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ASYMPTOTIC NORMALITY OF THE k-CORE IN
RANDOM GRAPHS

SVANTE JANSON AND MALWINA J. LUCZAK

ABSTRACT. We study the k-core of a random (multi)graph on n ver-
tices with a given degree sequence. In our previous paper [18] we used
properties of empirical distributions of independent random variables to
give a simple proof of the fact that the size of the giant k-core obeys a
law of large numbers as n — oco. Here we develop the method further
and show that the fluctuations around the deterministic limit converge
to a Gaussian law above and near the threshold, and to a non-normal
law at the threshold. Further, we determine precisely the location of the
phase transition window for the emergence of a giant k-core. Hence we
deduce corresponding results for the k-core in G(n,p) and G(n,m).

1. INTRODUCTION

Let k£ > 2 be an integer, fixed throughout the paper. The k-core of a
graph G is the largest induced subgraph of G with minimum vertex degree
at least k. (It is easy to see that this is well-defined, but note that the k-core
may be empty. It is customary to say that a k-core exists if it is non-empty.)

The question whether or not a non-empty k-core exists in a random graph,
together with questions concerning the size and structure of the k-core when
it does exist, have attracted a great deal of attention over the recent years.
Starting with the pioneering papers by Bollobés [3] and Luczak [22]|, many
authors have studied various types of random graphs and also hypergraphs.
A milestone was the paper of Pittel, Spencer and Wormald [28], who found
the threshold for the appearance of a nonempty k-core in the random graphs
G(n,p) and G(n,m), as well as the size of the non-empty k-core. Several
different proofs of this result have been given since — see our own proof in
[18] and the references therein. There have also been a number of papers
studying the the k-core of a random graph with a specified degree sequence,
for example Fernholz and Ramachandran [9, 10], Cooper [6], Molloy [24] (the
last two references also consider hypergraphs) and Janson and Luczak [18].
Further, related models of random graphs have been studied by Kim [21],
Darling and Norris [7], and Cain and Wormald [5]. (Many of the papers
listed above deduce results for G(n,p) or G(n,m) from their main result.)

In our previous paper [18] we showed that a version of the standard core-
finding algorithm leads to simple proofs of the results on the existence and
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size of the k-core in random graphs with a prescribed degree sequence (un-
der certain conditions), and hence also in the random graphs G(n,p) and
G(n,m). Our main probabilistic tools are standard results on the conver-
gence of empirical distributions of independent random variables, applied
balls-and-bins processes associated with the algorithm. In the present pa-
per we show that a more refined study of these processes leads to Gaussian
limit laws for the processes, and that these in turn imply a Gaussian limit
law for the size of the k-core away from the threshold as well as a precise
description of the threshold and the size of the threshold k-core. In particu-
lar, we show that for G(n,m), the width of the threshold is of the order /n
edges.

Given a graph G, let v(G) and e(G) denote the sizes of its vertex and
edge sets respectively. We assume that v(G) = n and consider asymptotics
as n — oo. We say that an event holds whp (with high probability), if it
holds with probability tending to 1 as n — oo. All unspecified limits in
this paper are as n — oo. We use Op, and o, in the standard way (see e.g.
Janson, Luczak and Rucinski [19]); for example, if (X,,) is a sequence of
random variables, then X,, = Op(1) means “X,, is bounded in probability”
and X,, = 0,(1) means that X,, = 0.

Let us first introduce some notation and recall the main result of Pittel,
Spencer and Wormald [28].

For p > 0, let Po(u) denote a Poisson random variable with mean p. We
denote the Poisson probabilities by

mi(n) =P (Po(n) = j) = e /3!, (1.1)
for integer j7 > 0, and let

¥j(p) = P(Po(u) > j) = Zm(ﬂ)- (1.2)

Note that, for j > 1, 7}(n) = mj—1(p) — mj(p) and ¥}(u) = mj—1(p). Also,
let
cp = ,iri% 1/ V-1 ().

For A > ¢k, or A = ¢ and k > 3, we use pui(A) > 0 to denote the largest
solution to p/vr_1(p) = A.

