that X is compactly shift-covered if every open cover U of X contains a
finite subfamily D which shift-covers X.

2. We say that D:= {D, ..., Dy} strongly shift-covers A, or is a strong
shifted-cover of A if, there are arbitrarily small dy, ..., d, in R such that

(Dy — di) U...U(Dy, — dy) 2 A.

Say that A is compactly strongly shift-covered if every open cover U of A
contains a finite subfamily D which strongly shift-covers A.

Example. Note that A C R is a dense-open (open in the density topol-
ogy) iff each point of A is a density point of A. Suppose ag is a limit point of
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such a set A in the usual topology; then, for any ¢ > 0, we may find a point
a € A to within €/2 of ap and hence some ¢t € A within £/2 of the point «
such that some subsequence t + a,, is included in A, with limit ¢ 4+ ag and
with |t| < e. That is, a dense-open set is strongly shift-compact.

Compactness Theorem (Compactness modulo shift, [BOst8]). Let
A be a right-shift compact subset of a separable normed group G. Then A
s compactly shift-covered, i.e. for any norm-open cover U of A, there is a
finite subset V of U, one for each member of V, such that the corresponding
translates of V cover A.

Proof. Let U be an open cover of A. Since G is second-countable we
may assume that U is a countable family. Write U = {U; : i € w}. Let
Q = {gj : j € w} enumerate a dense subset of G. Suppose, contrary to
the assertion, that there is no finite subset V of U such that translates of V,
each translated by one element of (), cover A. For each n, choose a, € A
not covered by {U; —¢; : i,j < n}. As A is precompact, we may assue,
by passing to a subsequence (if necessary), that a,, converges to some point
ag, and also that, for some ¢, the sequence a,t lies entirely in A. Let U; in U
cover agt. Without loss of generality we may assume that a,t € U; for all n.
Thus a, € U;it~! for all n. Thus we may select V := Uig; to be a translation
of U; such that a,, € V = U,q; for all n. But this is a contradiction, since a,,
is not covered by {Uyq; :4',j" < n} for n > max{i, j}. O

The above proof of the compactness theorem for shift-covering may be
improved to strong shift-covering, with only a minor modification (replacing
Q with a set Q° = {¢; : j € w} which enumerates, for given € > 0, a dense
subset of the ¢ ball about ¢), yielding the following.

Strong Compactness Theorem (Strong Compactness modulo shift,
cf. [BOst8]). Let A be a strongly right-shift compact subset of a separable
normed group G. Then A is compactly strongly shift-covered, i.e. for any
norm-open cover U of A, there is a finite subset V of U and arbitrarily
small translations, one for each member of V, such that the corresponding
translates of V cover A.

Next we turn to the Steinhaus theorem, which we will derive in Section 7
more directly as a corollary of the Category Embedding Theorem. For com-
pleteness we recall in the proof below its connection with the Weil topology
introduced in [We].
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Definition ([Hal-M] Section 62 p. 257 and 273).

1. A measurable group (X,S,m) is a o-finite measure space with X a
group and m a non-trivial measure such that both & and m is left-invariant
and the mapping x — (z, xy) is measurability preserving,.

2. A measurable group X is separated if for each x # ex in X, there

is a measurable £ C X of finite, positive measure and £ > 0 such that
w(EAzE) < e.

Steinhaus Theorem (cf. Comfort [Com| Th. 4.6 p. 1175). Let X be
a normed locally compact group which is separated under its Haar measure.
For measurable A having positive finite Haar measure, the sets AA™' and
A7YA have non-empty interior.

Proof. For X separated, we recall (see [Hal-M] Sect. 62 and [We]) that
the Weil topology on X, under which X is a topological group, is generated
by the neighbourhood base at ex comprising sets of the form Ng. = {z €
X : w(EAzE) < e}, with € > 0 and E measurable and of finite positive
measure. Recall from [Hal-M] Sect. 62 the following results: (Th. F ) a
measurable set with non-empty interior has positive measure; (Th. A) a set
of positive measure contains a set of the form GG~!, with G measurable
and of finite, positive measure; and (Th. B) for such G, Ng. € GG™! for
all small enough ¢ > 0. Thus a measurable set has positive measure iff it is
non-meagre in the Weil topology. Thus if A is measurable and has positive
measure it is non-meagre in the Weil topology. Moreover, by [Hal-M] Sect
61, Sect. 62 Ths. A and B, the metric open sets of X are generated by sets
of the form Ng . for some Borelian-(K) set E of positive, finite mesure. By
the Piccard-Pettis Theorem (from the Category Embedding Theorem) AA™!
contains a non-empty Weil neighbourhood Ng ..

Remark. See Section 6 below (and also 7 for extensions to products AB)
for an alternative proof via the density topology drawing on Mueller’s Haar

measure density theorem [Mue] and a category-measure theorem of Martin
[Mar].

The Subgroup Dichotomy Theorem (Banach-Kuratowski Theo-
rem) ([Ban-GJ Satz 1, [Kur-1] Ch. VI. 13. XII; cf. [Kel] Ch. 6 Pblm P; cf.
[BGT] Cor. 1.1.4 and also [BCS] and [Be] for the measure variant).

Let X be a normed group which is non-meagre and let A any Baire sub-
group. Then A is either meagre or clopen in X.
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Proof. Suppose that A is non-meagre. We show that e is an interior
point of A, from which it follows that A is open. Suppose otherwise. Then
there is a sequence z, — e with 2, € By/,(e)\A. Now for some a € A and
infinite M we have z,a € A for all n € M. But A is a subgroup, hence
2 = znaa~ ! € A for n € M, a contradiction.

Now suppose that A is not closed. Let a, be a sequence in A with limit
x. Then a,z~' — e. Now for some a € A and infinite M we have 2,z 'a € A
for all n € M. But A is a subgroup, so z, ! and ! are in A and hence, for all
n € M, we have x7 = 212,27 aa™! € A. Hence z € A, as A is a subgroup.
O

Remark. Banach’s proof is purely topological so applies to topological
groups (though originally stated for metric groups) and relies on the mapping
x — ax being a homeomorphism, likewise Kuratowski’s proof which proceeds
via another dichotomy as detailed below.

Kuratowski Dichotomy ([Kur-B], [Kur-1], [McSh| Cor. 1). Suppose
H C Auth(X) acts transitively on X, and Z C X is Baire and has the
property that for each h € H

Z=hZ)or ZNh(Z) = @,

i.e. under each h € H, either Z is invariant or Z and its image are disjoint.
Then, either H is meagre or is clopen.

The result below generalizes the category version of the Steinhaus Theo-
rem [St] of 1920, first stated explicitly by Piccard [Picl] in 1939, and restated
in [Petl] in 1950; in the current form it may be regarded as a ‘localized-
refinement’ of [RR-TG].

Generalized Piccard-Pettis Theorem ([Picl], [Pic2], [Petl], [Pet2],
[BGT] Th. 1.1.1, [BOst3], [RR-TG], cf. [Kel] Ch. 6 Prb. P). Let be X be
a homogenous space. Suppose that 1), converges to the identity, as u — uy,
and that A is Baire and non-meagre. Then, for some 6 > 0, we have

ANy, (A) # @, for all u with d(u,ug) <,
or, equivalently, for some 6 > 0

ANy, (A) # @, for all u with d(u, ug) < 9.
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Proof. We may suppose that A = V\M with M meagre and V open.
Hence, for any v € V\ M, there is some £ > 0 with

B.(v) CU.

By definition of convergence, there is § > 0 such that, for u with d(u, ug) < 9,
we have

& (4, id) < /2.

Hence, for any such u and any y in B, /3(v), we have

d(¥,(y),y) <e/2.
From this it follows that
W = v, (B:/2(20)) N Beja(20) # 2,

and
W' := ¢, (Beja(20)) N Beja(z0) # 2.
For fixed u with d(u, ug) < 6, the set

M= MU, (M) U, (M)

is meagre. Let w € W\M' (or w € W/\M', as the case may be). Since
w € Be(2z0)\M C V\M, we have

w e V\M C A.
Similarly, w € 1,,(B:(20))\¢,,(M) C 9, (V)\¢,(M). Hence
v (w) € VAM C A.

In this case, as asserted,

ANyl (A) # 2.
In the other case (w € W'\ M'), one obtains similarly

Y, (w) € VAM C A.

Here too

ANy (A) # 2.
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O
Remarks.
1. In the theorem above it is possible to work with a weaker condition,

namely local convergence at zy, where one demands that for some neighbour-
hood B, (z) and some K

d(v,(2),z) < Kd(u,up), for z € B,(2).
This implies that, for any € > 0, there is § > 0 such that, for z € Bs(z),
d(¢,(2), z) < e, for z € Bs(2).

2. The Piccard-Pettis Theorem for topological groups (named by Kelley,
[Kel] Ch. 6 Pblm P-(b), the Banach-Kuratowski-Pettis Theorem, say BKPT
for short) asserts the category version of the Steinhaus Theorem [St] that,
for A Baire and non-meagre, the set A~1 A is a neighbourhood of the identity;
our version of the Piccard theorem as stated implies this albeit only in the
context of metric groups. Let dyx be a right-invariant metric on X and take
¥, (x) = ur and ug = e. Then v, converges to the identity (see [BOst13]
Section 3), and so the theorem implies that Bs(e) C A~ N A for some § > 0;
indeed o' € ANy, (A) for u € Bs(e) means that ¢’ € A and, for some a € A,
also ua = a’ so that u = a7 'a’ € A7'A. It is more correct to name the
following important and immediate corollary the BKPT, since it appears in
this formulation in [Ban-G|, [Kur-1], derived by different means, and was
used by Pettis in [Petl] to deduce his Steinhaus-type theorem.

McShane’s Interior Points Theorem ([McSh| Cor. 3). Let T : X? —
X such that Ty(x) := T(x,a) is a self-homeomorphism for each a € X and
such that for each pair (xo,yo) there is a homeomorphism ¢ : X — X with

Yo = @(x0) satisfying
T(x,p(x)) = T(x0,v0), for all x € X.

Let A and B be second category with B Baire. Then the image T'(A, B) has
interior points and there are Ag C A, By C B, with A\ Ay and B\ By meagre
and T(Ao, By) open.
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5 The Kestelman-Borwein-Ditor Theorem: a
bitopological approach

Definition (Genericity). Suppose I' is £ or Ba, the class of measurable
sets or Baire sets (i.e. sets with the Baire property). We will say that P € '
holds for generically all t if {t : t ¢ P} is null/meagre according as I" is £ or
Ba.

In this section we develop a bi-topological approach to a generalization
of the following result. An alternative approach is given in the next section.

Theorem (Kestelman-Borwein-Ditor Theorem). Let {z,} — 0 be
a null sequence of reals. If T is measurable and non-null/Baire and non-
meagre, then for generically all t € T there is an infinite set Ml; such that

{t+2zn :meM;} CT.

A stronger form still is derived in [BOst9] (the Generic Reflection Theo-
rem); see also [BOst3] Section 2.1 Note 3, [BOst4] Section 2.1 Note 1. For
proofs see the original papers [Kes| and [BoDil; for a unified treatment in the
real-variable case see [BOst9).

Let (X,S,m) be a probability space which is totally-finite. Let m* denote
the outer measure

m*(E) :=inf{m(F): E C F € S§}.

Let the family {K,(z) : x € X} C S satisfy

(i) z € K,(x),

(ii) m(K,(x)) — 0.

Relative to a fixed family {K,(z) : © € X} define the upper and lower
(outer) density at = of any set E by

D(E,z) = suplims%pm*(EﬁKn(:v))/m(Kn(x)),
D*(E,z) = inflimirnlfm*(EﬂKn(x))/m(Kn(x)).

By definition D" (E, z) > D*(E,z). When equality holds, one says that the
density of F exists at z, and the common value is denoted by D*(F, x). If E
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is measurable the star associated with the outer measure m* is omitted. If
the density is 1 at x, then x is a density point; if the density is 0 at x then
x is a dispersion point of E.

We say that a (weak) density theorem holds for {K,(z) : z € X} if for
every set (every measurable set) A almost every point of A is an (outer)
density point of A.

Martin [Mar] shows that the family

U={U:D(X\U,z)=0, forall z € U}
forms a topology, the density topology on X, with the following property.

Density Topology Theorem. If a density theorem holds for {K,(x) :
x € X} and U is d-open, then every point of U is a density point of U and
so U 1is measurable. Furthermore, a measurable set such that each point is a
density point is d-open.

We note that the idea of a density topology was introduced slightly earlier
by Goffman ([GoWa],[GNN]); see also Tall [T]. It can be traced to the work
of Denjoy [Den| in 1915. Recall that a function is approximately continuous
in the sense of Denjoy iff it is continuous under the density topology: [LMZ],

p-1.

Category-Measure Theorem ([Mar| Th. 4.11). Suppose X is a prob-
ability space and a density theorem holds for {K,(z) : x € X}. A necessary
and sufficient condition that a set be nowhere dense in the d-topology is that
it have measure zero. Hence a necessary and sufficient condition that a set
be meagre is that it have measure zero. In particular the topological space
(X,U) is a Baire space.

We now see that the preceeding theorem is applicable to a Haar measure
on a locally compact group X by reference to the following result. Here
bounded means pre-compact (covered by a compact set).

Haar measure density theorem ([Mue]; cf. [Hal-M] p. 268). Let
A be a o-bounded subset and p a left-invariant Haar measure of a locally
compact group X. Then there exists a sequence U, of bounded measurable
neigbourhoods of ex such that m*(A N U,x)/m*(Uyx) — 1 for almost all x
out of a measurable cover of A.
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We now offer a generalization of a result from [BOst11].

Second Proposition on weak category convergence. Let X be a
normed locally compact group with left-invariant Haar measure m. Let V
be m-measurable and non-null. For any null sequence {z,} — e and each
k€ w,

Hy = m VA\(V - z,) is of m-measure zero, so meagre in the d-topology.
n>k

1

That is, the sequence h,(x) := xz, ! satisfies the weak category convergence

condition (wcc)

Proof. Suppose otherwise. We write V' z, for V - z,, etc. Now, for some
k, m(Hy) > 0. Write H for Hy. Since H C V, we have, for n > k, that
0 =HNh'(V)=HnN(Vz,) and so a fortiori ) = H N (Hz,). Let u be a
metric density point of H. Thus, for some bounded (Borel) neighbourhood
U,u we have 5

p[H N Uyul > Zm[Uyu].
Fix v and put
§ =mlU,ul.

Let E = H N U,u. For any z,, we have m[(Ez,) N U,uz,| = m[E] > 34.
By Theorem A of [Hal-M] p. 266, for all large enough n, we have
m(U,ulU,uz,) < §/4.

