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Pricing of contingent claims in a two-dimensional

model with random dividends*

Pavel V. Gapeev! Monique Jeanblanct

We study a model where two assets are paying dividends with rates changing from
one fixed value to another when any credit event occurs. The credit events are associated
with the first times when the asset values fall to some given constant levels. The behavior
of asset values is described by exponential diffusion processes with random drift rates
and independent driving Brownian motions. We obtain closed form expressions for the
ex-dividend prices of certain barrier-type contingent claims with structure similar to first-

and second-to-default options in credit risk theory.

1 Introduction

One of the known advantages of structural modeling is the explicit form of the credit events

that are associated with the passage times of the related asset value processes on some given
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lower barriers. Initiated by Merton [10] and Black and Cox [2], the passage time approach for
credit risk theory was further developed and, as a result, a number of subsequent generalizations
was obtained (see, e.g., Bielecki and Rutkowski [1; Chapters II and III] or Schénbucher [14;
Chapter IX] for an extensive overview). In the present paper, we study a first passage time
model for two assets paying dividends, which rates are random and change in time from one
fixed value to another. The times of change of dividend rates are assumed to be the first times,
when the asset values reach some given lower constant barriers. Such a model corresponds to
the situation where the fall of one of the asset values impacts the change of dividend rates
not only of the same asset but of the other ones as well. This may happen, for example, with
one firm having several branches, where the change of the dividend rate of one of the branches
makes an influence on the dividend policy not of the same branch but of the other ones as
well. The obtained structure of dependent credit events can also be a contribution to the wide
range of first passage time models with dependent defaults (see, e.g., Zhou [17], Giesecke [5],
Overbeck and Schmidt [11], Valuzis [16] and also [1; Chapter X] or [14; Chapter X] for further
references). Note that some other models with random dividends were earlier considered in the
literature (see, e.g., Geske [4]).

The purpose of the present paper is to derive the ex-dividend prices of certain barrier-type
contingent claims, which structure is similar to the so-called first- and second-to-default options,
in the models where the information is generated by both asset values and by the value of one of
the assets only. The risk-neutral dynamics of the asset values is modeled by geometric Brownian
motions with random drift rates changing their fixed values from one to another at the first
times when the value processes fall to some constant levels during the allowed infinite time
horizon. For simplicity of exposition, we restrict our consideration to a two-dimensional case
and assume that the driving Brownian motions are independent. The prices of the claims are
expressed through the transition density of the joint marginal distribution of linearly drifted
Brownian motion with its running minimum and the density of its first passage time on a
constant level. The consideration of dependent driving Brownian motions would lead to more
complicated and less explicit formulas (see, e.g., Iyengar [7], He et al. [6] or Patras [12]).
The results of the paper can be naturally extended to the case of several assets, which value

processes are driven by independent Brownian motions with random drift rates.



The paper is organized as follows. In Section 2, we introduce the described above two-
dimensional structural model. We also recall expressions for the joint transition density of a
linearly drifted Brownian motion with its running minimum and for the density of the first
time when it hits a constant level. These explicit expressions are used for the derivation of
subsequent formulas. In Sections 3 and 4, we evaluate the ex-dividend prices of contingent
claims having the structure similar to first- and second-to-default options with respect to the
filtration generated by the both asset value processes (full information) and with respect to the
filtration generated by one of the processes only (partial information), respectively. The main

results of the paper are stated in Theorems 3.1, 3.2, 4.1 and 4.2.

2 The model

In this section we introduce a model with two asset processes paying random dividends and
solve the problem of pricing derivatives having a structure similar to first- and second-to-default

options under full and partial information.