Pittel, Spencer and Wormald [28] discovered that p = ¢x/n is the thresh-
old for the appearance of a nonempty k-core in the graph G(n,p); equiv-
alently, m = ¢xn/2 is the threshold in the graph G(n,m). More precisely,
their main result is the following. (We write G(n, A,/n) for the random
graph G(n,p) with p = \,/n; we continue to write G(n,m), but we will
only consider the corresponding case m = m(n) = A\,n/2, and we will as-
sume A, — A < 00.)

Theorem 1.1 (Pittel, Spencer and Wormald [28]). Consider the random

graph G(n, A\p/n), where A, — X > 0. Let k > 2 be fized and let Core, =
Coreg(n, A,) be the k-core of G(n, A\p/n).
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(i) If X < ¢ and k > 3, then Corey, is empty whp.
(i) If\ > cx, then Corey, is non-empty whp, and v(Corey,)/n == b (ur(N)),
e(Corey) /n — pue(N)¥e—1(x(N))/2 = mr(X)?/(2N).
The same results hold for the random graph G(n,m), for any sequence
m = m(n) with A, :=2m/n — \.

Note that part (i) does not hold for k¥ = 2. In fact, co = 1 but for
any A > 0 there is a positive limiting probability that there are cycles
and thus a non-empty 2-core. Nevertheless, if A < co, the core is small,
v(Corey) < e(Corey) = Op(1), and, in particular, v(Corey)/n 2, 0.

Pittel, Spencer and Wormald [28] further obtained some refinements of
this result. In particular, they found that in the case A = ¢, for any § < 1/2,
(i) applies when )\, < ¢z —n~% and (ii) applies when )\, > ¢ +n°.

We now state our main theorems. The first shows that above the threshold
the numbers of vertices and edges in the k-core have asymptotic normal
distributions.

Theorem 1.2. Consider either G(n, A, /n) or G(n,m), where m = \,n/2,
and let Corey, be the k-core of this random graph. Assume that k > 2 and
that A\, — X\ > cg. Then, with iy, := ur(\n),

n~1/2 (v(Corek) — Ui (Bn)n, e(Corey) — %ﬁnlﬁk—l(ﬁn)”) - (Zv, Ze),

where Z, and Z. are jointly Gaussian random variables with mean 0 and
a non-singular covariance matriz. More precisely, let i := pugp(\) (so that

= Mpp_1(f)), and define
ay = mp—1(1)/ (Yr—1 () — Pmp—2(7)), (
ae = (Yr-1(i) + fimp—2(7)) / (-1 (R) — fime—2 (7)), (
G = ol i/N) + OGN, mxe (BHLY, (L
)

and o}, (p) = o},.(p;\) are as in Theorem 8.5 (different for G(n,p) and
G(n,m)), then

Var(Z,) = 6pp — 2a,0p + a25L1, (1.6)
1, . .

Var(Z.) = Z(JHH — 20,051 + aloLL), (1.7)

COV(ZU, Ze) = %(6'\311 — .0BL — QO HL + aUaSGLL). (1.8)

At the threshold, we have the following companion result.

Theorem 1.3. Consider either G(n, A, /n) or G(n,m), where m = A\,n/2,
and let Coreg be the k-core of this random graph. Assume that k > 3 and
that A, — cx. Let [ := pg(ck), p:= /ey = Yr—1(11), and

B = (fi — k+ 2)mp_a(fi) > 0. (1.9)
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Let further o = opr (D) + o5 (p) > 0, where orr(p) = orr(p;Pol(ck)) is
gwen by (5.47) and o7 ;(p) = o} (p;ck) is as in Theorem 8.5. Then,

(i) If n*/?(\, — cx) — —o0, then whp Corey, is empty.

(i) If n'/2(\, — cx) — v € (=00, 00), then

P(Corei. # 0) — ®(5*1/0).

where ® is the standard normal distribution function, and, with Z ~

N(0,1),
(n% (v(Corex) — w(ii)n, e(Corey) — 3ty (i)n) | Corex # )
~ (/B2 + s, 9) | 2 > /o).