Hence, for all n large enough we have |(Ez,)\Uyu| < 6/4. Put F = (Ez,) N
U,u; then m[F]| > §/2.
But § > m[EUF]| =m[E|+m[F]—m[ENF]>35+16—m[ENF]. So

m[H N (Hz,)|] >m[ENF| > =9,

NI

contradicting () = H N (Hz,). This establishes the claim. [J

As a corollary of the Category Embedding Theorem the Proposition now
yields the following result.

Theorem (Generalized Kestelman-Borwein-Ditor Theorem 1).
Let X be a normed locally compact group. Let {z,} — ex be a null sequence
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i X. If T is Haar measurable and non-null, resp. Baire and non-meagre,
then for generically all t € T there is an infinite set Ml; such that

{tzm :m e M} CT.

This theorem in turn yields an important conclusion.

Kodaira’s Theorem ([Kod] corollary to Satz 18. p. 98, cf. [Com]| Th.
4.17 p. 1182). Let X be a normed locally compact group and f: X — Y a
homorphism into a separable normed group Y. Then f is Haar-measurable
iff f is Baire under the density topology iff f is continuous under the norm
topology.

Proof. Suppose that f is measurable. Then under the d-topology f is a
Baire function. Hence by the classical Baire Continuity Theorem (see, e.g.
Section 7 below), since Y is second-countable, f is continuous on some co-
meagre set 7. Now suppose that f is not continuous at eyx. Hence, for some
e > 0 and some z, — 2y = ex (in the sense of the norm on X), we have
| f(zn)|] > ¢, for all n. By the Kestelman-Borwein-Ditor Theorem, there is
t € T and an infinite M; such that ¢z, — t = tzy € T. Hence, for n in My,
we have

F@)f(zn) = f(tzn) — f(tz0) = f(2),

ie. f(z,) — ey, a contradiction. [J

Remarks.

1. Comfort [Com| Th. 4.17 proves this result for both X and Y locally
compact, with the hypothesis that Y is o-compact and f measurable with
respect to two Haar measures on X and Y. That proof employs Steinhaus’
Theorem and the Weil topology. (Under the density topology, Y will not be
second-countable.) When Y is metrizable this implies that Y is separable; of
course if f is a continuous surjection, Y will be locally-compact.

2. The theorem reduces measurability to the Baire property and in so
doing resolves a long-standing issue in the foundations of regular variation;
hitherto the theory was established on two alternative foundations employing
either measurable functions, or Baire functions, for its scope, with historical
preference for measurable functions in connection with integration. We refer
to [BGT] for an exposition of the theory which characterizes regularly varying
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functions of either type by a reduction to an underlying homomorphism of the
corresponding type relying on its continuity and then represents either type
by very well behaved functions. Kodaira’s theorem shows that the broader
topological class may be given priority. See in particular [BGT] p. 5,11 and
[BOst11].

3. The Kestelman-Borwein-Ditor Theorem inspires the following defini-
tions which we will find useful in the next section

Definitions. Call a set T' subuniversal if for any null sequence z, — eg
there is t € G and infinite M; such that

{tzpp - m e M} CT.

Call a set T generically subuniversal if for any null sequence z, — eg
there is ¢t € GG and infinite M; such that

{tzs :meM} CT and t €T.

Thus the Kestelman-Borwein-Ditor Theorem asserts that a set 7' which is
Baire non-meagre, or measurable non-null is (generically) subuniversal. The
term subuniversal is coined from Kestelman’s definition of set being ‘univer-
sal for null sequences’ ([Kes| Th. 2) which required M, above to be co-finite
rather than infinite. By the Shift-compactness Theorem, a generically sub-
universal subset of a normed group is shift-compact (Section 4).

6 The Subgroup Theorem

In this section G is a normed locally compact group with left-invariant Haar
measure. We shall be concerned with two topologies on GG : the norm topology
and the density topology. Under the latter the binary group operation need
not be jointly continuous (see Heath and Poerio [HePo)); nevertheless a right-
shift © — xa, for a constant, is continuous, and so we may say that the density
topology is right-invariant. We note that if S is measurable and non-null then
S~1 is measurable and non-null under the corresponding right-invariant Haar
and hence also under the original left-invariant measure. We may thus say
that the density topology is inversion-invariant. This motivates

Theorem (Topological, or Category, Interior Point Theorem).
Let {z,} — e be a null sequence (in the norm topology). Let G be given a
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right-invariant and inversion-invariant topology T, under which it is a Baire
space and the homeomorphisms h,(z) = xz, satisfy (wec). For S Baire and
non-meagre in T, the difference set S71S, and likewise SS~!, is an open
netghbourhood of e.

Proof. Suppose otherwise. Then for each positive integer n we may
select

Zn € Bl/n(e)\(S_IS).

Since {z,} — e (in the norm topology), the Category Embedding Theorem
applies, and gives an s € S and an infinite M such that

{hm(s) tm e Ms} - S.
Then for any m € M,
Szm €8, 1e. z, € 8718,

a contradiction. Replacing S by S~! we obtain the corresponding result for

Ss—t. O

Corollary (Piccard Theorem, Piccard [Picl], [Pic2]). For S Baire
and non-meagre in the norm topology, the difference sets SS~! and S~1S
have e as interior point.

First Proof. Apply the preceeding Theorem , since by the First Propo-
sition on weak category convergence (Section 4), the (wcc) condition holds.
O

Second Proof. Suppose otherwise. Then, as before, for each posi-
tive integer n we may select z, € Bi,(e)\(S™S). Since z, — e, by the
Kestelman-Borwein-Ditor Theorem, for quasi all s € S there is an infinite
M such that {sz,, : m € My} C S. Then for any m € M, sz, € S, i.e.
2m € SS™1, a contradiction. [J

Corollary (Steinhaus’ Theorem, [St], [We|; cf. Comfort [Com] Th.
4.6 p. 1175, Beck et al. [BCS]). For S of positive measure, the difference
sets S71S and SS™! have e as interior point.

Proof. Arguing as in the first proof above, by Second Proposition on
weak category convergence (Section 5), the wcc holds and S, in the den-
sity topology, is Baire and non-meagre (by the Category-Measure Theorem
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of Section 5). The measure-theoretic form of the second proof above also
applies. [

The following corollary to Steinhaus’ Theorem (and its Baire category
version) have important consequences in the Euclidean case. We will say
that the group G is (weakly) Archimedean if for each r > 0 and each g € G
there is n = n(g) such that g € B" where B := {z : ||z|| < r} is the r-ball.

Theorem (Category [Measure| Subgroup Theorem). For a Baire
[measurable] subgroup S of a weakly Archimedean locally compact group G,
the following are equivalent:

(i) S=G,

(ii) S is non-meagre [non-null).

Proof. By the Topological/Category Interior Point Theorem, for some
r-ball B,
BCSSTHCS,

and hence G =, B" = 5. O

We will see in the next section a generalization of the Pettis extension of
Piccard’s result asserting that, for S, T Baire non-meagre, the product ST
contains interior points. As our approach will continue to be bitopological, we
will deduce also the Steinhaus result that, for S, 7 non-null and measurable,
ST contains interior points.

7 The Semigroup Theorem

In this section G is a normed group which is locally compact. The aim
here is to prove a generalization to the normed group setting of the following
classical result due to Hille and Phillips [H-P] Th. 7.3.2 (cf. Beck et al. [BCS]
Th. 2, [Be]) in the measurable case, and to Bingham and Goldie [BG] in the
Baire case; see [BGT] Cor. 1.1.5.

Theorem (Category [Measure| Semigroup Theorem). For an ad-
ditive Baire [measurable] semigroup S of R, the following are equivalent:

(i) S contains an interval,

(ii) S D (s,00), for some s,

(iii) S is non-meagre [non-nullj.
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We will need a strengthening of the Kestelman-Borwein-Ditor Theorem
of Section 5. First we capture a key similarity (their topological ‘common
basis’, adapting a term from logic) between the Baire and measure cases.
Recall ([Rog2] p. 460) the usage in logic, whereby a set B is a basis for a
class C of sets whenever any member of C contains a point in B.

Theorem (Common Basis Theorem). For V, W Baire non-meagre in
G equipped with either the norm or the density topology, there is a € G such
that VN (aW) contains a non-empty open set modulo meagre sets common to
both, up to translation. In fact, in both cases, up to translation, the two sets
share a norm Ggs subset which is non-meagre in the norm case and non-null
in the density case.

Proof. In the norm topology case if V, W are Baire non-meagre, we may
suppose that V' = I'\MyU Ny and W = J\M; U Ny, where I, J are open sets.
Take Vo = I\My and Wy = J\M;. If v and w are points of V and Wy, put
a:=vw . Thus v € I'N(aJ). So IN(aJ) differs from V N (aW) by a meagre
set. Since My U Ny may be expanded to a meagre F, set M, we deduce that
I\M and J\M are non-meagre Gs-sets.

In the density topology case, if V| W are measurable non-null let V; and
Wy be the sets of density points of V' and W. If v and w are points of V) and
Wo, put a := vw™'. Then v € T := Vy N (aW,) and so T is non-null and v
is a density point of T. Hence if Ty comprises the density points of 7', then
T\Tp is null, and so T differs from V N (aWW) by a null set. Evidently 75
contains a non-null closed, hence Gs-subset (as T} is measurable non-null, by
regularity of Lebesgue measure). [

Theorem (Conjunction Theorem). For V, W Baire non-meagre/measurable
non-null, there is a € G such that V N (aW) is Baire non-meagre/ measur-
able non-null and for any null sequence z, — eq and quasi all (almost all)
t € VN (aW) there exists an infinite M such that

{tzm :m e M} C VN (aW).

Proof. In either case applying Theorem 9, for some a the set T :=
V N (aWW) is Baire non-meagre/measurable non-null. We may now apply the
Kestelman-Borwein-Ditor Theorem to the set T. Thus for almost all ¢t € T
there is an infinite M; such that

{tzm :meM}CT CVnN(aW). O
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This result motivates a further strengthening of generic subuniversality
(compare Section 5).

Definitions. Let S be generically subuniversal.
1. Call T similar to S if for every null sequence z, — eg thereist € SNT
and M, such that
{tzsy :m e M} C SNT.

Thus S is similar to 7" and both are generically subuniversal.
Call T weakly similar to S if if for every null sequence z, — 0 there is
s € S and M such that

{szm :meM,} CT.

Thus again T is subuniversal.

2. Call S subuniversally self-similar, or just self-similar (up to inversion-
translation), if for some a € G and some T C S, S is similar to a7 .

Call S weakly self-similar (up to inversion-translation) if for some a € G
and some T' C S, S is weakly similar to a7~

Theorem (Self-similarity Theorem). For S Baire non-meagre/measurable
non-null, S is self-similar.

Proof. Fix a null sequence z, — 0. If S is Baire non-meagre/measurable
non-null then so is S7!; thus we have for some a that T := S N (aS™!) is
likewise Baire non-meagre/measurable non-null and so for quasi all (almost
all) t € T there is an infinite M; such that

{tzm :meM,} C T C SN (aS™),
as required. [

Theorem (Semigroup Theorem). If S, T are generically subuniversal
with T (weakly) similar to S, then ST~' contains a ball about the identity
eg. Hence if S is generically subuniversal and (weakly) self-similar, then
SS has interior points. Hence for G = R?, if additionally S is a semigroup,
then S contains an open sector.

Proof. For S,T (weakly) similar, we claim that ST~ contains Bjs(e) for
some ¢ > 0. Suppose not: then for each positive n there is z, with

zn € Bim(e)\(STH).
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Now z, ! is null so there is s in S and infinite M such that
{zls:me M} CT.

For any m in M pick t,, € T so that z,'s = t,,; then we have

1 so oz, = st;Ll,
a contradiction. Thus for some § > 0 we have Bs(e) C ST 1.

For S self-similar, say S is similar to T := aS~!, for some a, then Bs(e)a C
ST 'a = S(aS™')ta = SSa'a,ie. SS has non-empty interior. [

For applications see [BOst-RVWL]. By the Common Basis Theorem,
replacing 7" by T~!, we obtain as an immediate corollary of Theorem 12
a new proof of two classical results, extending the Steinhaus and Piccard
Theorem and Kominek’s Vector Sum Theorem.

Theorem (Product Set Theorem, Steinhaus [St] measure case, Pettis
[Pet2] Baire case, cf. [Koml] in the setting of topological vector spaces and
[Be] and [BCS] in the group setting).

If S, T are Baire non-meagre/measurable non-null, then ST contains in-
terior points.

8 Convexity

This section begins by developing natural conditions under which the Port-
manteau theorem of convex functions (cf. [BOst6]) remains true when re-
formulated for a normed group setting, and then deduces generalizations of
classical automatic continuity theorems for convex functions on a group.

Definitions.

1. A group G will be called 2-divisible (or quadratically closed) if the
equation 22 = g for ¢ € G always has a unique solution in the group to be
denoted ¢g'/2. See [Lev] for a proof that any group may be embedded as a
subgroup in an overgroup where the equations over GG are soluble (compare
also [Lynl]).

2. In an arbitrary group, say that a subset C is %—convew if, for all =,y

x,y e C = Jxy e C,

42



where, /Ty signifies some element z with 22> = zy. We recall the following
results.

Theorem (Eberlein-McShane Theorem, [Eb], [McSh]). Let X be a
2-divisible topological group of second category. Then any %-com;e:r Bajire

set has a non-empty interior. If X is abelian and each sequence defined by

2 . . . 1 . .
T, .1 = T, converges to ex then the interior of a 5-convex set C' is dense in

C.

Theorem (Convex Minorant Theorem, [McSh]). Let X be 2-divisible
abelian topological group. Let f and g be real-valued functions defined on a
non-meagre subset C' with f convex and g Baire such that

f(z) < g(x), for x € C.
Then f is continuous on the interior of C.

Definition. We say that the function h : G — R is %—convex on the
%fconvex set C'if, for x,y € C,

(h(x) + h(y)),

DO | —

h(vay) <
with, /Ty as above.
Example. For G = R the function h(x) = x is convex on G, since
2y < 2%+ 92

Averaging Lemma. A non-meagre set T is ‘averaging’, that is, for any
given point u € T and for any sequence {u,} — u, there are v € G (a right-
averaging translator) and {v,} C T such that, for infinitely many n € w, we
have

2
Uy, = Up.

There is likewise a left-averaging translator such that for some {w,} C T
such that, for infinitely many n € w, we have

2
Uy = W,

Proof. Define null sequences by

Zn = upu”t, and Z, = u tu,.
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We are to solve

2. -1 _
Uy v = v, €T,
ui,zauv = w, € T,

Zozouv = wTlu, e T =u T

Now put 9,,(x) := Z,2,x; then
d(x, Znznw) = d(e, Znzn) = [|Znznl] < [[Z0]] + [|20]] — 0.

By the Category Embedding Theorem, for some 7 € 7" = u~'T, we have
with 7 = u~!t and for infinitely many n

w o, =2,z €T =0T,
UZp2nT = v, €T,
UWinzpuu T = v, € T,
wutt = v, €T,
ui = vanlu = VpU

(with v = 77w = t71u? € T~ 1u?).
As for the remaining assertion, note that ;! — u~!,v 1 € T~! and

rrn

-2 _ 1,1
u, =v v, .