2.1. For a precise formulation of the problem, let us consider a probability space (€2, G, P)
with two independent standard Brownian motions W' = (W});>o, @ = 1,2. Suppose that there
exist two processes X' = (X});>0, @ = 1,2, given by:

2

th = T; exXp ((7” — % — 51"0) t— ((51"1 — (5@0) (t — 7'1)+ — (57;’2 — 6i,0) (t — 7'2)+ + g; th) (21)

where (t — ;)" = max{t — 7;,0}, » > 0 and o;, d;y, x; are some given strictly positive
constants for every ¢ = 1,2 and £ = 0,1,2. Assume that the processes X*, i = 1,2, describe
the risk-neutral dynamics of the values of some assets paying dividends, and 7;, ¢« = 1,2, are
random times to be specified below, at which some credit events occur resulting the changes of
dividend rates. In more details, for every ¢ = 1,2 fixed, the asset number i pays dividends at
the rate d;¢ until the time 7 A 75, at which the first credit event occurs and the dividend rate
is changed into 9, where ¢ =1 if 7y Ao =7 and ¢ = 2 if 7y A 7o = 7. Then, the asset ¢
pays dividends with the rate 9; , until the time 7 V 75, at which the second credit event occurs
and the dividend rate is changed into ;3 = ;1 + d; 2 — d; 0. After the both credit events occur,

the asset ¢ pays dividends with the rate ;3. Here r is the interest rate of a riskless banking



account and o; is the volatility coefficient.

Following the structural approach, let us define the random time 7; by:
7 =inf{t > 0| X} < b;} (2.2)

where b; > 0 is a given constant. By construction, 7; is a stopping time with respect to the
natural filtration G; = o(X!, X2|0 < s < t) generated by X?, i = 1,2. Then, the existence of
such a pair of processes (X!, X?) can be easily deduced from the classical diffusion model with

dividends by means of standard change-of-measure arguments.

2.2. The purpose of the present paper is to determine the rational (ex-dividend) prices
of contingent claims having the following payoff structure. In the first claim, the amount
C(X7}, X2) is paid at the maturity 7 if and only if no credit event occurs before the maturity,
and the amount Dy ;(7;, XTli, X 72) is paid at the time 7; if the time of first credit event is 7; and
it occurs before the maturity, for every i = 1,2. In the second claim, the amount C;(X}, X2)
is paid at the maturity 7T if and only if the two credit events occur before the maturity and
the time of the second credit event is 7;, and the amount Dy ;(7;, XTll_, Xf_) is paid at time 7; if
the time of the second credit event is 7; and it occurs before the maturity, for every ¢ = 1, 2.
Without loss of generality, we further assume that the payoffs are already discounted by the
banking account, that is equivalent to put r equal to zero.

Note that the contingent claims described above have the structure similar to first- and
second-to-default options in the credit risk theory. The ex-dividend price processes V;', i = 1,2,

of such claims are given by:

2
V' =E|C(X3, X3) (T <7 A7)+ Y Dua(r, X, X3 I(ry < T3 < 752)

=1

] s

and
2

Z (Dai(mi, X2, X27%) + Ci( X, X379) I(13—s < 70 < T) ’ Gt

=1

VP=FE (2.4)

for any 0 < t < T, respectively (see, e.g., [1; Chapter X] or [14; Chapter X]). Here the
expectations are taken with respect to the martingale measure and I(-) denotes the indicator
function. We further assume that C(xy,x2), Ci(xi, x5—;) and Dy (¢, x;, x3-;), k,i = 1,2, are

nonnegative functions such that the integrals appearing below are well defined. For example,



for the European basket call or put option with the strike price K > 0 we may set C'(z1,z2) and
Ci(x4, x3-;) being equal to (ayx1+aery—K)T or (K —ajx1—agx2)™ with some o; >0, 1= 1,2,
respectively. We may also assume linear recovery by setting Dy ;(¢, x;, x3-;) = 7 + frx1 + fata
with some v > 0 and 3; > 0 for k,i =1,2.

Moreover, we shall also determine the prices of the claims under the assumption that the
information available on the market is generated by one of the assets only. In that case, the

rational prices Vti’j , 1 =1,2, of the claims are given by:

2
‘/tl’j =F C<X71’7 XY%) I(T <7 A T2> + Z Dl,i<7—i7 X‘f’ﬂ Xiil) I(TZ < T’ Ti < 7'37@') gg] (25>
=1
and )
VtQ’j =F (D2,i(7'i,X;,X§i_i) + Ci( X%, X%_i)) I(r5—i <7 <T) ‘ gtj (2:6)
=1

for any 0 <t < T, respectively. Here G/ = ¢(X7|0 < s < t) is the natural filtration of the

process X7 for every j = 1,2.