(iii) If n'/2(\, — ck) — +oo, then whp Corey is non-empty. Moreover,
with [y, == pr(An),

(n = ex)!/20 712 (v(Corey) = (i), e(Corer) — Sfinthp1(7in)n)
d ~ ~
L (2, 52)
where Z' ~ N(0,02/(23p%)).
In particular, Theorem 1.3 shows that the the width of the threshold for
existence of a non-empty k-core is of the order y/n edges for G(n,m) (and
thus of the order n~'/2 for G(n,p), as a function of p), which improves the

result O(n'/2+¢) for every € > 0 given by Pittel, Spencer and Wormald [28].
More precisely, we have the following simple corollary.

Theorem 1.4. Letk > 3. Start with the empty graph with n isolated vertices
and add edges at random, one by one, uniformly over all possible positions.
Let M be the number of edges when the graph first has a non-empty k-core.
Then,

n=1/? (M - %kn) 4, N(0,03),
where o} := o /(4p*) with o* and p as in Theorem 1.3 for G(n,m).

Our formula for ai is rather complicated. Numerical evaluations yield
02 2~ 0.763 and o3 ~ 0.885. (We have c3 ~ 3.35 and ¢4 ~ 5.15 as found by
Pittel, Spencer and Wormald [28].)

Remark 1.5. It follows from the above that the order of the typical ran-
dom fluctuations of the number of vertices or edges) in the k-core is n!/2
above the threshold (Theorem 1.2), decreases like n'/2|\, —¢i,|~1/2 as A, ap-
proaches the threshold ¢ (Theorem 1.3(iii)), and becomes n3/* right at the
threshold (Theorem 1.3(ii)). Asymptotic normality holds above and near
the threshold, but not at the threshold itself. The numbers of vertices and
edges in the k-core (when non-empty) are asymptotically linearly depen-
dent close to the threshold (Theorem 3.5), but not away from the threshold
(Theorem 3.4).
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The main idea in the proofs is to use the version of the core-finding pro-
cess employed in [18] together with a martingale limit theorem by Jacod and
Shiryaev [12]; we are then able to show that certain stochastic processes de-
scribing the progress of the core-finding algorithm are asymptotically Gauss-
ian. Once this is done, we read off size of the k-core from these processes;
this is rather straightforward although the details are time-consuming.

Remark 1.6. Our method works for a fixed random graph, and is not
directly applicable to studying the evolution of the k-core in the random
graph process obtained by adding edges one by one at random. We can,
however, say a little more. Consider G(n, m) for two values of m, of the type
cxn/2+~,n'?/2 and cpn/2+~"n'/? /2 for two convergent sequences v, and
v with 7/, < 7). We suppose that the random graphs are coupled so that
the second random graph is obtained by adding adges at random to the first.
Then Theorem 1.3(ii) holds for each of the two random graphs separately,
but it follows from the proof below, by coupling the processes of balls and
bins used there in a straightforward way, that indeed Theorem 1.3(ii) holds
jointly for both random graphs with the same Z.

The same applies to any finite number of stages in the evolution. In
particular, we may consider m;(n) = |(cin + v;n'/?)/2| with v; = j/N
for j = —N2%,...,N2, for a fixed N at first (and letting n — o0). With
probability 1 — €(N) + o(1), where ¢(N) = P(|Z] > Np?/o), the k-core
will first appear somewhere inside this grid, say when mj,—1 < m < mj,.
More precisely, we may as in the proof below assume that the limit in Theo-
rem 1.3(ii) holds a.s., and then this holds a.s. if jp is the smallest integer such
that 0Z + p?vyj, > 0. In this case, 0Z + p*yj, < p?/N, and it follows that
the number of vertices in the k-core of G(n,m;,) is ¢y (@)n +O(n*4N=1/2).
Hence, with probability 1 — e(N) + o(1), the number of vertices in the first
non-empty k-core is ¥y (f)n + O(n3/AN-1/2).