Thus noting that 7! is non-meagre (since inversion is a homeomorphism)
and replacing 7! by T we obtain the required assertion by a right-averaging
translator. [

Note the connection between the norms of the null sequences is only by
way of the conjugate metrics:

|zl = d(e,unu’l) = d(u,u,), and ||Z,|| = d(e,u’lun) = d(u;l,u’l) = d(un,u)

Whilst we may make no comparisons between them, both norms nevertheless
converge to zero.

Definition. We say that f : G — H is locally Lipschitz at g if, for some
neighbourhood N, of g and for some constants K, and all z,y in Ny,

F@) )] < Kollzy™ o
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We say that f : G — H is locally bi-Lipschitz at g if, for some neighbourhood
N, of g and for some positive constants K, k4, and all z,y in Ny,

kglley e < |[F(@) @) 7|y < Kgllzy ™6

If f: G — H is invertible, this asserts that both f and its inverse f~! are
locally Lipschitz at g and f(g) respectively.

We say that the norm on G is n-Lipschitz if the function f,(z) := 2" from
G to G is locally Lipschitz at all g # e, i.e. for each there is a neighbourhood
N, of g and positive constants x4, K, so that

kolley e < ||2"y ™|, < Kllzy ™.

In an abelian context the power function is a homomorphism; we note that
[HJ] p. 381 refers to a semigroup being modular when each f,, (defined as
above) is an injective homomorphism. The condition on the right with K = n
is automatic, and so one need require only that for some positive constant x

&l1gll < 1lg"|)-

Note that if 2" = y" then (zy~!)" = e and so ||zy~!|| = 0, i.e. the power
function is injective. If the group is divisible then clearly the power function
is an isomorphism.

We note that in the additive group of reals z? fails to be locally bi-
Lipschitz at the origin (since its derivative there is zero): see [Bart]. However,
the following are bi-Lipschitz.

Examples.

1. In R? with additive notation, we have ||22|| := ||2z|| = 2||z||, so the
norm is 2-Lipschitz.

2. In R we have ||2?|| := |log 2?| = 2|log z| = 2||z|| and again the norm

is 2-Lipschitz.
3. In a Klee group the mapping f(x) := 2" is uniformly (locally) Lip-
schitz, since

12"yl < nllzy™ e

Reflecting Lemma. Suppose the norm is everywhere locally 2-Lipschitz.
Then, for T non-meagre, T is reflecting i.e. there are w € G (a right-
reflecting translator) and {v,} C T such that, for infinitely many n € w, we
have

2

vy, = UpW.

45



There is likewise a left-reflecting translator.

Proof. Let 7% := {g : g = t* for some t € T}. By assumption, 7>
is non-meagre. With u, = uz,, put S = T? and notice that u,w € S iff
uz,w € S iff z,w € u™'S. Now u~1S is non-meagre and 1, (z) := z,z as
usual converges to the identity, so the existence of w € u~1S is assured such

that z,w = u1v2. O

Remarks. 1. Note that the assertion here is

u o, = wv;l,

so that . .
d(v,, w) = d(vgl, u;l) = d(v, Up) =~ d(vy,u),
or

d(v,, w) ~ J(vn, u),

suggesting the terminology of reflection.
2. Boundedness theorems for reflecting and averaging sets follow as in
[BOst6] since the following are true in any group, as we see below.

Theorem. For f a %—conveaj function, if f is locally bounded above at
xo then it is locally bounded below at xo (and hence locally bounded at xy).

Proof. Say f is bounded above in B := Bs(zg) by M. Consider u €
Bs(x). Thus d(zo,u) = |[u'zo|| < 6. Put t = u'a2; then tag! = u 'z,
and so 3

d(t, 7o) = |[tzy || = ||[u  2ol| = d(u, 20) < 9.

Then t € B, and since 2} = ut we have
2f(wo) < f(u) + f(1) < f(u) + M,

or
flu) = 2f(xo) — M.
Thus 2f () — M is a lower bound for f on the open set Bj(x). O

As a corollary a suitably rephrased Bernstein-Doetsch Theorem ([Kucz],
[BOst6]) is thus true.
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Bernstein-Doetsch Theorem. For f a %—com;e:r function, iof f is
locally bounded above at xq, then f is continuous at at xg.

Proof. We repeat the ‘Second proof’ of [Kucz| p. 145. Choose y, — ¢
with f(yn) — ms(zo) and 2, — xo with f(z2,) — My(xo). Let u, := y2x,".

Thus y? = u,x, and so

2f (yn) < flun) + f(z0),
ie. f(u,) > 2f(yn) — f(2,). Hence in the limit we obtain
My(zo) > liminf f(un) > 2My(zo) — my(2o).

One thus has that M(zo) < myg(xg). But mys(zo) < f(xo) < My(z0), and
both hull values are finite (by the preceeding theorem). Thus m(z) =
f(zo) = M¢(zp), from which continuity follows. [

We now consider the transferability of upper and lower local boundedness.
Our proofs work directly with definitions (so are not modelled after those in
Kuczma [Kucz]). We do not however consider domains other than the whole
metric group. For clarity of proof structure we give separate proofs for the
two cases, first when G is abelian and later for general G.

Theorem (Local upper boundedness). For f a i-convex function
defined on an abelian group G, if f is locally bounded above at some point
To, then f is locally bounded above at all points.

Proof. Case (i) The Abelian case. Say f is bounded above in B :=
Bs(ro) by M. Given a fixed point ¢, put z = z = 1,12, so that t* = wgz.
Consider any u € Byo(t). Write u = st with ||s|| < §/2. Now put y = s%;
then ||y|| = ||s?|| < 2||s|| < 6. Hence yzy € Bs(xg). Now

u? = (st)? = s*t* = yaoz,

as the group is abelian. So

Flu) < 3 7umo) + 5 () < SM o+ S f(z0).

-2

N | —

That is, £(M + f(z)) is an upper bound for f in Bss (o).
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Case (ii) The general case. Now we consider the general case. As before,
suppose f is bounded above in B := Bs(xy) by M, and let ¢ be a given a
fixed point; put z = z := x; 't so that t2 = x¢z.

For this fixed ¢ the mapping y — a(y) := ytyt~'y=2 is continuous with
ale) =e, so a(y) is o(y) as ||y|| — 0. Now

sts = [stst 's7%]s%t = a(s)s’t,

and we may suppose that, for some 1 < §/2, we have ||a(s)|| < §/2, for
||s|| < n. Note that
stst = a(s)s’t?.

Consider any u € B,.(t) with r = min{n, 0/2}. Write u = st with ||s|| <r <
§/2. Now put y = s2. Then ||y|| = ||s*|| < 2||s|| < 6 and ||o(s)y|| < n+d/2 <
d. Hence o(s)yzo € Bs(zp). Now

u? = stst = a(s)s*t* = a(s)yrgz.

Hence, by convexity,

F(u) < S Fols)yro) + 5 () < SM+ 5f(z). O

-2

DO | —

As an immediate corollary of the last theorem and the Bernstein-Doetsch
Theorem we have the following result.

Dichotomy Theorem for convex functions ([Kucz] p. 147). For ;-
convez [ (so in particular for additive f) either f is continuous everywhere,
or it 18 discontinuous everywhere.

The definition below requires continuity of ‘square-rooting’ — taken in the
form of an algebraic closure property of degree 2 in a group G, expressed as
the solvability of certain ‘quadratic equations’ over the group. Its status is
clarified later by reference to Bartle’s Inverse Function Theorem. We recall
that a group is n-divisible if 2"g = e is soluble for each g € G. (In the absence
of algebraic closure of any degree an extension of G may be constructed in
which these equations are solvable — see for instance Levin [Lev].)
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Definition. We say that the normed group G is locally convex at T = t2
if, for any € > 0, there is § > 0 such that for all g with ||g|| < €, the equation

rtxt = gtz,

equivalently xtxt™' = g, has its solutions satisfying ||z|| < ¢.
Thus G is locally convex at e if, for any € > 0, there is 6 > 0 such that
for all g with ||g|| < e, the equation

has its solutions with ||x|| < .

Remark. Putting v = zt the local convexity equation reduces to u? =
gt?, asserting the local existence of square roots (local 2-divisibility). If G is
abelian the condition at ¢ reduces to the condition at e.

Theorem (Local lower boundedness: abelian case). Let G be a
locally convex abelian group with a 2-Lipschitz norm, i.e. g — ¢° is a bi-
Lipschitz isomorphism such that, for some k > 0,

kllgll < 1lg°ll < 2llgl|-

For f a %—convem function, if f is locally bounded below at some point, then
f s locally bounded below at all points.

Proof. Case (i) The Abelian case. We change the roles of ¢ and xz in the
preceeding abelian theorem, treating t as a reference point, albeit now for
lower boundedness, and zy as some arbitrary other fixed point. Suppose that
f is bounded below by L on Bj(t). Let yxg € Bys(xo), so that 0 < ||y|| < k0.
Choose s such that s* = y. Then,

wllsll < llyll < w9,

so ||s|| < 0. Thus u = st € Bs(t). Now the identity u? = s*t* = yxyz implies
that

~
A

Flu) < 3 Fymo) + 5 (20,
2L — f(z) < [flymo),
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i.e. that 2L — f(z;) is a lower bound for f on B,s(xo).

Case (ii) The general case. Now we consider the general case. Suppose
as before that f is bounded below by L on Bjs(t). Since the map (o) :=
otot™'o72 is continuous and a(e) = e, we may choose 7 such that ||a(o)|| <
k0/2, for ||o|| < n. Now choose € > 0 such that, for each y with ||y|| < e, the
solution u = ot to

u? = th
has ||o|| < n. Let r = min{xd/2,e}.

Let yzo € B(xo); then 0 < ||y|| < xd/2 and ||y|| < . As before put
z = 2 := xy 't? so that t? = z¢z. Consider u = ot such that u? = yzoz; thus
we have

u? = otot = YTz = y:chath = ytZ.

Hence ||o|| < n (as ||y|| < €). Now we write
u? = otot = [otot o o = ao)o*t? = yt*.

We compute that
y=a(o)o

and
k0/2 > |lyl] = [le(0)®|| > ||o?|| = [la(o)|] > &llo]] — [Ja(o)]],

SO
l|lo|] < /2 + ||a(o)||/k < 0/2+0/2 <.

Thus u € Bs(t). Now the identity u? = yzyz together with convexity implies
as usual that

IN

LS f(u) < 3flym) + 5f (a0,
2L — f(z) < f(ymo),
i.e. 2L — f(z) is a lower bound for f on Bs(zo). O

The local 2-divisibility assumption at t? asserts that f;(o) := otot™! is
invertible locally at e. Bartle’s theorem below guarantees that f; has uniform
local inverse under a smoothness assumption, i.e. that for ||o|| = || £, (v)|| <
d, for all small enough y, say for ||y|| < kd. To state the theorem we need
some definitions.
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Definitions.
1. f is said to have a derivative at xg if there is a continuous homomor-
phism f’(zo) such that

|1 f (uzo) f (w0) " [f (o) (w)] || = 0.

lim —
lJul|—0+ ||u]|

2. fis of class C' on the open set U if it has a derivative at each point u
in U and, for each zy and each € > 0, there is § > 0 such that, for all x,
in B5(JZO) both

| () (@) [f () ()] 7] < elfu]
and

1 (@) f(@2) 7 f (o) (2123 ) 7| < el |-

The two conditions may be rephrased relative to the right-invariant metric d
on the group as

d(f'(z1)(w), f'(22)(u)) < ellull,
and

d(f (1) f(x2) ", f'(2o) (w125 ') < ed(wy, x2).

3. Suppose that yo = f(x). Then f is smooth at xq if there are positive
numbers «, § such that if 0 < d(y, yo) < [ then there is z such that y = f(x)
and d(z,z9) < a-d(y,yo). If f is invertible, then this asserts that

d(f (), £ (o)) < - d(y, vo)-

Example. Let f(z) = tx with ¢ fixed. Here f is smooth at xq if there
are positive numbers «, 8 such that

lzzg '] < alltz(tzo) || = alftzzy 't ).
Note that in a Klee group |[txay't7Y|| = ||t toxy || = ||zzy .

Theorem (Bartle’s Inverse Function Theorem, [Bart] Th. 2.4).
Suppose that

(i) f is of class C" in the ball B,(z¢) = {x € G : ||xxy'|| < r}, for some
r >0, and

(i) f'(zo) is smooth (at e and so anywhere).

Then f is smooth at x¢ and hence open.
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If also the derivative f'(x¢) is an isomorphism, then f has a uniformly
continuous local inverse at xy.

Corollary. If fi(o) := otot™' is of class C' on B.(e) and fl(e) is
smooth, then G is locally conver at t.

Proof. Immediate since f;(e) =e. O

We are now in a position to state generalizations of two results derived
in the real line case in [BOst6].

Proposition. Let G be any locally convex group with a 2-Lipschitz norm.
If f s %—com)ex and bounded below on a reflecting subset S of G, then f is
locally bounded below on G.

Proof. Suppose not. Let T be a reflecting subset of S. Let K be a lower
bound on 7' If f is not locally bounded from below, then at any point u in
T there is a sequence {u,} — u with {f(u,)} — —oo. For some w € G, we
have v? = wu,, € T, for infinitely many n. Then

1 1
K < f(u) < 3 f(w) + 2 flu), or 2K — ) < [lu),
i.e. f(uy) is bounded from below, a contradiction. [J

Theorem (Generalized Mehdi Theorem cf. [Meh] Th. 3). 4 3-
convex function f : G — R on a normed group, bounded above on an aver-
aging subset S, is continuous on G.

Proof. Let T be an averaging core of S. Suppose that f is not continuous,
but is bounded above on T" by K. Then f is not locally bounded above at
some point of u € T. Then there is a null sequence z, — e with f(u,) — oo,
where u,, = uz,. Select {v,} and w in G so that, for infinitely many n, we
have

2
Uy = Wy,

But for such n,we have

1 1 1 1
fun) < §f(w) + §f(vn) < §f(w) + §K,

contradicting the unboundedness of f(u,). O
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The Generalized Mehdi Theorem, together with the Averaging Lemma,
implies the classical result below and its generalizations.

Theorem (Csdszar-Ostrowski Theorem [Csal, [Kucz] p. 210). A
convez function f : R —R bounded above on a set of positive measure/non-
meagre set 1§ continuous.

Topological Csaszar-Ostrowski Theorem. A %—com;ex function f :
G — R on a normed group, bounded above on a non-meagre subset, is con-
tinuous.

Reference to the Generalized Borwein-Ditor Theorem yields the following.

Haar-measure Csdszar-Ostrowski Theorem. A %—conveaz function
f: G — R on anormed group carrying a Radon measure, bounded above on
a set of positive measure, is continuous.