2.3. For the process X' let us introduce the corresponding running minimum process
M" = (M});>0 given by:
M = min X! Am; (2.7)

0<s<t
for any x; > m; > b; > 0 fixed. Then, from the structure of (2.2) it is seen that the default

time 7; takes the form:

7 =inf{t > 0| M} < b;} (2.8)
and in order to obtain the initial values of (2.3)-(2.4) and (2.5)-(2.6), we shall put x; = m; for
every ¢ = 1,2.

It thus follows from (2.8) that the event {7, > t} can be expressed as {M/ > b;} for any

t > 0, so that the process X* admits the representation:
dth = —XZ ((52'70 —+ ((51'71 - (57;70) [(Mtl S bl) + ((51'72 — (52'70) I(MtQ S b2)) dt + XZ g; dWZ (29)

with X{ = x;. Therefore, we may conclude that (X*, M X% M?) = (X}, M}, X2, M?)i>o is a
(time-homogeneous) strong Markov process with respect to the filtration (G;):>o. In the sequel,

we also use the notation 7; = 7;(x1, my, x2, mo) for z; > m; > b; > 0 and every i = 1,2.



Note that, by means of standard arguments of filtering theory (see, e.g., [9; Chapter IX]),

it is shown that the process X* admits the following representation:
dX} = =X} (8i04(6:—650) [(M] < b)+(8i5-i—0i0) PIMP™" < by ;| GI]) di+X{ o dW, (2.10)

with X = z;, where the innovation process W = (Wi)tZO defined by:

0ig—i — O

. . 3 . . .
W - / (I3 < b)) — PP < by |G s (211)

O
is a standard Brownian motion with respect to the filtration (G;);>o according to P. Lévy’s

characterization theorem (see, e.g., [13; Chapter IV, Theorem 3.6]).

2.4. Let us introduce the process X = (X/?);5¢ defined by:

2

Xti’j = I; exXp (— <6i,j + %) t+ o th) (212>

and its running minimum process M = (M;”);> given by:

M7 = min X% A m; (2.13)

0<s<t

for any z; > m; > b; > 0 and every ¢ = 1,2 and j = 0,1,2,3. Observe that from (2.1)
and (2.12) it is seen that X/ = X} holds for all 0 < t < 7y A 73, since we have put r = 0.
It is known (see, e.g., [13], [8] or [3]) that the transition density g;; of the Markov process
(X9, M*™7) defined by:

Pzi,mi [XZJ S dZ, Mti,j S dy] = gi,j('ria myi; ta <, y) dz dy (214>

admits the representation:

2 /@) (_mya/w» P — P_t)

o\ 2mt3 2y 202t of 2
(2.15)

Gij(xi,mist, 2, y) =

for all t > 0 and z > y with m; > y > 0, and equals zero otherwise. Here F,,,,, denotes
probability under the assumption that (X%, M*7) starts at (x;, m;), and we set p; ; = —0; j/0;—
0i/2.

Let us also define the corresponding hitting time 7;; having the form:

75 = inf{t > 0] X;7 < b} (2.16)

6



for every i = 1,2 and 7 = 0,1,2. It is known that the density h;; of 7;; defined by:
memi [TM € dt] = hi,j (xi§ t) dt (2.17)

admits the representation:

In(z;/b;) (In(z;/b;) + pijoit)?
il@s?) oV 2mt3 P ( 202t ( )

forall ¢t >0 and x; > m; > b; > 0.

3 Case of full information

In this section we compute conditional expectations (2.3) and (2.4).