Letting N — oo, we find that ¢(N) — 0 (so that the probability that
the k-core first appears within the grid approaches 1), and that the number
of vertices in the first non-empty k-core is ¢y (f)n + 0,(n**). Hence, the
random fluctuation is smaller than what we see in Theorem 1.3(ii) for a
fixed m. (We cannot say how much smaller.) In other words, the order n3/4
fluctuations must come from the fluctuations in the time the k-core appears.
We also see that the k-core grows rapidly in the beginning due to the term
V07 + D%y = D\/y — 70, where 7y := —0Z/p? shows the random time the
k-core first appears.

It is possible that our methods can be developed further to give more
precise results for the random graph process. In particular, it would be
interesting to find the magnitude of the variations in the size of the first
non-empty k-core. Are they of the order n'/2?

It would also be interesting to understand the rapid growth of the k-core
in the beginning. Presumably, this happens because there are many rather
big subgraphs that have very few vertices with degree less than k, and these
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are quickly joined to and absorbed by the k-core. It would be interesting to
understand the structure of these subgraphs.

Remark 1.7. It is well-known that co = 1 and that when A > ¢o = 1, there
exists whp a unique giant component in the random graph. The 2-core
contains some cycles outside the giant component, but these are too few
to influence the asymptotics of its size; thus from the point of view of this
paper, it does not matter whether we study the 2-core of the graph or just
the 2-core of the giant component. It was shown by Pittel [27] that, for both
G(n,p) and G(n,m), v(Cores) /n == (1—T)(1—=T/)), where T < 1 satisfies
Te~T = Xe™. He also conjectured asymptotic normality of v(Cores), with
an asymptotic variance of the order n, which we prove in the present paper.

Remark 1.8. We can also obtain similar results on the number of vertices
of given degree in the core, as has been done by a different method by Cain
and Wormald [5]. Indeed, already the simple version of our argument in [18]
shows easily that in the case treated in Theorem 1.2 here, if j > k and ny; is

the number of vertices of degree j in Corey, then ny;/n —— m;(fi), as found
by Cain and Wormald [5]. Moreover, it follows from the arguments in this
paper that n='/2(ny; — m;(fi,)n) has a normal limit, jointly for all j > k.
There is also a similar result in the situation of Theorem 1.3. We omit the
details.

Remark 1.9. In this paper, we treat G(n, p) and G(n, m) together, since all
arguments work for both random graphs with no or very minor changes. It is
also possible to do the proofs for one version only and then derive the results
for the other. To go from results for G(n, m) to G(n,p), we simply condition
on the number of edges as in [27]; note that the asymptotic variance will be
larger for G(n, p) than for G(n, m) since the mean will shift with the number
of edges. It is also possible to go in the opposite direction since the k-core
grows monotonously with the number of edges, see [16].

2. PRELIMINARIES

It will be convenient to work with multigraphs, that is to allow multiple
edges and loops. In particular, we shall use the following type of random
multigraph.

Let n € N and let (d;)} be a sequence of non-negative integers such that
o di is even. We define a random multigraph with given degree sequence
(di)}, denoted by G*(n, (d;)}), by the configuration model (see e.g. [4]): take
a set of d; half-edges for each vertex i (with these sets disjoint), and join the
half-edges into edges by a partition of the set of all half-edges into pairs; such
a partition of the half-edges is known as a configuration, and we choose the
configuration at random, uniformly over all possible configurations. Note
that conditioned on the multigraph being a simple graph, we obtain a uni-
formly distributed random graph with the given degree sequence, which we
denote by G(n, (d;)}).
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Let u, denote the number of vertices of degree r. We further write 2m :=
Soiidi = >, ruy, so that m is the number of edges in the multigraph
G (n, (d;)7).

We will let n — oo, and assume that we for each n are given (d;)} =

(dl(”))’f satisfying the following regularity conditions, cf. Molloy and Reed
[25]. (Our condition (ii) can probably be relaxed, but it will be convenient

to work with. Note that it implies max; d; = o(logn).)