9 Automatic continuity: the Jones-Kominek
Theorem

This section is dedicated to generalizations to normed groups and to a more
general class of topological groups of the following result for the real line.

Theorems of Jones and Kominek. Let f be additive on R and either
have a continuous restriction, or a bounded restriction, f|T, where T is some
analytic set spanning R. Then f is continuous.

The result follows from the Expansion Lemma and Darboux’s Theorem
(see below) that an additive function bounded on an interval is continuous. In
fact the bounded case above (Kominek’s Theorem, [Kom2]) implies the con-
tinuous case (Jones’s Theorem, [Jonesl|, [Jones2]), as was shown in [BOst7].
[OC] develops limit theorems for sequences of functionals whose properties
are given on various kinds of spanning sets including spanning in the sense
of linear rational combinations.

Before stating the current generalizations we begin with some preliminar-
ies on analytic subsets of a topological group.

We recall ([Jay-Rog], p. 11, or [Kech] Ch. III for the Polish space setting)
that in a Hausdorff space X a K -analytic set is a set A that is the image under
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a compact-valued, upper semi-continuous map from NY; if this mapping takes
values that are singletons or empty, the set A is said to be analytic. In either
case A is Lindeldf. (The topological notion of K-analyticity was introduced
by Choquet, Frolik, Sion and Rogers under variant definitions, eventually
found to be equivalent, as a consequence of a theorem of Jayne, see [Jay-Rog]
Sect. 2.8 p. 37 for a discussion.) If the space X is a topological group, then
the subgroup (A) spanned (generated) by an analytic subset A is also analytic
and so Lindelof (for which, see below); note the result due to Loy [Loy] and
Christensen [Ch] that an analytic Baire group is Polish (cf. [HJ] Th. 2.3.6
p. 355). Note that a Lindelof group need not be metric; see for example
the construction due to Oleg Pavlov [Pav]. If additionally the group X is
metric, then (A) is separable, and so in fact this K-analytic set is analytic
(a continuous image of NY — see [Jay-Rog] Th. 5.5.1 (b), p. 110).

Definition. We say that a set S is Souslin-H if it is of the form

‘9 = LJ fWZilff(@’n)>

acw®

with each H(aln) € H. We will often take H to be F(X), the family of
closed subsets of the space X.

We recall that a set is meagre if it is a countable union of nowhere dense
sets, a set is Baire if it is open modulo a meagre set, or equivalently if it is
closed modulo a meagre set (cf. Engelking [Eng] especially p.198 Section 3.9
and Exercises 3.9.J, although we prefer ‘meagre’ to ‘of first category’ ).

Definition. Let G be any group. For any positive integer n and for any
subset S let S(™ denote the set of S-words of length n. Say that a subset H
of G spans G (in the sense of group theory), or finitely generates the goup
G, if for any g € G, there are hy, ..., h,, in H such that

g=hS'- .. kS, with g; = £1.

n

(If H is symmetric, so that h™' € H iff h € H, there is no need for inverses.)
We begin with results concerning K-analytic groups.

Proposition. The span of a K-analytic set is K-analytic; likewise for
analytic sets.
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Proof. Since f(v,w) = vw is continuous, S = f(S x S) is K-analytic
by [Jay-Rog] Th 2.5.1 p. 23. Similarly all the sets S™ are K-analytic. Hence
the span, namely | J, .y 5™ is such ([Jay-Rog], Th. 2.5.4 p. 23). O

Intersection Theorem ([Jay-Rog|] Th 2.5.3, p. 23). The intersection of
a K-analytic set with a Souslin-F(X) in a Hausdorff space X is K -analytic.

Projection Theorem ([RW] and [Jay-Rog| Th 2.6.6, p. 30). Let X and
Y be topological spaces with Y a K-analytic set. Then the projection on X
of a Souslin-F(X xY) is Souslin-F(X).

Nikodym’s Theorem ([Nik]; [Jay-Rog] p. 42) The Baire sets of a space
X are closed under the Souslin operation. Hence Souslin-F(X) sets are
Bazre.

Definitions.

1. Say that a function f : X — Y between two topological spaces is
H-Baire, for H a class of sets in Y, if f~'(H) has the Baire property for each
set H in H. Thus f is F(Y)-Baire if f~!(F) is Baire for all closed F in Y.
Since

fON\H) = X\f(H),
f is F(Y)-Baire iff it is G(Y')-Baire, when we will simply say that f is Baire
(‘f has the Baire property’ is the alternative usage).

2. One must distinguish between functions that are F(Y')-Baire and those
that lie in the smallest family of functions closed under pointwise limits of se-
quences and containing the continuous functions (for a modern treatment see
[Jay-Rog] Sect. 6). We follow tradition in calling these last Baire-measurable.

3. We will say that a function is Baire-continuous if it is continuous when
restricted to some co-meagre set. In the real line case and with the density
topology, this is Denjoy’s approximate continuity ([LMZ], p.1); recall ([Kech],
17.47) that a set is (Lebesgue) measurable iff it has the Baire property under
the density topology.

The connections between these concepts are given in the theorems below.
See the cited papers for proofs.

Banach-Neeb Theorem ([Ban-T] Th. 4 pg. 35, and Vol I p. 206; [Ne]).
(i) A Baire-measurable f: X — Y with X a Baire space and Y metric
18 Baire-continuous; and
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(ii) a Borel-measurable f: X — Y with X,Y metric and Y separable is
Baire-measurable.

Remarks. In fact Banach shows that a Baire-measurable function is
Baire-continuous on each perfect set ([Ban-T] Vol. II p. 206). Neeb assumes
in addition that Y is arcwise connected, but as Pestov [Pes| remarks the
arcwise connectedness may be dropped by referring to a result of Hartman
and Mycielski [HM)] that a separable metrizable group embeds as a subgroup
of an arcwise connected separable metrizable group.

Baire Continuity Theorem. A Baire function f : X — Y is Baire
continuous in the following cases:

(i) Baire condition (see e.g. [HJ] Th. 2.2.10 p. 346): Y is a second-
countable space

(ii) Emeryk-Frankiewicz-Kulpa ([EFK]): X is Cech-complete and Y has
a base of cardinality not exceeding the continuum;

(iii) Pol condition ([Pol]): f is Borel, X is Borelian-K and Y is metriz-
able and of nonmeasurable cardinality;

(iv) Hansell condition ([Han)): f is o-discrete and Y is metric.

We will say that the pair (X,Y’) enables Baire continuity if the spaces
X, Y satisfy either of the two conditions (i) or (ii). In the applications below
Y is usually the additive group of reals R, so satisfies (i). Building on [EFK],
Fremlin ([Frem| Section 9), characterizes a space X such that every Baire
function f : X — Y is Baire-continuous for all metric Y in the language
of ‘measurable spaces with negligibles’; reference there is made to disjoint
families of negligible sets all of whose subfamilies have a measurable union.
For a discussion of discontinuous homomorphisms, especially counterexam-
ples on C(X) with X compact (e.g. employing Stone-Cech compactifications,
X = BN\N ), see [Dal] Section 9.

Remarks. Hansell’s condition, requiring the function f to be o-discrete,
is implied by f being analytic when X is absolutely analytic (i.e. Souslin-
F(X) in any complete metric space X into which it embeds). Frankiewicz
[Fr] considers implications of the Axiom of Constructibility.

The following result provides a criterion for verifying that f is Baire.
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Theorem (Souslin criterion). Let X and Y be Hausdorff topological
groups with Y a K -analytic set. If f: X — Y has Souslin-F(X xY') graph,
then f is Baire.

Proof. Let G C X x Y be the graph of f which is Souslin-F(X x Y).
For F' closed in Y, we have

JTHUEF) = prx[G N (X x F)],

which, by the Intersection Theorem, is the projection of a Souslin-F (X x Y)
set. By the Projection Theorem, f~1(F) is Souslin-F(X). Closed sets have
the Baire property by definition, so by Nikodym’s Theorem f~!(F) has the
Baire property. [

Before stating our next theorem we recall a classical result in the sharper
form resulting from the enabling condition (ii) above.

Banach-Mehdi Theorem ([Ban-T] 1.3.4, p. 40, [Meh], [HJ] Th. 2.2.12
p. 348, or [BOstl4]). An additive Baire continuous function f : X — Y
between complete metric groups is continuous, when Y 1is separable, or has
base of cardinality less than the continuum.

The Souslin criterion and the next theorem together have as immediate
corollary the classical Souslin-graph Theorem; in this connection recall (see
the corollary of [HJ] Th. 2.3.6 p. 355) that a normed group which is Baire
and analytic is Polish.

Theorem (Baire Homomorphism Theorem). Let X and Y be topo-
logical groups with Y a K-analytic group and X non-meagre. If f: X —Y
1s a Baire homomorphism, then f is continuous.

Corollary 1 (Souslin-graph Theorem, Schwartz [Schw], cf. [Jay-Rog]
p.50). Let X and Y be topological groups with Y a K-analytic group and
X non-meagre. If f: X — Y is a homomorphism with Souslin-F(X xY)
graph, then f is continuous.

Proofs. Here we refer to the proof in [Jay-Rog| of the Souslin-graph
theorem; that proof may be construed as having two steps: one establishing
the Souslin criterion, the other the Baire homomorphism theorem. [J

o7



Corollary 2 (Generalized Jones Theorem: Thinned Souslin-graph
Theorem). Let X and Y be topological groups with X non-meagre and Y
a K-analytic set. Let S be an K-analytic set spanning X and f: X —Y a
homomorphism with restriction to S continous on S. Then f is continuous.

Proof. Since f is continuous on S, the graph {(z,y) € SxY :y = f(x)}
is closed in S X Y and so is K-analytic by [Jay-Rog] Th. 2.5.3. Now y = f(x)
iff, for some n € N, there is (y1,...,y,) € Y" and (s1,...,8,) € S™ such that
T = 81 Sy Y = Y1 . Yn, and, for i = 1,..,n, y; = f(s;). Thus
G :={(z,y) : y = f(z)} is K-analytic. Formally,

Y

G = pry.y [U [Mnm(XxYxS"xY")mﬂGi,n

neN

i<n
where
My, = {(2,Y, 81, ooy Sy YLy ooy Yn) S Y = Y1+ oo - Yp and & = S1 - ... - S, },

and

Gin ={(2,9,81, cces Sns Y1, s Yn) € XXYXX"XY" 1y, = f(s;)},fori =1, ... n.

Here each set M, is closed and each G, is K-analytic. Hence, by the In-
tersection and Projection Theorems, the graph G is K-analytic. By the
Souslin-graph theorem f is thus continuous. [J

This is a new proof of the Jones Theorem. We now consider results for
the more special normed group context. Here again one should note the
corollary of [HJ] Th. 2.3.6 p. 355 that a normed group which is Baire and
analytic is Polish.

Our first result has a proof which is a minor adaptation of the proof in
[BoDi]. We recall that a Hausdorff topological space is paracompact ([Eng]
Ch. 5, or [Kel] Ch. 6, especially Problem Y) if every open cover has a locally
finite open refinement and that (i) Lindelsf spaces and (ii) metrizable spaces
are paracompact. Paracompact spaces are normal, hence topological groups
need not be paracompact, as exemplified again by the example due to Oleg
Pavlov [Pav]| quoted earlier or by the example of van Douwen [vD] (see also
[Com] Section 8.4 p. 1222); however, L. G. Brown [Br-2] shows that a locally
complete group is paracompact (and this includes the locally compact case,
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cf. [Com] Th. 2.9 p. 1161). The assumption of paracompactness is thus
natural.

Theorem (Generalized Borwein-Ditor Theorem 2). Let G be
a paracompact topological group equipped with a locally-finite, inner regqu-
lar Borel measure m (Radon measure) which is left-invariant, resp. right-
invariant, (for example, G locally compact, equipped with a Haar measure).

If A is a (Borel) measurable set with 0 < m(A) < oo and z, — e, then,
for m-almost a € A, there is an infinite set M, such that the corresponding
right-translates, resp. left-translates, of z, are in A, i.e., in the first case

{za:neM,} C A

Proof. Without loss of generality we consider right-translation of the
sequence {z,}. Since G is paracompact, it suffices to prove the result for
A open and of finite measure. By inner-regularity A may be replaced by a
o-compact subset of equal measure. It thus suffices to prove the theorem for
K compact with m(K) > 0 and K C A. Define a decreasing sequence of
compact sets Ty, := [J,>,, 2, ' K, and let T =, T}, Thus x € T iff, for some
infinite M, -

zpr € K for m € M,

so that 7" is the set of ‘translators’ = for the sequence {z,}. Since K is closed,
for v € T, we have z = lim, ¢y, 2,7 € K; thus T' C K. Hence, for each £,

m(Ty) > m(z, ' K) = m(K),

by left-invariance of the measure. But, for some n, T, C A. (If 2, 'k, ¢ A
on an infinite set M of n, then since k, — k € K we have z,'k, — k € A,
but k& = lim 2, 'k, ¢ A, a contradiction since A is open.) So, for some n,
m(T,) < oo, and thus m(Ty) — m(T). Hence m(K) > m(T) > m(K). So
m(K) =m(T) and thus almost all points of K are translators. [J

Remark. It is quite consistent to have the measure left-invariant and
the metric right-invariant.

Analytic Dichotomy Lemma (Spanning). Let G be a connected,
normed group. Suppose that an analytic set T C G spans a set of positive
measure or a non-meagre set. Then T spans G.
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Proof. In the category case, the result follows from the Banach-Kuratowski
Dichotomy Theorem of Section 4 ([Ban-G, Satz 1], [Kur-1, Ch. VI. 13. XIIJ,
[Kel, Ch. 6 Prob. P p. 211]) by considering S, the subgroup generated by
T'; since T is analytic, S is analytic and hence Baire, and, being non-meagre,
is clopen and hence all of GG, as the latter is a connected group.

In the measure case, by the Steinhaus Theorem of Section 4 ([St], [BGT,
Th. 1.1.1], [BOst3]), T? has non-empty interior, hence is non-meagre. The
result now follows from the category case. [J

Our next lemma follows directly from Choquet’s Capacitability Theorem
[Choq] (see especially [Del2, p. 186], and [Kech, Ch. III 30.C]). For complete-
ness, we include the brief proof. Incidentally, the argument we employ goes
back to Choquet’s theorem, and indeed further, to [ROD] (see e.g. [Dell, p.
43)).

Compact Contraction Lemma. In a normed group carrying a Radon
measure, for T analytic, if T -T has positive Radon measure, then for some
compact subset S of T, S-S has positive measure.