3.1. Let us begin by computing the terms for the first-to-default (2.3). For this, applying
the Markov property of the process (X!, M1 X% M?), we get:
By m vama |C (X, X7) I(T < 71 A 72) | G (3.1)
= I(t < 71 AT2) By oamo [C(X7, X3) I(T < 71 A T) | Gi]
= I(t <7 A7) Exg o x2.002[C(Xq0, X3) I(T' < 71 A73)]
where we set 7" =T —t for each 0 <t <T'. Here E,, 1, 2,,m, denotes expectation under the
assumption that the process (X', M X2 M?) starts at (w1, my, T9, my) with some x; > m; >
b;>0,i=1,2. Incase 7; > t, we put 7, = 7;(X}, M}, X2, M?). Then, using the fact that the
event {r; >t} can be represented in the form {M; > b;} for any t > 0, we have:
E-Thml,iEQ,mZ [C(Xil“” X%’) I(T, < 7—1, A Té)] (32)
= By iy wgmy |C (X0, Xa0) I(M7, > by, M2, > by)]
= Ethl,m,mz [C<X71J’O7 X72“7’0) [(M;J’O > by, MY%’D > b2)]

where 7/ = 7;(x1,m1, T2, my) and the processes (X0, M*0) i = 1,2, are defined in (2.12)-

(2.13) above. Hence, from (3.1) and (3.2) we obtain:

By arms[C(Xp, X2) (T < 11 A7) | Gi) (3.3)

(0.9) oo (0.9] oo 2
=It<mnA 7'2)/ / / / C(x}, x) Hggvo(Xf, ML T —t, 2, m)) do), dm),
b1 b1 by Jba /=1



where the functions g¢;¢, ¢ = 1,2, are given in (2.15) above.

In a similar way, using the Markov property of the process (X', M!, X2 M?), we get:

Ev\ mywo.ms | D1i(Ti, Xii, Xf’;i) I(1; <T,7 < 13-4) | Gi] (3.4)
= D1 (73, b, X2 I(7; < £, 73 < T3)

+ Euy i oama [D1i (73,0, X2 It < 7 < T,73 < 7325) | G
= Dy (7, bz-,Xf;i) I <t,7 < T3-4)

+I(t <7 AT) Ex1ai x2 [Dy4(t + 7/, bi, Xf_,_i) I(7 <T,7l <75,
for 0 <¢t<T and

E$17m1,362,m2 [Dl,i(t + Ti/> bi’ Xffz) I<Tz/ < Tlv Tz'/ < Téfi)] (35)
= Exl,m1,$2,m2 [Dl,i(t + Ti/a bia Xffz) [(Mflil > b371'> I(TZI < T/)]

= Exl,ml,xg,mg [Dl,i (t + 73,0, b’ia XSfi,O) [(ME;OZ’O > b3f'i) [(Tz 0 S Tl)]

7'170 )

for z; > m; > b; > 0, where 7/ = 7;(x1, m1, T2, ms) and the processes (X370 M37%0) as well as
the hitting times 7,0, i = 1,2, are defined in (2.12)-(2.13) and (2.16) above. Therefore, taking
into account the independence of 7,5 and (X?%°, M?*7*0)  from (3.4) and (3.5) we conclude
that:

Exl,ml,mz,mz [Dl,i(Tia X;L-Z? ijl) [(t <T S Ta Ty < 7—37i) ’ gt] (36)
T poo oo
=1t <711 AT) / / Dy i(t +u, by, 5 _,) hio( X[ )
0 bz—; Jb3_;
X g3—i,0(Xt3_i7 Mtg_i; u, xéwi? méfz> du d*rgfz dmé’wz
where the functions g¢;o and h;, i = 1,2, are given in (2.15) and (2.18) above.

Summarizing the facts proved above let us now formulate the following assertion.

Theorem 3.1. The ez-dividend price of the first-to-default option (2.3) in the model with
full information is given by the sum of the terms (3.3) and (3.6).

3.2. Let us continue by computing the terms for the second-to-default (2.4). For this,



applying the Markov property of the process (X1, M*', X2 M?), we get:

By s eima [(Da,i (73, X2, X270 4+ Ci(Xg, X)) I (135 < 70 < T) | G)] (3.7)
= By aaims [(Da,i (73,05, X270) + Ci( X5, X37)) I(3- < 7 < 1) | G

+ Eaymy o [(Da2,i(73, b, X270 + C( X, X37)) I(13 <t <13 < T) | Gy

+ By o eims [(Da,i (73,03, X271 + Ci( X5, X3 ) I(t < 155 < 7 < T)| Gl
= I(m3i < 73 < 1) (Dai(73, 0, X27) + Exg agt x2,02|Ci( X, X3771)])

+ (73 <t < 7)) Exyoa x2mz[(D2a(t + 7/, b, Xi(_i) + Ci(Xq, X37)) I(r] < T")

+I(t < 71 A72) Exaoap s a2 [(Da(t + 7,00, X370) 4+ Ci( X, X379)) (g < 1) < T7)]

for all 0 <¢ < T, and continue by computing each of the terms separately.