Condition 2.1. For each n, (d;)} = (din))? is a sequence of non-negative
integers such that Y ;" | d; is even and, for some probability distribution
(pr)2 independent of n, with u, = u,(n) as defined above,

(i) up/n:=#{i:d; =r}/n — p, for every r >0 as n — oo;

(ii) for every A > 1 we have 3 u, A" =31 | A% = O(n).

We further assume py < 1.

Let D,, be a random variable with the distribution P(D,, = r) = u,/n =
ur(n)/mn; this is the distribution of the vertex degree of a random vertex
in G*(n, (d;)}). Further, let D be a random variable with the distribution
P(D =r) = py, and let A := ED = " rp,. Then Condition 2.1 can be
rewritten as

D, -5 D, asn— oo, (2.1)
EAP» = O(1), foreach A >1, (2.2)
and A > 0. Note that (2.2) implies uniform integrability of D,,, so

2m _ > i di

; - =ED, »ED=X=) rp; (2.3)
T

in particular A < oco. Similarly, all higher moments converge. (It follows
that our assumption Condition 2.1 is stronger than the corresponding as-
sumptions in Molloy and Reed [25, 26] and Janson and Luczak [18].)

Remark 2.2. The excluded case pg = 1 (where thus A = 0) is rather
degenerate; some of the results below hold trivially, but others may fail.
In this case, most vertices are isolated. By removing all such vertices, we
obtain a smaller random graph of the same type, and our results can be
applied under suitable conditions.

We use the notation 1[€] for the indicator of an event &; this is thus 1
if £ holds and 0 otherwise. We also write E(X; &) for E(X - 1[€]). We use
(X | €) to denote a random varable X conditioned on an event &; thus
E(X | &) =E(X; E)/PE).

We shall consider random thinnings of the vertex degrees. In general, if
X is a non-negative integer valued random variable and 0 < p < 1, we let
X, be the thinning of X obtained by taking X points and then randomly
and independently keeping each of them with probability p. For integers
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[>0and 0<r<Ilet G denote the binomial probabilities
. l _
Bir(p) :==P(Bi(l,p) = 1) = <T>p“(1 —p)l".

Then we have

ZP = 1)Bur(p)-

We further define the functions, for O <p<l1l j=0,1,..., and a given
k> 2,

gjx(p) :=P(X ZZP =1)B(p), (2.4)

r= ]l T
bx(p) == qrx(p ZZP =1)Bi-(p), (2.5)
r=k l=r
hx(p) == E(Xp; X, > k) ZZHP’ X =16, (p), (2.6)
r=k l=r

and, provided E X < oo,

Ix(p) := (EX)p* — hx(p)- (2.7)

These functions for X = D,, and X = D will play an important role

in the sequel, and we use the abbreviated notations ¢;, = ¢;p,, ¢ = ¢jp,

b, = bp,,, b = bjp, etc. They are thus given by (2.4)—(2.7) with P(X =)
replaced by u;/n and p;, and E X replaced by 2m/n and A, respectively.

Lemma 2.3. As n — 00, by(p) — b(p), hn(p) — h(p) and l(p) — U(p),
together with all derivatives, uniformly on [0,1].

Proof. Consider for example

o l
= 3> rBup)= = E f(Duip).

=k r=k

where f(l;p) = Zizk B (p). Then f(Dy;p) N f(D;p) by (2.1). More-
over, 0 < f(l;p) < I, so f(Dp;p) < D, is uniformly integrable by (2.2).
Hence

h(p) = E f(Dn;p) — E f(D;p) = hip)
for each p.
Next, an elementary calculation yields

(f;ﬁh(p) = 1111 () — 110 (0). (2.8)

Thus, for every j7 > 0, using a simple induction and the fact that 0
Bir(p) < 1, we obtain ‘%ﬂlr(p)‘ < (20)7. Tt follows that ‘dp] p)‘
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(20)7 2L, < (20)72. Hence
+2
L HDp)| < (2D,

which by (2.2) is uniformly integrable, and thus

47 47 d7 d’
Tﬂhn(p) =E @f(DmP) —E dipjf(D,P) = dipjh(P)'