Proof. We present a direct proof (see below for our original inspiration
in Choquet’s Theorem). As T? is analytic, we may write ([Jay-Rog]) 7% =
h(H), for some continuous h and some /.45 subset of the reals, e.g. the set H
of the irrationals, so that H = (1);J; d(i, j), where d(i, j) are compact and,
without loss of generality, the unions are each increasing: d(i,j) C d(i,j+1).
The map g(z,y) := zy is continuous and hence so is the composition f =
goh. Thus T -T = f(H) is analytic. Suppose that T - T is of positive
measure. Hence, by the capacitability argument for analytic sets ([Choq],
or [Si, Th.4.2 p. 774], or [Rogl, p. 90], there referred to as an ‘Increasing
sets lemma’), for some compact set A, the set f(A) has positive measure.
Indeed if | f(H)| > 1 > 0, then the set A may be taken in the form (), d(3, j;),
where the indices j; are chosen inductively, by reference to the increasing
union, so that |f[H N (), d(i,j)]| > n, for each k. (Thus A C H and
F(A) =), FIH N, d(i, j;)] has positive measure, cf. [EKR].)

The conclusion follows as S = h(A) is compact and S-S = g(5) = f(A).
O

Note. The result may be deduced indirectly from the Choquet Capac-
itability Theorem by considering the capacity I : G?* — R, defined by
I(X) = m(g(X)), where, as before, g(x,y) := xy is continuous and m
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denotes a Radon measure on G (on this point see [Del2, Section 1.1.1, p.
186]). Indeed, the set T2 is analytic ([Rog2, Section 2.8, p. 37-41]), so
I(T?) = sup I(K?), where the supremum ranges over compact subsets K of
T. Actually, the Capacitability Theorem says only that I(T?) = sup I(K3),
where the supremum ranges over compact subsets K, of T2, but such a set
may be embedded in K? where K = m1(K)Umy(K), with 7; the projections
onto the axes of the product space.

Corollary. For T analytic and ¢; € {£1}, if T - ... - T has positive
measure (measure greater than n) or is non-meagre, then for some compact
subset S of T, the compact set K = S¢-...-S% has K- K of positive measure
(measure greater than 7).

Proof. In the measure case the same approach may be used based now
on the continuous function g(x1,...,z4) = 7' - ... - 2 ensuring that K
is of positive measure (measure greater than 7). In the category case, if
T" =T - ...- T is non-meagre then, by the Steinhaus Theorem ([St], or
[BGT, Cor. 1.1.3]), T7"-T" has non-empty interior. The measure case may now
be applied to 7" in lieu of T (Alternatively one may apply the Pettis-Piccard
Theorem, as in the Analytic Dichotomy Lemma.) [

Theorem (Compact Spanning Approximation). For T analytic in
X, if the span of T is non-null or is non-meagre, then there exists a compact
subset of T" which spans X.

Proof. If T is non-null or non-meagre, then 7" spans all the reals (by
the Analytic Dichotomy Lemma); then for some ¢; € {1}, 7% - ... - T has
positive measure/ is non-meagre. Hence for some K compact K¢ - ... - K%
has positive measure/ is non-meagre. Hence K spans some and hence all
reals. [J

Analytic Covering Lemma ([Kucz, p. 227], cf. [Jones2, Th. 11]).
Given normed groups G and H, and T analytic in G, let f : G — H
have continuous restriction f|T. Then T is covered by a countable family of
bounded analytic sets on each of which f is bounded.

Proof. For k € w define T}, := {z € T : ||f(x)|| < k} N Bi(eg). Now
{x €T :||f(x)|| <k} is relatively open and so takes the form T'NU}, for some
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open subset Uy of G. The Intersection Theorem shows this to be analytic
since U;, is an F, set and hence Souslin-F. [

Expansion Lemma ([Jones2, Th. 4], [Kom2, Th. 2|, and [Kucz, p.
215]). Suppose that S is Souslin-H, i.e. of the form

s=J muH(aln),

acw®

with each H(a|n) € H, for some family of analytic sets H on which f is
bounded. If S spans the normed group G, then, for each n, there are sets
Hy, ..., Hy each of the form H(«a|n), such that for some integers ry, ..., 7y

T=H,-..-H,
has positive measure/ is non-meagre, and so T -T" has non-empty interior.

Proof. For any n € w we have
sc | H(an).
acwY
Enumerate the countable family {H(a|n) : o € w"} as {T}, : h € w}. Since S

spans GG, we have
(;:: LJ LJ (7k1"".7%h)'

h€ew keNh

As each Ty, is analytic, so too is the continuous image
Ty - oo T,
which is thus measurable. Hence, for some h € N and k € N the set

Tk, -

1

Ty

h

has positive measure/ is non-meagre. [

Definition. We say that S is a pre-compact set if its closure is compact.
We will say that f is a pre-compact function if f(S) is pre-compact for each
pre-compact set S.
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Analytic Automaticity Theorem for Metric Groups (Jones-Kominek

Theorem). Let be G be either a non-meagre normed group, or a group sup-
porting a Radon measure, and let H be K-analytic (hence Lindeldf, and so
second countable in our metric setting). Let h : G — H be a homomor-
phism between metric groups and let T' be an analytic set in G which finitely
generates G.

(i) (Jones condition) If h is continuous on T, then h is continuous.
(ii) (Kominek condition) If h is pre-compact on T, then h is precompact.

Proof. As in the Analytic Covering Lemma, write

T:UTk.

keN

(i) If h is not continuous, suppose that h(x,) does not converge to h(zy).
Since

a=Jyn"

meN keN

G is a union of analytic sets and hence analytic ([Jay-Rog] Th. 2.5.4 p. 23).

Now, for some m, k the span T, k(m) is non-meagre, as is the span of a compact

subset S,(fm) for some S, C T}. So for some shifted subsequence tx,, — txg,

where t and zq lies in S,im). Thus there is an infinite set M such that, for
n € M,

tr, = tL.. " with ¢\ € Si.

W.l.o.g., as S} is compact,

tD e g T,

n

and so

tw, =th ™ — tl. 40 = tzy with th € S, C T.
Hence, as t!, — t} C T, we have, for n € M,
h(t)h(z,) = h(te,) = h(tL..t7™) = h(t})...h(t™)
— h(ty)...h(tg) = h(ts..tq")
= h(tzo) = h(t)h(z).

Thus

() = (o),
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a contradiction.

(ii) If {h(x,)} is not precompact with {z,} precompact, by the same
argument, for some S ,E”) and some infinite set M, we have tz,, = t}...t" and
ti — th C T, for n € M. Hence h(tx,) = h(t)h(z,) is precompact and so
h(zx,) is precompact, a contradiction. [J

The following result connects the preceeding theorem to Darboux’s The-
orem.

Definition. Say that a homomorphism between normed groups is N-
homogeneous if ||f(z™)|| = n||f(x)||, for any  and n € N. Thus any ho-
momorphism into the additive reals is N-homogeneous. More generally, say
that the norm is N-subhomogeneous if there are constants x, with x,, — oo
such that for all elements z of the group

k211 < 12711,

or equivalently
1
Un|| « — ]
17 < — 12|

Thus z/" — e; a related condition was considered by McShane in [McSh] (cf.
the Eberlein-McShane Theorem of the preceeding Section). In keeping with
the convention of functional analysis (appropriately to our usage of norm)
the next result refers to a locally bounded homomorphism as bounded.

Generalized Darboux Theorem ([Dar]) A bounded homomorphism
from a normed group to an N-subhomogeneous normed group is continuous;
wn particular, a bounded, additive function is continuous.

Proof. Suppose that f : G — H is a homomorphism to a normed N-
subhomogeneous group H; thus ||f(z")|| > k.||f(x)||, for any x € G and
n € N. Suppose that f is bounded by M and, for ||z|| < n, we have

1 (@)]] < M.

Let € > 0 be given. Choose N such that ky > M/e, i.e. M/ry < e. Now
r — zV is continuous, hence there is ¢ = dx(n) > 0 such that, for ||z|| < J,

12| <.

64



Consider z with ||z|| < dnx(n). Then sx||f(2)|] < ||f(@)N]] = ||f(=M)]| < M.
So for x with ||z|| < dnx(n) we have

@)l < M/ry <e,
proving continuity at e. [J

Compare [HJ] Th 2.4.9 p. 382.
The Main Theorem of [BOst7] may be given a combinatorial restatement
in the group setting. We need some further definitions.

Definition. For G a metric group, let C(G) = C(N,G) := {x € GV : x is
convergent}. For z € C(G) we write

L(x) = lim x,,.
We make C(G) into a group by setting
Xy :=(zyy, :n €N).

Thus e = (eg) and x ! = (z,;'). We identify G with the subgroup of constant
sequences, that is
T={(g:neN):geG}.

The natural action of G or T on C(G) is then tx := (tz,, : n € N). Thus
(g) = ge, and then tx = te - x.

Definition. For G a group, a set G of convergent sequences u = (u,, :
n € N) in ¢(G) is a G-ideal in the sequence space C(G) if it is a subgroup
closed under the mutiplicative action of GG, and will be termed complete if it
is closed under subsequence formation. That is, a complete G-ideal in C(G)
satisfies

(i) u € G implies tu = (tu,) € G, for each ¢ in G,

(i) u,v € G implies that uv~! € G,

(iii) u € G implies that wy = {u,, : m € M} € G for every infinite M.

If G isatisfies (i) and u, v € G implies only that uv € G, we say that G is

a G-subideal in C(G).
Remarks.
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0. If G is merely an ideal then G* = {uy : for u € t and M C N}
is a complete G-ideal; indeed tuy = (tu)y and uyvy' = (uv!), and
upy = Uy for M'cC M.

1. We speak of Euclidean sequential structures when G is the vector space
R? regarded as an additive group.

2. The conditions (i) and (ii) assert that G is similar in structure to a
left-ideal, being closed under multiplication by G and a subgroup of C(G).

3. We refer only to the combinatorial properties of C(G); but one may
give C(G) a pseudo-norm by setting

|zlle := da(Lz,e) = || Lx]].
The corresponding pseudo-metric is
d(],’7 y) ;= lim dG’(wi yn) = dG<L$7 Ly)

We may take equivalence of sequences with identical limit; then C(G)™ be-
comes a normed group. However, in our theorem below we do not wish to
refer to such an equivalence.

Definitions. For a family F of functions from G to H, we denote by
F(T) the family {f|T : f € F} of functions in F restricted to 7' C G. Let
us denote a convergent sequence with limit o, by {z,} — zo. We say the
property Q of functions (property being regarded set-theoretically, i.e. as a
family of functions from G to H) is sequential on T if

feQiff(V{x,:n>0} CT)[({zn} — 20) = fl{xn:n >0} € Q{x,:n > 0})].

If we further require the limit point to be enumerated in the sequence, we
call Q completely sequential on T if

feQiff (Han} CT)[({zn} = 20) = fl{zn} € QU{za})].

Our interest rests on properties that are completely sequential; our theo-
rem below contains a condition referring to completely sequential properties,
that is, the condition is required to hold on convergent sequences with limit
included (so on a compact set), rather than on arbitrary sequences.

Note that if Q is (completely) sequential then f|{z,} € Q({z,}) iff
fH{zn :neM} € Q({z, : n € M}), for every infinite M.
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Definition. Let h : G — H, with G, H metric groups. Say that a
sequence u = {u,} is Q-good for h if

hi{un} € Q{un},

and put
Ono = {u: hl|{un} € Q{un}}.

If Q is completely sequential, then u is Q-good for h iff every subsequence of
u is Q-good for h, so that Gjo is a G-ideal iff it is a complete G-ideal. One
then has:

Lemma. If Q is completely sequential and F preserves Q under shift
and multiplication and division on compacts, then Gng for h € F is a G-
ideal.

Theorem (Analytic Automaticity Theorem - combinatorial form).
Suppose that functions of F having Q on G have P on G, where Q is a prop-
erty of functions from G to H that is completely sequential on G.

Suppose that, for all h € F, Gpo, the family of Q-good sequences is a
G-ideal. Then, for any analytic set T spanning G, functions of F having O
on T have P on G.

This theorem is applied with G = R? and H = R in [BOst6] to subadditive
functions, convex functions, and to regularly varying functions, defined on
R? to derive automatic properties such as automatic continuity, automatic
local boundedness and automatic uniform boundedness.

10 Duality in normed groups

In this section we use the generic notation of S for a group with metric dg;
recall from Section 2 that Auth(S) denotes the autohomeomorphisms of S}
H(S) denotes the bounded elements of Auth(S). We write A C H(S) for a
subgroup of automorphisms of S; thus A is a topological group metrized by
the supremum metric

dp(ti,t2) = supdx (ti(s), ta(s)).

seS

Note that e4 = 1ds. The purpose of this notation is to embrace the two cases:

(i) S=X and A="H(X), and
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(ii)) S = H(X) and A = H(H(X)).

In what follows, we regard the group H(X) as the topological dual of
X and verify that (X,dy) is embedded in the second dual H(H(X)). As
an application one may use this duality to clarify, in the context of a non-
autonomous differential equation with initial conditions, the link between its
solutions trajectories and flows of its varying ‘coefficient matrix’. See [Sel]
and [Se2], which derive the close relationship for a general non-autonomous
differential equation v’ = f(u,t) with u(0) = z € X, between its trajectories
in X and local flows in the function space ® of translates f; of f (where
fi(z,s) = flx, t+ s).

One may alternatively capture the topological duality as algebraic com-
plementarity — see [Ost-knit] for details. A summary will suffice here. One
first considers the commutative diagram below where initially the maps
are only homeomorphisms (herein T C H(X) and ®7(t,z) = (¢,tz) and
®X(x,t) = (t,2t) are embeddings). Then one extends the diagram to a di-
agram of isomorphisms, a change facilitated by forming the direct product
group GG := T x X. Thus G = T X where T; and X are normal subgroups,
commuting elementwise, and isomorphic respectively to 7" and X; moreover,
the subgroup T, acting multiplicatively on X, represents the T-flow on X
and simultaneously the multiplicative action of X5 on G represents the X-
flow on Tx = {t, : t € T,z € X}, the group of right-translates of T, where
te(u) = 0,(t)(u) = t(uz). If G has an invariant metric dg, and T and X are
now regarded as groups of translations on GG, then they may be metrized by
the supremum metric dg,, whereupon each is isometric to itself as subgroup
of G. Our approach here suffers a loss of elegance, by dispensing with G, but
gains analytically by working directly with dy and d¥%.

(t,z) o (t,tx)

(z,1) L (t,xt)

Here the two vertical maps may, and will, be used as identifications, since
(t,tz) = (t,x) = (t, xt) are bijections (more in fact is true, see [Ost-knit]).