Firstly, we see that:
Ex1,m1,z2,m2 [Ci(X%’v X%/_Z)] - Em,ml,xz,mz [Cz(X;l?a Xg“’_i73)] (3-8)

for z; > m; with b; > m; > 0, where the processes (X3 M®3) ¢ = 1,2, are defined in
(2.12)-(2.13) above. Then, using the independence of (X%3 M®*3) and (X37%3 M37%3)  we

have:

Ewhmhm,mz [CZ(X’}a ng“_i)](TB—i <7< t) | gt] (39)
3—1i

00 b; oo bz_;
=1(r3_; <7 < t)/ / / / Ci(x}, x5_,) Hgg’?,(Xf, ML T —t, 2, m)) do), dm),
o Jo Jo Jo i

where the functions ¢; 3, ¢ = 1,2, are defined in (2.15) above.

Secondly, we observe that:

By iy ea,ma [ Doi(t + 7/, b, X2 I(1] < T')] (3.10)
= By mywoims [ D2,i(t + Tiz—i, by, X;Q’_;,S_Z) (13- < T)]
for x;, > m; > b; > 0 and x3_; > ms_; with bs_; > mg3_; > 0, where the processes

(X376370 M37371) as well as the hitting times 7;3_;, i = 1,2, are defined in (2.12)-(2.13) and
(2.16) above. Then, taking into account the independence of 7;3_; and (X3 "37¢ M3-6371)



we get:
Ey mawama [D2,i(t + Ti, biaXEi_i) I(r3_; <t <7, <T)|G] (3.11)
T—t b3 .
= [(Tgfi S t < Ti) / / Dgyi(t + u, bi, xé’)fz) h%g,l(XZ, U)
0 0
X g3—i,3—i(th_i7 Mf_iQ u, xé—i? mé—i) du dxg—i dmé—i

where the functions gs_; 3_; and h;3_;, i = 1,2, are defined in (2.15) and (2.18) above.
Thirdly, applying the strong Markov property of (X!, M, X2 M?), we get:
By eama | Ci( Xy, X3 I(1] < T')] (3.12)
= Ery maeamaCi( Xl My, X270 METS T — 7)) (7] < 1)

- Exl,ml,xg,mg [C (bza b’L7X3 Z3 ‘ M3 B, T/ Ti,3—i) I(Ti,3—i S T/)]

Ti,3—1

for x; > m; > b; > 0 and x3_; > ms_; with bs_; > ms_; > 0, where the functions @, 1=1,2,

are defined by:

6i (xia My, L3—;, N34} T/ - 'LL) = Eazl,m1,xg,m2 [Cz (Xé“/—ua X’%T_Zu)] (313)

= Ex17m1,x2,m2 [Oi(X%?—w X;’_—ZS)]

for @y, > my with by > my > 0, £ = 1,2, and any 0 < u < T’ fixed. Thus, using the

independence of 7,3 ; and (X353~ M37437%) " from (3.12) we obtain:
By s |Ci(X, X)) I3 <t < 7 < T)] (3.14)
T—t bs_; /\
=I(r3; <t<m) / / / Ci(bi, by, _ymly ;i T —t —u) bz (X} u)
X g3_iz—i( X7 MP a2y, my ) dudaly_ dmly

where, by virtue of independence of (X% M®3) and (X37%3 M37%3)  from (3.13) it follows
that:

~

Cilw, mi, i miy_; T — £ —u) (3.15)
oo prbi poo by 34

:/ / / / Ci(a, ) [ [ ges(atomipn T — t = w, , mi)) daf] dmy]

v =i

10



and the functions g;, and h;,, i = 1,2, £ =1,2,3, are defined in (2.15) and (2.18) above.