Moreover, these derivatives are all uniformly bounded, and uniform conver-
gence for p € [0,1] follows easily (e.g. using the Arzela—Ascoli theorem).
This proves the result for h. The result for [ follows, and the result for b is
proved the same way. O

We note also that by (2.8) (or a combinatorial argument),
= pilBi-1,-1(p)- (2.9)
=

It follows that ¢}(p) > 0 for all p € (0,1) unless g; vanishes identically; hence
b'(p) > 0 and h'(p) >0 for 0 < p < 1 unless h(p) =0 for all p.

Finally, let us consider the Poisson case, which is central for us, and
establish connections with the functions defined in (1.2).

Lemma 2.4. If X ~ Po(\), then

qjx(p) = B(Xp 2 j) = ¥;(Ap), (2.10)
bx (p) = arx (p) = Yi(Ap), (2.11)
ZJ P(Xp =j) = Z T ApYr—1(Ap), (2.12)
J=k !
and
Ix(p) = W = hx (p) = Ap(p — vu—1(Mp)). (2.13)
Proof. The thinning X, ~ Po(Ap); thus (2.4)—(2.7) yield the result. O

3. FINDING THE CORE

The k-core of an arbitrary finite graph or multigraph can be found by
removing edges where one endpoint has degree < k, until no such edges
remain, and finally removing all isolated vertices. The order of removal does
not matter, and we choose the edges to be deleted at random as follows.

Regard each edge as consisting of two half-edges, each half-edge having
one endpoint. Say that a vertex is light if its degree is < k, and heavy if
its degree is > k. Similarly, say that a half-edge is light or heavy when its
endpoint is. As long as there are some light half-edges, choose one such half-
edge uniformly at random and remove the edge it belongs to. (Note that
this may change the other endpoint from heavy to light, and thus create new
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light half-edges.) When there are no light half-edges left, we stop. Then all
light vertices are isolated; the heavy vertices and the remaining edges form
the k-core of the original graph.

We apply this algorithm to a random multigraph G*(n, (d;)}) with given
degree sequence (d;)}. We use the configuration model as described in Sec-
tion 2, and combine the core-finding algorithm with the generation of the
random configuration by revealing the pairs in the configuration, and thus
the edges in G*(n, (d;)T), only when the edges are removed by the algorithm.
(The remaining pairs are revealed when the algorithm stops.) It is easily
seen, see [18] for details, that if we observe only the vertex degrees in the
resulting multigraph process, they can be described by the following process
of coloured (white or red) balls (representing half-edges) in n bins (repre-
senting vertices), if we consider the white balls only. (The careful reader
will notice that the version here differs slightly from [18], but it is obviously
equivalent.)

Begin with d; balls in bin ¢, ¢ = 1,...,n; there are thus 2m balls in total.
Initially, all balls are white. Say that a bin is light (at a given time) if it
contains < k white balls, and heavy if it contains > k. Similarly, say that a
ball is light or heavy when the bin it belongs to is.

We start by colouring a random light ball red. The process then runs in
continuous time such that each ball has an exponentially distributed random
lifetime with mean 1, independent of the other balls. This means that balls
die and are removed at rate 1, independently of one another. Further, when
a white ball dies, a randomly chosen light white ball is coloured red, provided
that there is some such ball; we stop when a white ball dies and there is
no light white ball left. (The interpretation in terms of the graph is that a
white ball that is coloured red and the next white ball that dies represent
two half-edges that are joined to form an edge, and this edge is deleted by
the core-finding process.)

We let L(t), H(t), and B(t) denote the numbers of light white balls,
heavy balls (which always are white), and heavy bins at time ¢ respectively,
and let 7 be the time the process stops. (B is denoted H; in [18].) There
are no white light balls left at 7, which would give L(7) = 0, but the last
deletion and recolouring step is incomplete, so we rather define L(7) := —1,
pretending that we did recolour a (non-existing) ball at 7 too. Moreover,
the heavy balls left at 7 are exactly the half-edges in the k-core. Hence
the number of edges in the k-core is £ H(7), while the number of vertices is
B(7).