Definitions. Let X be a topological group with right-invariant metric
dx.
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1. The left-translation group Trp(X) comprises the maps 7, : X — X,
defined by 7,(z) = zz with composition as multiplication. The map 7, is
continuous with continuous inverse 7;'(y) = 7,-1(y) = 2~ 'y. The identity
is idx = T¢, where e = ex. Thus Trp(X) C Auth(X). We have, as dyx is
right-invariant, that

||7—m||T = dT(TfmTE) = Sude('rZJ Z) = dX(ZE, GX) - ||JJ|’X
zeX

The appearance of a supremum norm derived from a supremum metric on
T = Trp(X) here is natural, in that for any metric dx (now not necessarily
right-invariant), the metric

d(z,y) = sup dx (v2,yz)
zeX
is right-invariant on the subgroup H = {z € X : d(z,e) < oo} (by the
Proposition and Corollary on group-norm properties of the previous section).
Returning to our theme, we have Tr(X) C H(X); Trp(X) is a subgroup
and 7 : X — Trp(X) is an isomorphism, because

rp 0 7y(2) = Tulry(2) = 27y (2) = 2y2 = 70y 2).

Moreover, 7 is an isometry, as dx is right-invariant; indeed, we have

dT(TmaTy) = sup dX(ajZa yZ) = dx(l’,y)-

2. We now lift the isomorphism 7 to H(X). That is, for z € X, and
s € H(X) we define the translation map xs, more properly written £, (s),
where £,(s)(z) = s(17,1(2)) = s(x712). If T C H(X) is 7-invariant, we may
of course regard 7 as operating on 7. For example, if ' = Tr;(X), we have
(1)) (2) = 7y 1(2), 50 &, (Ty) = Tyt

Denote the set of translation maps by = = {£, : v € X} C Auth(X).
Now = is a group (under composition) with identity ez = £,, where e = ey.
Note that

Ex(es)(ex) = a7,

so the mapping x — &, from X to = is bijective. Also

(€ 0&,())(2) = &(&()(2) = (§,())(z7"2)
s(y~la™2) = s((ay) ' 2) = &4, (5)(2),
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so ¢ is an isomorphism from X to Z and so ;' = £,-1.

A comparison with the normed vector space context and the metrization
of the translations x — t(z + z) for a linear map ¢ suggests that in order to
metrize = by reference to £, (t) we need to take account of ||¢||. A natural
metric here for any ¢ > 0 is thus the magnification metric

d7 (€2, €y) = sup dr(€,(t),&, (1)) (3)

Il <e
By Proposition 5 this is a metric; indeed with ¢ = ey x) = idx we have
||t]| = 0 and, since dx is assumed right-invariant, for x # y, we have with

Zpy = e that dx(x7'z,y7'2) = dx (2!, y~!) > 0. The presence of the case
e = 0 is not fortuitous; see [Ost-knit] for an explanation via an isomorphism
theorem. We trace the dependence on [|t|| in the following Proposition. We
refer to Gromov’s notion [Grl], [Gr2] of quasi-isometry under 7, in which 7
is a mapping between spaces. In a first application we take 7 to be a self-
homeomorphism, in particular a left-translation; in the second 7 (z) = £, ()
with t fixed is an evaluation map appropriate to a dual embedding. We begin
with a theorem promised in Section 2.

Uniformity Theorem for Conjugation. Let I' : G2 — G be the

conjugation T'(g,z) := g 'xg.
Under a bi-invariant Klee metric, for all a,b, g, h ,

dG(CL, b) - 2dG(g7 h) < dG(gagia hbhil) < 2dG(ga h) + dg((l, b)u
and hence conjugation is uniformly continuous.

Proof. Referring to the Klee property, via the cyclic property we have

do(gag™, hbh™") = |lgag ™ hb™ 7| = ||h " gag R0 Y|
< [Ihgll + [lag™" A0 7|
< |17 gl + [lab™H| + |[h gl

Then substitute g~ 'ag for a etc., g~! for g etc., to obtain
dg(a,b) < 2d5(g~ ' WY +da(gag™, hoh™1).
But dg is bi-invariant, so
da(9~" ") = do(g.h) = da(g,h). O
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Proposition (Permutation metric). For 7 € H(X), let d.(x,y) =
dx(m(x),7(y)). Then d, is a metric, and

dx(z,y) = 2|[7]] < dx(2,y) < dx(z,y) + 2[|x]|.

In particular, if dx is right-invariant and 7(x) is the left-translation 7,(x) =
zx, then

Proof. By the triangle inequality,
dx(m(x),m(y)) < dx(7(2),2) + dx(2,y) + dx(y, 7(y)) < 2[|7|| + dx(z,y).

Likewise,

dx(z,y) < dx(z,7(2)) +dx(7(2),7(y)) + dx(7(y), y)
< 2||n|| + dx(m(z), 7(y)).

If 7(z) := zx, then ||7|| = supd(zz,z) = ||z|| and the result follows. [J

Recall from Proposition 2 that for d a metric on a group X, we write
d(z,y) = d(z~',y~1) for the conjugate metric. The conjugate metric d is
left-invariant iff the metric d is right-invariant. Under such circumstances
both metrics induce the same norm (since d(e,z) = d(z7',¢), as we have
seen above). In what follows note that £, = ¢,-1.

Theorem 3 (Quasi-isometric duality). If the metric dx on X is right-
invariant and t € H(X), then

dx(2,y) = 2| |tllnex) < dr(€,(1), €, (1) < dx(z,y) + 2| |t lnx),
and hence, for each € > 0, the magnification metric (3) satisfies

d~X(.fE,y) —2 < dg“(ggmgy) < CZX(-T,y) + 2e.

Equivalently, in terms of conjugate metrics,
dx(z,y) — 2 < d5(&,.€,) < dx(z,y) + 2.

Hence,
|2l] = 28 <[ ]le < [l2] + 2,
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and 50 ||24]| — 00 iff dr (€, (1).E,(1)) = oo.

Proof. We follow a similar argument to that for the permutation metric.
By right-invariance,

dx(t(z72),t(y '2)) dx(t(z72), 27 %2) +dx(x 2,y 12) +dx(y 2, t(y '2))

<
< 2t +dx(z7hy ),

SO
dr(&,(t), &, (1) = supdx (t(z™'2),t(y~"2)) < 2|[t]| + dx(z,ex).
Now, again by right-invariance,
dx(x7y™) <d(a™ t(x™)) +d(t(=), ty™h) +d(tly™) v ).

But
d(t(a™), ™)) < supdx(ta2), (y72)),

dx (e, y7") < 20t + Sup dx(t(z™"2), t(y~"2)) = 2l[t]| + dr (&, (1), &, (1)),

as required. [J
We thus obtain the following result.

Topological Duality Theorem.

For X a normed group, the second dual = is a normed group isometric
to X which, for any € > 0, is e-quasi-isometric in relation to d5.(€,, §,) and
the || - ||° norm.

Proof. We metrize = by setting d=(¢,,§,) = dx(z,y). This makes = an
isometric copy of X and e-quasi-isometric copy in relation to the conjugate
metric d3(,,&,) given for any € > 0 by

d7(&,.€,) = sup dr(€,1 (1), &, (1))

|Itf|<e

In particular for € = 0 we have

dr(&, " (e), €, (¢) = sup dx vz, yz) = d(z,y).

z
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Assuming dy is right-invariant, dz is right-invariant, since

dE(gxgzagyfz) = dE(ﬁxZ?ﬁyz) = dx(ZL'Z,yZ) = dx(l‘, y) O

Remark. For S = Tr;(X), in view of £,(7,)(z) = 7,7, (2)) = Tyu-1(2),
we observe that, for dx right-invariant,

SUp dpr (£,(70), & (Tw)) = supsup dx (£, (m)(2), &, (7w)(2))

w z

= supsupdy(wz~ 'z, wy 'z) = supdx (vaz vy t)

= supdx(vy,vz),
possibly with infinite value. (Here we have written w = vz.) Now dx (y, ) =
sup, dx (vy,vz) is also a metric, which is left-invariant on the bounded el-
ements under the related norm (cf. Proposition 4 of the previous section).
Of course, if dx were bi-invariant (both right- and left-invariant), we would

have sup,, i (§,(Tw), &, (Tw)) = dx(z,Y).

11 Divergence in the bounded subgroup

For S a space and A a subgroup of Auth(S), let ¢ : A x S — S be a
continuous flow. We will write a(s) := ¢*(s) = ¢(«, s). This is consistent
with A being a subgroup of Auth(S). As explained at the outset of Section
2, we have in mind two pairs (A, S), as follows.

Example 1 Take S = X to be a topological group and A =T C H(X)
to be a subgroup of automorphisms of X. Then 7' is a topological group with
supremum metric

dr(ti,tz) = sup dx (t1(z), ta(2)).

Note that here er = idx.
Example 2. (A,S) = (E,7) = (X,T). Here X is identified with its
second dual = (of the preceding section).

Given a flow ¢(t,z) on T'x X, with T" closed under translation, the action
defined by

P(Eat) = & (t)
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is continuous, hence a flow on = x T, which is identified with X x T. Note
that £,1(t)(ex) = t(x), i.e. projection onto the ey coordinate retrieves the
T-flow ¢. Here, for £ = ,-1, writing x(t) for the translate of ¢, we have

E(t) = 5 (t) = p(&,1) = a(t),
so that ¢ may be regarded as a X-flow on 7.

We now formalize the notion of a sequence converging to the identity and
divergent sequence. These are critical to the definition of regular variation
[BOst13].

Definition. Let ¢, : X — X be auto-homeomorphisms.
We say that a sequence v, in H(X) converges to the identity if

Yl = d*(¢y,, id) == Sup d(,(t),t) — 0.

Thus, for all ¢, we have z,(t) := d(¢,,(t),t) < ||¥,|| and z,(t) — 0. Thus the
sequence ||1,,|| is bounded.

Illustrative examples. In R we may consider v, (t) = t + z, with
2z, — 0. In a more general context, we note that a natural example of a
convergent sequence of homeomorphisms is provided by a flow parametrized
by discrete time (thus also termed a ‘chain’) towards a sink. If ¢ : Nx X — X
is a flow and v,,(z) = ¢(n, z), then, for each ¢, the orbit {¢,,(t) : n =1,2,...}
is the image of the real null sequence {z,(t) : n =1,2,...}.

Proposition. (i) For a sequence v, in H(X), 1,, converges to the iden-
tity iff " converges to the identity.

(ii) Suppose X has abelian norm. For h € H(X), if 1, converges to the
identity then so does h™1),h.

Proof. Only (ii) requires proof, and that follows from ||h~'¢, hl| =
[|hh=Y, || = |]1,||, by the cyclic property, as in Proposition 7(c) of the
previous section. []

Definitions.

1. Again let ¢, : X — X be auto-homeomorphisms. We say that the
sequence @, in G diverges uniformly if for for any M > 0 we have, for
ultimately all n, that

d(p,(t),t) > M, for all ¢.
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Equivalently, putting
d(h, 1) = nf d(h(z), W'(z)),

di(p,,id) — oo.

2. More generally, let A C H(S) with A a metrizable topological group.
We say that «, is a pointwise divergent sequence in A if, for each s € S,

ds(an(s),s) — oo,

equivalently, a,(s) does not contain a bounded subsequence.
3. We say that «,, is a uniformly divergent sequence in A if

llanlla = dalea; oan) — o0,

equivalently, a,, does not contain a bounded subsequence.

Examples. In R we may consider ¢, (t) = t + x, where z, — oco. In a
more general context, a natural example of a uniformly divergent sequence of
homeomorphisms is again provided by a flow parametrized by discrete time
from a source to infinity. If ¢ : N x X — X is a flow and ¢, (z) = ¢(n, x),
then, for each x, the orbit {p, (z) : n = 1,2, ...} is the image of the divergent
real sequence {y,(x) : n =1,2,...}, where y,(z) := d(p,(x),z) > d.(p,,id).

Remark. Our aim is to offer analogues of the topological vector space
characterization of boundedness: for a bounded sequence of vectors {x,}
and scalars o,, — 0 ([Ru-FA2] c¢f. Th. 1.30) a2z, — 0. But here a,x, is
interpreted in the spirit of duality as «,(x,) with the homeomorphisms «,,
converging to the identity.

Theoretical examples motivated by duality
1. Evidently, if S = X, the pointwise definition reduces to functional
divergence in H(X) defined pointwise:

dx(ap(x), ) — o0.

The uniform version corresponds to divergence in the supremum metric
in H(X).
2. If S =T and A = X = Z, we have, by the Quasi-isometric Duality
Theorem, that
dr(€4n) (1), € (1)) — 00
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iff
dX(xm eX) — 00,

and the assertion is ordinary divergence in X. Since

d= (Ew(n)a ge) =dx ('Tnv ex),
the uniform version also asserts that
dx(x,, ex) — oo.

Recall that &,(s)(2) = s(7;%(2)) = s(z7'2), so the interpretation of = as
having the action of X on 7" was determined by

P(Eart) = Epr(t)(e) = t(x).
One may write
When interpreting £, ,,) as z, in X acting on ¢, note that
dx (Zn, ex) < dx (wn, t(2n)) + dx (E(2n), ex) < E]] + dx (t(an), ex),

so, as expected, the divergence of x,, implies the divergence of #(z,,).

We return to a study of H(X). We let H,(X) denote the subgroup of
uniformly continuous homeomorphisms, that is homeomorphisms « satisfying
the condition that, for each ¢ > 0, there is 6 > 0 such that

d(a(z),a(z’)) < e, for d(x,2") <. (4)
Lemma 1 (Compare [dGMc| Cor. 2.13).
(i) For fired & € H(X), the mapping T — TE is continuous.
(i) For fized o € H,(X), the mapping 5 — af is uniformly continuous.
(i) The mapping («, 8) — af is continuous on H,(X) x H,(X).
Proof. (i) We have

d* (7€, 08) = supd(7(£(t)), 0(£(1))) = supd(7(s),0(s)) = d"(,0).
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(ii) For ae € H,(X) and given € > 0, choose § > 0, so that (4) holds. Then,
for 5,~ with d*(53,v) < d, we have d(S(t),~(t)) < ¢ for each ¢, and hence

d*(af, ay) = supd(a(B(t)), a(v(1))) < e

(iii) Again, for a € H,(X) and given € > 0, choose § > 0, so that (4) holds.
Thus, for 8,n with d*(8,n) < d, we have d(5(t),n(t)) < ¢ for each ¢. Hence
for & with d*(a, £) < € we obtain

d(a(B(),€n()) < d(a(B1)), a(n(t)) + d(e(n(t)), E(n(t)))

<
< e+d' (o, <e+e
Consequently, we have

d*(af, &n) = supd(a(B(1)),E(n(t))) < 2e.

O

Comment. See also [AdC] for a discussion of the connection between
choice of metric and uniform continuity. The following result is of interest
and extends to a countable family of autohomeomorphisms.

Proposition (deGroot-McDowell Lemma, [dGMc|, Lemma 2.2). Given
an autohomeomorphism o of X, the metric on X may be replaced by a topo-
logically equivalent one such that o is uniformly continuous.

The next definition extends our earlier one from sequential to continuous
limits.