Now, applying the strong Markov property of (X!, M X2 M?), we get:

Eay s waans [Dai(t + 71, b3, X57) I(73 1 < 7/ < T7)] (3.16)

= Buymaeaima | Dot +7/,00, X270 I(My, > b)) I(7] < T")]
= Ey) m1,e2,ma [D2,i(t + T?/,—ia Xj‘éiﬁ Mié ’Xfé__ii’ Mfé__i’ T — 7—3 z) I(MZ > bi) [(Té—z’ < T/)]

= Eu\ my w0,mo [ﬁz,z(t + T3-i,05 Xi’;’,w MTZ‘;O,LO, b3—i, b3—; T — T3—i,0) I(Mi;o,w > bi) ](TS—i,O < T/)]

for x; > m; > b; > 0, where the functions ﬁzm 1 = 1,2, are defined by:

ﬁzz‘(t+U7$¢,mi,$3—um3—i;T/ —v) (3.17)

= Exl,ml,mg,mz [D2,1<t + v + Til, bi, Xf/il)l<7—l/ S T/ — 'U)]

= Euymy aoms [ Doi(t +v0 4 Tis—i, bi, Xfi;iffiﬂ(ﬂy?ﬁi <T —v)]

for x; > m; > b; > 0 and x3_; > ma_; with b3_; > m3_; > 0, and any 0 < v < T” fixed.
Hence, using the independence of 73_;0 and (XY, M%), from (3.16) we obtain:

E:vl mi,T2, mz[D2z 7_7,7 zan Z)I(t < T3—; < T; S T) | gt] (318)

T—t
It <71 AT) / / / D2z (t+v,2f,m by, bs_; T —t — v) hy_io( X} 5 0)

X gio(X}, M};v, xf,m)) dvdx) dm!,

where, by virtue of the independence of 7;3_; and (X?~%3~¢ M3~374)  from (3.17) it follows

that:

Dot +v, 2!, ml . mly ;T —t—) (3.19)

T—t—v b3_;
/ / DQz t+v+u, wa z) hZ73—Z(‘T;’U’)

1 "
X g3—i3— 1(3?3 z?mS ir Uy 373 mm3 ;) dudry_;dmg_,

and the functions g;, and h,;,, i = 1,2, £ =0,1,2, are defined in (2.15) and (2.18) above.

11



Finally, we see that:

By v | Co( X, X3 I < 7] < T7)] (3.20)
= By vima [Co( X, X3 ) LMy, > by) I(7] < T')]
= Euy mywams [Oi(Xi/_,; ]\/[Tié_i, Xféj’ Mfiz, T —715)) [(Mg_ > b)) (15, < T

= Eyy myza,ma [Ci( X2, Mi:,_i’o, bs—isby_i; T — T350) I(M.,_ > b)) (1350 <T")]

T3—4,07 T3—1,0

for x; > m; > b; > 0, where the functions @, i = 1,2, are defined by:

Ci(xi,mi,xg,i,mg,i;T’ — U) (321)
= ECCLml,Z'Q,mQ [C\Z(X:-” Mi,’v XS(_i7 MS(_i; T —v— Tz/) I(Tz/ < T — U)]

= Exl,ml,xg,mQ [C (b17 b’L7X3 13 ’ M3 b, T/ - U= Ti,3—i> I(Ti,3—i S T/ - U)]

Ti,3—1

for x; > m; > b; > 0 and x3_; > ms_; with b3_; > m3_; >0, and any 0 < v < T fixed, where
the functions @, i = 1,2, are defined in (3.13) above. Hence, using the independence of 73_;

and (X0 M*%) from (3.20) we obtain:

By agmn [Ci( X, X3V It < 13 < 7, < T) | Gy (3.22)
T—t
t <TIAT / / / xzammbi’) 2] b3 27 —t— U) h3 10(X3 g )

X gio( X}, M}; v, 2, m)) dv dx); dm)

where, by virtue of the independence of 7;3_; and (X?~%3~% M3~%3=4) from (3.21) it follows
that:

( mz"r?) z7m3 Z’T t—U) (323)

T—t—v bs_; A
" "o /.
/ / / Ci(biybi, x5, ms ;T —t —v—u) hyz—i(x);u)
"

/ / . " " 1
X g3—iz—i(T5 s, my g u, x5, my ) dudrs ;dmy

the functions @ admit the representation (3.15) and the functions g¢;, and h;e, i = 1,2,
¢=0,1,2, are defined in (2.15) and (2.18) above.
Therefore, summarizing the facts proved above we are now ready to formulate the following

assertion.

12



Theorem 3.2. The ex-dividend price of the second-to-default option (2.4) in the model
with full information is given by the sum of (3.9), (3.11), (3.14), (3.18) and (3.22).

4 Case of partial information

In this section we compute the conditional expectations (2.5) and (2.6).

4.1. Let us proceed by computing the terms for the first-to-default (2.5). For this, let
H(xj,m;,x3_;,m3_;) be a nonnegative continuous function for any j = 1,2 fixed. By virtue
of independence of the processes (X70, M70) and (X390 M3730) defined in (2.12)-(2.13), we
get:

Eﬂ?l,m1,x2,m2 [H<th7 Mt]7 thija Mtgij) I<t < T A T3*J') | gg] (41)

= 1(t < 75) Eay oy n no [H(X]?, MPO, X770 MPTI0) LM > s 5) | G

=1t < Tj)/b ; H(th’oa Mtj’oaxg—j?mg—j> g3—jo(w3_5,ms_j;t, Ig—jv m/3—j) dxé—j dm%—j

3—j < b3—j
for all 0 <t <T', where the functions gs_jo, j = 1,2, are defined in (2.15) above.
Now, we see that:
By iy wnima D13 (73, X2, X2 I(75 < t,75 < 73-5) | G (4.2)
= 1(1; < 1) Euymyeama (D, (75, b5, X277) (M2 > by ;) [ G]]
= I(7j < 1) By any an.ms [D1j (750, b5, X2 IOV I(ME 70 > bs_5) | G
for 0 < ¢ < T, where the hitting times 7,0, j = 1,2, are defined in (2.16). Thus, using the
independence of 7;¢ and (X?770 M3779) we have:
Eﬂh,ml,xz,mz [DLJ' (Tj> X7J—'j7 ijj) [(Tj <t, Tj < T3*j) ’ gtj] (43)
=I(r; < t)/ Dy (75, bjaxg—j)g3—j,0(£3—j7m3—j;Tjaxg_jvmg—j) dxg—j dmé—j
b3,j

b3,j

where the functions gs_jo, 7 = 1,2, are defined in (2.15) above.

Then, we observe that:
By ez, ms [, (7, XL, XEN I(my < t,75 < 735) | G ] (4.4)
= By imizz,me [Dl,j(ij bj? ij_j) ](Tj < T35 < t) | g?—j]

+ By iy wma D1 (75,05, X2) Iy <t < 155) |G}
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for 0 <¢<T and j =1,2. Hence, by virtue of the independence of 7;¢ and (X370 M3770)

we obtain:
By sezma (D1, (75 b5, X279) Iy < 135 < 1) | Gy (4.5)
= 1(3-5 < 1) Euymy vz o[ D1, (75, b5, XEI) I(ME > by ) I(7; < 75) [ G ]
= (735 < 1) By ny anms (D1, (750, b5, X2 IO I(ME 70 > bs_j) I(750 < 73-5) |G,
and
By ima s [, (7, b3, X279) Iy <t < 7135) |G (4.6)
= I(t < 73-5) By vz [ D1, (75, by, XET) I(ME > by ) I(7; < ) [ G ]
= I(t < 733) By oy ez [ D1 (730, 05, X IOV I(ME 30 > by ) (50 < 1) | Gy
and thus, from (4.4) we conclude that:
By i eaima D13 (75, b5, XE9) Iy < 75 < 713-5) 1G] (4.7)
- /O Dby, X39) IS > by ) ho(a )

where the functions h;o, j = 1,2, are defined in (2.18) above.