Definition. Let {¢, : u € I} for I an open interval be a family of
homeomorphisms (cf. [Mon2]). Let uy € I. Say that v, converges to the
identity as u — ug if

T ([ =0

This property is preserved under topological conjugacy; more precisely
we have the following result, whose proof is routine and hence omitted.

Lemma 2. Let o be a homeomorphism which is uniformly continuous,
and write ug = 0zp.

If {4, : 2z € B.(20)} converges to the identity as z — 2o, then as u — ug
so does the conjugate {1, = 01,07 1 u € B(ug),u = 02}.
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Lemma 3 Suppose that the homeomorphisms {¢,} are uniformly di-
vergent, {1,,} are convergent and o is bounded, i.e. is in H(X). Then
{¢,,0} is uniformly divergent and likewise {op,}. In particular {p,,} is
uniformly divergent, and likewise {p, 01, }, for any bounded homeomorphism
o€ H(X).

Proof. Consider s := ||o|| = supd(o(x),z) > 0. For any M, from some
n onwards we have

di(py,id) = inf d(p,(z),z) > M,

zeX

B d(pn(x),7) > M,

for all x. For such n, we have d.(p,0,id) > M — s, i.e. for all ¢ we have
d(g@n(O'(t)>,t>> >M —s.

Indeed, otherwise at some t this last inequality is reversed, and then

d(p,(0(t)),0(t)) < de,(a(t),t) +d(o(t),t)
< M-—-s+s= M.

But this contradicts our assumption on n with x = o(t). Hence d.(p,,0,id) >
M — s for all large enough n.

The other cases follow by the same argument, with the interpretation that
now s > 0 is arbitrary; then we have for all large enough n that d(¢,,(x), z) <
s, for all z. [

Remark. Lemma 3 says that the filter of sets (countably) generated
from the sets

{¢|p : X — X is a homeomorphism and ||¢|| > n}
is closed under composition with elements of H(X).
We now return to the notion of divergence.

Definition. We say that pointwise (resp. uniform) divergence is uncon-
ditional in A if, for any (pointwise/uniform) divergent sequence «,,
(i) for any bounded o, the sequence ow,, is (pointwise/uniform) divergent;
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and,
(ii) for any 1, convergent to the identity, 1, v, is (pointwise/uniform) diver-
gent.

Remarks. In clause (ii) each of the functions 1,, has a bound depending
on n. The two clauses could be combined into one by requiring that if the
bounded functions 1, converge to ¢, in the supremum norm, then 1, «,, is
(pointwise/uniform) divergent.

By Lemma 3 uniform divergence in H(X) is unconditional. We move to
other forms of this result.

Proposition. If the metric on A is left- or right-invariant, then uniform
divergence is unconditional in A.

Proof. If the metric d = d 4 is left-invariant, then observe that if 3,, is a
bounded sequence, then so is ¢f3,,, since

dle,0f3,) =d(c™",B8,) < d(o " e)+d(e,j,).

Since ||8;']| = ||8,,|, the same is true for right-invariance. Further, if 1,, is
convergent to the identity, then also 1,,53,, is a bounded sequence, since

d(e, ¥, B,) = d(¥,", B,) < d(y, " e) + d(e, B,).

Here we note that, if 1,, is convergent to the identity, then, so is 1, ! by
continuity of inversion (or by metric invariance). The same is again true for
right-invariance. [

The case where the subgroup A of autohomeomorphisms is the transla-
tions =, though immediate, is worth noting.

Theorem 1 (The case A = =). If the metric on the group X is left- or
right-invariant, then uniform divergence is unconditional in A = Z.

Proof. We have already noted that = is isometrically isomorphic to X.
OJ

Remarks.

1. If the metric is bounded, there may not be any divergent sequences.

2. We already know from Lemma 3 that uniform divergence in A = H(X)
is unconditional.
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3. The unconditionality condition (i) corresponds directly to the technical
condition placed in [BajKar| on their filter . In our metric setting, we thus
employ a stronger notion of limit to infinity than they do. The filter implied
by the pointwise setting is generated by sets of the form

ﬂ{a dx(ap (), ;) > M ultimately } with I finite.

icl

However, whilst this is not a countably generated filter, its projection on the
x-coordinate:

{a:dx(an(x),x) > M ultimately},
is.

4. When the group is locally compact, ‘bounded’” may be defined as
‘pre-compact’, and so ‘divergent’ becomes ‘unbounded’. Here divergence is
unconditional (because continuity preserves compactness).

The supremum metric need not be left-invariant; nevertheless we still do
have unconditional divergence.

Theorem 2. For A C H(S), pointwise divergence in A is unconditional.
Proof. For fixed s € S, 0 € H(S) and dx(a,(s), s)) unbounded, suppose
that dx(ca,(s), s)) is bounded by K. Then

ds(an(s),s)) < ds(an(s),o(an(s))) + ds(o(an(s)), s)

<
< lo|lnes) + K,

contradicting that ds(a,(s), s)) is unbounded. Similarly, for v,, converging
to the identity, if ds(,,(a,(x)), ) is bounded by L, then

ds(an(s), s)) ds(an(s), ¥ (an(s))) +ds(¥,(an(s)), s)
19l ls) + L,

VANVAN

contradicting that dg(a,(s),s)) is unbounded. OJ
Corollary 1. Pointwise divergence in A C H(X) is unconditional.
Corollary 2. Pointwise divergence in A = Z is unconditional.

Proof. In Theorem 2, take a,, = §,,,y- Then unboundedness of dr(,(,(t),?)
implies unboundedness of dr (0§, (t),?) and of dr(¥,€,,)(?)),1). O

80



References

[AD]

[AdC]

[ArMal]

[BajKar]

[Ban-G]

[Ban-T]

[Bart]

[Be]

[BCS]

[Berz|

J. Aczél and J. Dhombres, Functional equations in several
variables, Encycl. Math. Appl. 31, Cambridge University
Press, Cambridge, 1989.

O. Alas and A. di Concilio, Uniformly continuous homeomor-
phisms, Proceedings of the International Conference on Set-
theoretic Topology and its Applications, Part 2 (Matsuyama,
1994). Topology Appl. 84 (1998), no. 1-3, 33-42.

A.V. Arkhangelskii, V.I. Malykhin, Metrizability of topolog-
ical groups. (Russian) Vestnik Moskov. Univ. Ser. I Mat.
Mekh. 1996, no. 3, 13-16, 91; translation in Moscow Univ.
Math. Bull. 51 (1996), no. 3, 9-11.

B. Bajsanski and J. Karamata, Regular varying functions
and the principle of equicontinuity, Publ. Ramanujan Inst.
1 (1969) 235-246.

S. Banach, Uber metrische Gruppen, Studia Math. IIT (1931),
101-113; reprinted in collected works vol. II, 401-411, PWN,
Warszawa, 1979.

S. Banach, Théorie des opérations linéaires, reprinted in col-
lected works vol. II, 401-411, PWN, Warszawa, 1979, (1st.
edition 1932).

R. G. Bartle, Implicit functions and solutions of equations in
groups, Math. Z. 62, (1955). 335-346.

A. Beck, A note on semi-groups in a locally compact group.
Proc. Amer. Math. Soc. 11 (1960), 992-993.

A. Beck, H.H, Corson, A. B. Simon, The interior points of
the product of two subsets of a locally compact group, Proc.
Amer. Math. Soc. 9 1958 648-652.

E. Berz, Sublinear functions on R. Aequationes Math. 12, no.
2/3 (1975), 200-206.

81



[BGT]

[BOst3]

[BOst4]

[BOst5]

[BOst6]

[BOst7]

[BOst8]

[BOst9]

[BOst11]

Cz. Bessaga and A. Pelczynski, Selected topics in infinite-
dimensional topology, PWN, 1975.

N. H. Bingham, C.M. Goldie, Extensions of regular variation,
I: Uniformity and quantifiers, Proc. London Math. Soc. (3)
44 (1982), 473-496.

N. H. Bingham, C. M. Goldie, J. L. Teugels, Regular varia-
tion, 2nd edition, Encycl. Math. Appl. 27, Cambridge Uni-
versity Press, Cambridge, 1989 (1st edition 1987).

N. H. Bingham and A. J. Ostaszewski, Infinite Combinatorics
and the theorems of Steinhaus and Ostrowski, CDAM Re-
search Report Series, LSE-CDAM-2007-15 (revised).

N. H. Bingham and A. J. Ostaszewski, Beyond Lebesgue and
Baire: generic regular variation, Colloquium Mathematicum,
to appear (CDAM Research Report Series, LSE-CDAM-2007-
16).

N. H. Bingham and A. J. Ostaszewski, Generic subaddi-
tive functions, Proc. Amer Math. Soc. 136 (2008), 4257-4266
(LSE-CDAM-2007-17).

N. H. Bingham and A. J. Ostaszewski, New automatic proper-
ties: subadditivity, convexity, uniformity, (LSE-CDAM-2007-
23).

N. H. Bingham and A. J. Ostaszewski, Automatic continuity
via analytic thinning, (LSE-CDAM-2007-24).

N. H. Bingham and A. J. Ostaszewski, The Converse Os-
trowski Theorem: aspects of compactness, (updated version
of LSE-CDAM-2007-25).

N. H. Bingham and A. J. Ostaszewski, Infinite combinatorics
in function spaces, LSE-CDAM Report, LSE-CDAM-2007-26
(revised).

N. H. Bingham and A. J. Ostaszewski, Bitopology and
measure-category duality, LSE-CDAM Report, LSE-CDAM-
2007-29 (revised).

82



[BOst13]

[BOst14]

[BOst15]

[BOst-RVWL]

[Bir]

[BlHe]

[Bo]

[Bou]

[BoDi]

[Bour]

[BH]

[Br-1]

N. H. Bingham and A. J. Ostaszewski, Topological regu-
lar variation: 1. Slow variation, LSE-CDAM Report, LSE-
CDAM-2008-11.

N. H. Bingham and A. J. Ostaszewski, Topological regular
variation: II. The fundamental theorems, LSE-CDAM Re-
port, LSE-CDAM-2008-12.

N. H. Bingham and A. J. Ostaszewski, Topological regular
variation: III. Regular variation, LSE-CDAM Report, LSE-
CDAM-2008-13.

N. H. Bingham and A. J. Ostaszewski, Regular variation
without limits, LSE-CDAM Report, LSE-CDAM-2008-21.

G. Birkhoff, A note on topological groups, Compositio Math.
3 (1936), 427-430.

W. Bloom and H. Heyer, Harmonic analysis of probability
measures on hypergroups, de Gruyter Studies in Mathemat-
ics, 20. Walter de Gruyter & Co., Berlin, 1995.

T. Bokamp, Extending norms on groups, Note Mat. 14.2
(1994), 217-227.

A. Bouziad, The Ellis theorem and continuity in groups,
Topology Appl. 50 (1993), no. 1, 73-80.

D. Borwein and S. Z. Ditor, Translates of sequences in sets of
positive measure, Canadian Mathematical Bulletin 21 (1978),
497-498.

N. Bourbaki, Elements of mathematics: General topology.
Parts 1 and 2. Hermann, Paris; Addison-Wesley Publishing
Co., Reading, Mass.-London-Don Mills, Ont. 1966.

M. R. Bridson and A. Haefliger, Metric spaces on non-positive
curvature, Springer 1999.

L. G. Brown, Note on the open mapping theorem. Pacific J.
Math. 38 (1971), 25-28.

83



[Br-2]

[Chod]

[CaMo]

[Com]
[Csal

[CSC]

[CS-FM]

[CS-MA]

[CS-K]

[Dal]

[Dar]

L. G. Brown, Topologically complete groups, Proc. Amer.
Math. Soc. 35 (1972), 593-600.

G. Choquet, Theory of capacities, Ann. Inst. Fourier, Greno-
ble 5 (1953-54), 131-295.

Christensen, J. P. R. Topology and Borel structure. Descrip-
tive topology and set theory with applications to functional
analysis and measure theory. North-Holland Mathematics
Studies, Vol. 10. (Notas de Matemdtica, No. 51). North-
Holland Publishing Co., Amsterdam-London; American El-
sevier Publishing Co., Inc., New York, 1974.

J. Cao, and W.B Moors, Separate and joint continuity of
homomorphisms defined on topological groups. New Zealand
J. Math. 33 (2004), no. 1, 41-45.

W. W. Comfort, Topological groups, Ch. 24 in [KuVa].

A. Csészér, Konvex halmazokrdl és fuggvényegyenletekrol
(Sur les ensembles et les fonctions convexes), Mat. Lapok 9
(1958), 273-282.

F. Cabello Séanchez, and J. M.F Castillo, Banach space tech-
niques underpinning a theory for nearly additive mappings.
Dissertationes Math. (Rozprawy Mat.) 404 (2002).

Cabello Sanchez, Félix Quasi-homomorphisms. Fund. Math.
178 (2003), no. 3, 255-270

Cabello Sédnchez, Félix Quasi-additive mappings. J. Math.
Anal. Appl. 290 (2004), no. 1, 263-270.

Cabello Sénchez, Félix; Castillo, Jestis M. F.; Papini, Pier L.
Seven views on approximate convexity and the geometry of
K -spaces. J. London Math. Soc. (2) 72 (2005), no. 2, 457-477.

H. G. Dales, Automatic continuity: a survey, Bull. London
Math. Soc. 10 no. 2 (1978), 129-183.

G. Darboux, Sur la composition des forces en statiques, Bull.
des Sci. Math. (1) 9 (1875) 281-288.

84



[ROD]

[dGM(c]

[Dell]

[Del2]

[Den]

[DDD]

[EL]

[EFK]

E. B. Davies, One-parameter semigroups, London Mathemat-
ical Society Monographs, 15. Academic Press, Inc. [Harcourt
Brace Jovanovich, Publishers|, London-New York, 1980.

R. O. Davies, Subsets of finite measure in analytic sets, Ned-
erl. Akad. Wetensch. Proc. Ser. A. 55 = Indagationes Math.
14, (1952), 488-489.

J. de Groot and R.H. McDowell, Extension of mappings on
metric spaces, Fund. Math. 48 (1959-60), 252-263.

C. Dellacherie, Capacités et processus stochastiques, Ergeb.
Math. Grenzgebiete, 67 Springer-Verlag, Berlin, Heidelberg,
New York, 1972.

C. Dellacherie, Un cours sure les ensembles analytiques, Part
IT (p. 183-316) [Rog2]

A. Denjoy, Sur les fonctions dérivées sommable, Bull. Soc.
Math. France 43 (1915), 161-248.

E. Deza, M.M. Deza, and M. Deza, Dictionary of Distances,
Elsevier, 2006.

W. F. Eberlein, Closure, convexity, and linearity in Banach
spaces, Ann. Math. 47 (1946), p. 691.

H. W. Ellis, and I. Halperin, Function spaces determined by
a levelling length function, Canadian J. Math. 5, (1953). 576—
592.

R. Ellis, A note on the continuity of the inverse, Proc. Amer.
Math. Soc. 8 (1957), 372-373.

A. Emeryk, R. Frankiewicz, W. Kulpa, On functions having
the Baire property. Bull. Acad. Polon. Sci. Sér. Sci. Math. 27
(1979), no. 6, 489-491.

R. Engelking, General topology, Heldermann Verlag, 1989.

85



[GoWa|

[Gr1]

[Gr2]

[Hal-M]

[Hal-ET]

[Han]

[HT]

P. Erdos, H. Kestelman and C. A. Rogers, An intersection
property of sets with positive measure, Coll. Math. 11(1963),
75-80.

D. R. Farkas, The algebra of norms and expanding maps on
groups, J. Algebra, 133.2 (1994), 386-403.

R. Frankiewicz, On functions having the Baire property, II,
Bull. Acad. Polon. Sci. Sér. Sci. Math. 30 (1982), no. 11-12.

D. H. Fremlin, Measure-additive coverings and measurable
selectors, Dissertationes Math. (Rozprawy Mat.) 260 (1987),

C. Goffman, C. J. Neugebauer and T. Nishiura, Density topol-
ogy and approximate continuity, Duke Math. J. 28 1961 497—
505.

C. Goffman, D. Waterman, Approximately continuous trans-
formations, Proc. Amer. Math. Soc. 12 (1961), 116-121.

M. Gromov, Hyperbolic manifolds, groups and actions. Rie-
mann surfaces and related topics, Proceedings of the 1978
Stony Brook Conference (State Univ. New York, Stony
Brook, N.Y., 1978), pp. 183-213. Ann. of Math. Stud., 97,
Princeton Univ. Press, Princeton, N.J., 1981.

M. Gromov, Groups of polynomial growth and expanding
maps. Inst. Hautes Etudes Sci. Publ. Math. No. 53 (1981),
53-73.

P. R. Halmos, Measure Theory, D. Van Nostrand Company,
Inc., New York, N. Y., 1950.

P. R. Halmos, Lectures on ergodic theory, Chelsea Publ. Co.,
New York, 1956.

R. W. Hansell, Borel measurable mappings for nonseparable
metric spaces, Trans. Amer. Math. Soc. 161 1971 145-169.

G. Hansel and J-P. Troallic, Quasicontinuity and Namioka’s
theorem, Topology Appl. 46 (1992), no. 2, 135-149.

86



[HM]

[HePo]

[HJ]

[Jam)]

[IMW]

[Jay-Rog]
[John]

[Jonesl]

J. Harding, Decompositions in Quantum Logic, Trans. Amer.
Math. Soc. 348 (1996), 1839-1862.

S. Hartman and J. Mycielski, On the imbedding of topological
groups into connected topological groups. Colloq. Math. 5
(1958), 167-169.

R.W. Heath, T. Poerio, Topological groups and semi-groups
on the reals with the density topology, Conference papers,
Oxford 2006 (Conference in honour of Peter Collins and Mike
Reed).

H. Heyer, Probability measures on locally compact groups,
Ergebnisse der Mathematik und ihrer Grenzgebiete 94,
Springer, 1977.

E. Hille, Einar and R.S. Phillips, Functional analysis and
semi-groups, rev. ed. American Mathematical Society Collo-
quium Publications, vol. 31. American Mathematical Society,
Providence, R. 1., 1957.

J. Hoffmann-Jgrgensen, Automatic continuity, Section 2 of
[THJ].

R. C. James, Linearly arc-wise connected topological Abelian
groups, Ann. of Math. (2) 44, (1943). 93-102.

R. C. James, A.D. Michal, M. Wyman, Topological Abelian
groups with ordered norms, Bull. Amer. Math. Soc. 53,
(1947). 770-774.

J. Jayne and C. A. Rogers, Analytic sets, Part 1 of [Rog2].

B. E. Johnson, Approximately multiplicative maps between
Banach algebras. J. London Math. Soc. (2) 37 (1988), no. 2,
294-316.

F. B. Jones, Connected and disconnected plane sets and the
functional equation f(x+y) = f(x)+ f(y), Bull. Amer. Math.
Soc. 48 (1942) 115-120.

87



[Jones2]

[Kah]

[Kak]

[Kech]

[Kel]

[Kes]

[Klee]

[Kod]

[Kol]

[Koml]

[Kom?2]

[Kucz|

F. B. Jones, Measure and other properties of a Hamel basis,
Bull. Amer. Math. Soc. 48, (1942). 472-481.

J.-P. Kahane, Probabilities and Baire’s theory in harmonic
analysis, in: Twentieth Century Harmonic Analysis, A Cel-
ebration, editor: J. S. Byrnes, 57-72, Kluwer, Netherlands,
2001.

S. Kakutani, Uber die Metrisation der topologischen Grup-
pen, Proc. Imp. Acad. Tokyo 12 (1936) 82-84. also in Se-
lected Papers, Vol. 1 (ed. Robert R. Kallman), Birkh&user,
1986, 60-62.

A. S. Kechris, Classical descriptive set theory, Graduate Texts
in Mathematics 156, Springer, 1995.

J. L. Kelley, General Topology, Van Nostrand, 1955.

H. Kestelman, The convergent sequences belonging to a set,
J. London Math. Soc. 22 (1947), 130-136.

V. L. Klee, Invariant metrics in groups (solution of a problem
of Banach), Proc. Amer. Math. Soc. 3 (1952), 484-487.

K. Kodaira, Uber die Beziehung zwischen den Massen und
den Topologien in einer Gruppe, Proc. Phys.-Math. Soc.
Japan (3) 23, (1941). 67-119.

A. Kolmogorov, Zur Normierbarkeit eines allgemainen topol-
ogischen linearen Raumes, Studia Math. 5 (1934), 29-33.

Z. Kominek, On the sum and difference of two sets in topo-
logical vector spaces, Fund. Math. 71 (1971), no. 2, 165-169.

Z. Kominek, On the continuity of Q-convex and additive func-
tions, Aeq. Math. 23 (1981), 146-150.

M. Kuczma, An introduction to the theory of functional
equations and inequalities. Cauchy’s functional equation and
Jensen’s inequality, PWN, Warsaw, 1985.

88



[Lyn1]

[Lyn2]

[LynSch|

[Mar]

McC|

[McSh]

K. Kunen and J. E. Vaughan, Handbook of set-theoretic
topology, North-Holland Publishing Co., Amsterdam, 1984.

C. Kuratowski, Sur la propriété de Baire dans les groupes
métriques, Studia Math. 4 (1933), 38-40.

K. Kuratowski, Topology, Vol. 1., PWN, Warsaw 1966.

F. Levin, Solutions of equations over groups, Bull. Amer.
Math. Soc. 68 (1962), 603—-604.

R. Lowen, Approach spaces. The missing link in the topology-
uniformity-metric triad, Oxford Mathematical Monographs.
Oxford Science Publications. The Clarendon Press, Oxford
University Press, New York, 1997.

Loy, Richard J. Multilinear mappings and Banach algebras.
J. London Math. Soc. (2) 14 (1976), no. 3, 423-429.

J. Lukes, J. Maly, L. Zajicek, Fine topology methods in real
analysis and potential theory, Lecture Notes in Mathematics,
1189, Springer, 1986.

R. C. Lyndon, Equations in free groups. Trans. Amer. Math.
Soc. 96 1960 445-457.

R. C. Lyndon, Length functions in groups, Math. Scand. 12
1963 209-234

R. C. Lyndon and P. E. Schupp, Combinatorial Group The-
ory, Springer-Verlag, Berlin, 1977.

N.F.G Martin, A topology for certain measure spaces, Trans.
Amer. Math. Soc. 112 (1964) 1-18.

M. McCrudden, The embedding problem for probabilities on
locally compact groups, Probability measures on groups: re-
cent directions and trends, 331-363, Tata Inst. Fund. Res.,
Mumbai, 2006.

E. J. McShane, Images of sets satisfying the condition of
Baire, Ann. Math. 51.2 (1950), 380-386.

89



[MeSh]

[Mich]

(M)

[Monl]

[Mon2]

[Mue]

[Nam]

[Ne]

[Nik]

[0C]

[Ost-knit]

M.S. Meerschaert and H.-P. Scheffler, Limit distributions for
sums of independent random vectors: Heavy tails in theory
and Practice, Wiley, 2001.

M.R. Mehdi, On convex functions, J. London Math. Soc. 39
(1964), 321-326.

A. D. Michal, Differentials of functions with arguments and
values in topological abelian groups. Proc. Nat. Acad. Sci. U.
S. A. 26, (1940). 356-3509.

A. D. Michal, Functional analysis in topological group spaces,
Math. Mag. 21, (1947). 80-90.

J. Milnor, A note on curvature and fundamental group. J.
Differential Geometry 2 (1968), 1-7.

D. Montgomery, Continuity in topological groups. (1936),
879-882.

D. Montgomery, Locally homogeneous spaces, Ann. of Math.
(2) 52, (1950). 261-271.

B. J. Mueller, Three results for locally compact groups con-
nected with the Haar measure density theorem, Proc. Amer.
Math. Soc. 16.6 (1965), 1414-1416.

I. Namioka, Separate and joint continuity, Pacific J. Math. 51
(1974), 515-531.

K.-H. Neeb, On a theorem of S. Banach, J. Lie Theory 7
(1997), no. 2, 293-300.

O. Nikodym, Sur une propriété de 'opération A, Fund. Math.
7 (1925), 149-154.

W. Orlicz, and Z. Ciesielski, Some remarks on the convergence
of functionals on bases, Studia Math. 16 1958 335-352.

A. J. Ostaszewski, Regular variation: uniform boundedness,
multiplicative flows and knit products, LSE-CDAM Report,
LSE-CDAM-2008-15.

90



[Ostr]

[Oxt]

[Par]

[PRV]

[Pav]

[PeSp]

[Pes]

[Picl]

[Pic2]

[Pet1]

[Pet2]

A. Ostrowski, Mathematische Miszellen XIV: Uber die
Funktionalgleichung der Exponentialfunktion und verwandte
Funktionalgleichungen, Jahresb. Deutsch. Math. Ver. 38
(1929) 54-62 (reprinted in Collected papers of Alexander Os-
trowski, Vol. 4, 49-57, Birkh&user, Basel, 1984).

J. J. Oxtoby, Cartesian products of Baire spaces, Fund. Math.
49 (1960), 157-166.

K. R. Parthasarathy, Probability measures on metric spaces.
Reprint of the 1967 original. AMS Chelsea Publishing, Prov-
idence, RI, 2005.

K. R. Parthasarathy, R. Ranga Rao, S.R.S Varadhan, Proba-
bility distributions on locally compact abelian groups, Illinois
J. Math. 7 1963 337-3609.

O. Pavlov, A Lindelof topological group whose square is not
normal, preprint.

J. Peetre and G. Sparr, Interpolation of normed abelian
groups. Ann. Mat. Pura Appl. (4) 92 (1972), 217-262.

V. Pestov, Review of [Ne], MathSciNet MR1473172
(98:22003).

S. Piccard, Sur les ensembles de distances des ensembles
de points d’un espace euclidien, Mém. Univ. Neuchatel 13
(1939).

S. Piccard, Sur des ensembles parfaites, Mém. Univ. Neuchéa-
tel 16 (1942).

B. J. Pettis, On continuity and openness of homomorphisms
in topological groups, Ann. of Math. (2) 52.2, (1950). 293
308.

B. J. Pettis, Remarks on a theorem of E. J. McShane, Proc.
Amer. Math. Soc. 2.1, (1951), 166-171

91



[Pet3|

[Pol]

[RR-1]

[RR-TG]

[Res|

[Rach]

[Ru-FA2]

[Sel]

B. J. Pettis, Closed graph and open mapping theorems in
certain topologically complete spaces, Bull. London Math.
Soc. 6 (1974), 37-41.

R. Pol, Remark on the restricted Baire property in compact
spaces. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom.
Phys. 24 (1976), no. 8, 599-603.

K. P. S. Bhaskara Rao and M. Bhaskara Rao, A category ana-
logue of the Hewitt-Savage zero-one law, Proc. Amer. Math.
Soc. 44.2 (1974), 497-499.

K. P. S. Bhaskara Rao and M. Bhaskara Rao, On the differ-
ence of two second category Baire sets in a topological group.
Proc. Amer. Math. Soc. 47.1 (1975), 257-258.

S. I. Resnick, Heavy-tail phenomena. Probabilistic and sta-
tistical modeling. Springer Series in Operations Research and
Financial Engineering. Springer, New York, 2007

S. T. Rachev, Probability metrics and the stability of sto-
chastic models. Wiley Series in Probability and Mathematical
Statistics: Applied Probability and Statistics. John Wiley &
Sons, Ltd., Chichester, 1991.

C.A. Rogers, R. C. Willmott, On the projection of Souslin
sets, Mathematika 13 (1966), 147-150.

C. A. Rogers, Hausdorff measures, Cambridge University
Press, 1970).

C. A. Rogers, J. Jayne, C. Dellacherie, F. Topsge, J.
Hoffmann-Jgrgensen, D. A. Martin, A. S. Kechris, A. H.
Stone, Analytic sets, Academic Press, 1980.

W. Rudin, Functional Analysis, 2nd ed., McGraw-Hill, Sec-
ond edition. International Series in Pure and Applied Math-
ematics. McGraw-Hill, Inc., New York, 1991. (1st ed. 1973)

G. R. Sell, Nonautonomous differential equations and topo-
logical dynamics. 1. The basic theory. Trans. Amer. Math.
Soc. 127 (1967) 241-262.

92



G. R. Sell, Nonautonomous differential equations and topo-
logical dynamics. II. Limiting equations. Trans. Amer. Math.
Soc. 127 (1967) 263-283.

L. Schwartz, Sur le théoréme du graphe fermé, C. R. Acad.
Sci. Paris Sér. A-B 263 (1966), 602-605.

M. Sion, Topological and measure-theoretic properties of an-
alytic sets, Proc. Amer. Math. Soc. 11 1960 769-776.

H. Steinhaus, Sur les distances des points de mesure positive,
Fund. Math. 1(1920), 93-104.

F. D. Tall, The density topology, Pacific J. Math. 62.1 (1976),
275-284.

F. Topsge, J. Hoffmann-Jgrgensen, Analytic spaces and their
applications, Part 3 of [Rog2].

S. M. Ulam, A collection of mathematical problems, Wiley,
1960.

A. Weil, L’intégration dans les groupes topologiques et ses ap-
plications, Actual. Sci. Ind., no. 869. Hermann et Cie., Paris,
1940. [Republished at Princeton, N. J., 1941.]

E. van Douwen, A technique for constructing honest locally
compact submetrizable examples. Topology Appl. 47 (1992),
no. 3, 179-201.

A. L.Yakimiv, Probabilistic applications of Tauberian the-
orems, Translated from the Russian original by Andrei V.
Kolchin. Modern Probability and Statistics. VSP, Leiden,
2005.

93