Summarizing the facts proved above let us formulate the following assertion.

Theorem 4.1. The ex-dividend price of first-to-default option (2.5) in the model with
partial information is given by the sum of (4.1) and (4.3) or (4.7), where the function H is
given appropriately by the corresponding value in (3.3) or (3.6), respectively.

4.2. Let us conclude by computing the terms for the second-to-default (2.6). Firstly, taking

into account the Markovian structure of the process (X1, M1, X2 M?), we get:
Bz [H(X], MY, X7 MPT) (735 <t < 75) | G (4.8)
=1I(t< Tj)/o /0 v H(th, M7, ngj, mgfj) hs—jo(xs_j;u)
X g3—ja3—j(bs_j,bs st —w, a5 5, my ;) dudry ;dms
and
By o [H (X, MY, X777 MPT) (755 <t < 73) | G (4.9)

I(13_; <t) / / H$ m CXPTT Mt — i) gio(zj,my; s ],xj,m)dx dm
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where the function H is defined by:

~

H(x,mj, a5 5,my 5t —wv) (4.10)
/ / Hx],mj,x3 j,m3 i) 93— ](Z‘ m t—v,xj,m")dx”dm

for 0 <t < T and the functions g;,, j = 1,2, £ =0,1,2, are defined in (2.15) above.
Now, by virtue of Markovian structure of the process (X', M*', X% M?), we see that:

B\ miwa,ms [D2,j (Tj> bj, ijij) I<73*j <7< t) ‘ Qf] (4-11)
Tj e} b3,j

=1I(r; < t)/ / Do (75, b, 25 ;) ha—jo(w3—j5u)

0 0 0

X gS—j,S—j(b?)—ja bg_j; T; — U, ZL‘g_j, mg_j) du dl‘g_j dmé_j
and
Ex17m1,:c2,m2 D2J Tjs b], X )I(T3 - <Tj < t) ’ g ] (4-12)
7'3 —j St / / / DQJ u, bj,XS_j) hj73_j(m;-;u—7'3_j)
X gj70(xj,mj;7'3,j,:c;,m;) du dx; dm;

for 0 <t <T', where the functions g;, and h;, j = 1,2, £=0,1,2, are defined in (2.15) and
(2.18) above.
Finally, using again the Markovian structure of the process (X', M* X% M?), we obtain:

E$17m17x27m2 [H<th7 Mt]7 Xt37j7 Mtgij) I<T3*J' < T < t) | gg] (413)
ba—j _ .
=1I(r; <t) / / H(X], M, o5 ;,mi 55t —75) ha_jo(ws_j;0)
o Jo Jo
X g3—j3—j(bs—j,bs_j; 7j — v, 55, my ;) dvdry ;dmg

where the function H is defined by:

H(xl,m}, x5 ;,my 55t —v) (4.14)

by
/ " / /. "
/ H(xl,ml, af 5,my ) gs_js(ah, mit — v, 5, my ) dey ;dmg
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and
Epyomyva.ms [H (), M, X7 MP) (75 < 75 < )G (4.15)
t (o) [e'e]
= I(735; St)/ / / H(bj, by, X7, M5t — ) hjs—j(xf;u — T3-5)
T3—j Jbj  Jbj
x gjo(xy, my; ms_j, x, m}) duda’; dm’;

where the function H is defined by:

H(al,ml,al 5,my 5t —u) (4.16)

—j
[e’¢) bj
- /O /0 H (], mf,ay_jmf_j) gjs(f, mist — u,@f,mf) daf dm]
for 0 < ¢ < T and the functions g;, and hj,, j =1,2, £=0,1,2,3, are defined in (2.15) and
(2.18) above.

Therefore, summarizing the facts proved above we are now ready to formulate the following

assertion.

Theorem 4.2. The ex-dividend price of first-to-default option (2.6) in the model with

partial information is given by the sum of (4.1), (4.8), (4.9), (4.11), (4.12), (4.13) and (4.15),
where the function H is given appropriately by the corresponding value in (3.9), (3.14) or

(58.22), respectively.
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