We now consider a sequence G*(n, (d;)}), n > 1, with (d;)} = (dﬁn))?
satisfying Condition 2.1; we use the notation L, (t), H,(t), Bn(t), and 7,,.
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We will change variables and define, for ¢t > 0,

ba(t) = bu(e), (3.1)
B (t) := hn(e™?), (3.2)
[() = I (et) = %me—?t (). (3.3)

and similarly for b(t), h(t), I(t); note that b, — b, hy, — h, and I, — [ on
[0, 00), again uniformly and with all derivatives.

We will show that the processes By, (t), Hy(t) and Ly (t), suitably normal-
ized, converge jointly to certain Gaussian processes. We have defined the
processes on [0, 7,,] only. It is possible, and sometimes useful, to extend the
processes to all t > 0 by changing the rules after 7,,, but we find it simpler
to state the result for the stopped processes, even though this makes the
next theorem a bit technical. (See also Remark 5.1.) Recall that if 7 is a
stopping time and X (¢) is a stochastic process, then the process stopped at
T is the process

X7(t):=X({tAT), 0<t<o0. (3.4)

(We use the notation Ay := min(z,y).) Note that X only has to be defined
on [0, 7].

For reasons that will become clear in Section 7, we consider also a modi-
fication of our processes where we condition the configuration on containing
a given (small) set of pairs of half-edges, which means that the multigraph
G*(n, (d;)T) contains a given set of edges; we say that these half-edges and
edges are golden. We run the core-finding process as above, with the modi-
fication that we never remove a golden edge. (The final result thus contains
all golden edges, so it may be larger than the k-core.) Translated into our
balls-and-bins process, this means that we now also have some golden balls
from the beginning; golden balls are always heavy, do not die and are never
recoloured. A white ball in the same bin as a golden one is, as before, light
if the total number of balls in the urn is < k, and heavy otherwise, but we
say that any bin containing a golden ball is heavy.

We let D[0, 00) be the standard space of right-continuous functions with
left limits on [0, 00) equipped with the Skorohod topology, see e.g. [12] or
[20, Appendix A.2]. In particular, if f is continuous, then f,, — f in D0, c0)
if and only if f,, — f uniformly on every compact subinterval.

Theorem 3.1. Assume Condition 2.1 and use the notation above. Let
7! < 1, be a stopping time such that T, == to for some ty > 0. Then,
jointly in D|0, c0),

nV2(By(t A7) — nbu(t ATL)) =5 Zp(t Ato). (3.5)
n V2 (Hy(tATh) = nhn(EAT)) =5 Zu(t Ato), (3.6)
n V2 (Lot ATL) = nln(t ATL)) 5 Z1(E A to). (3.7)
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where Zp, Zy and Zy, are continuous Gaussian processes on [0,ty] with
mean 0 and covariances that satisfy, for 0 <t <tg and v, € {B,H, L},

Cov(Zy(t), Zs(t)) = Ous(eh), (3.8)

where 0y,.(x) = oy (z; (pr)°) are given by (5.37)—(5.47).

If further ty > 0 and P(D > k) > 0, then the covariance matriz of
(ZB(t), Zu(t), ZL(t)) is non-singular for any fived t with 0 <t < ty.

The same results hold if, for each n, we select a set of O(1) pairs of golden
half-edges.

The proof of Theorem 3.1 is given in Section 5.

In order to specify the distribution of the Gaussian processes Zp, Z and
Z1, completely, we also need their covariances for a pair of distinct times.
These too can be determined from the proof but, for simplicity (and since
we do not need them for our further results) we give explicit formulas only
in the single time case.

Remark 3.2. In many cases, e.g. Theorem 3.4 below, 7, —— to for some
to, and we may, and should, take 7], := 7,,. The reason for introducing 7/,
is that there are some interesting cases, in particular in Theorem 3.5 below,
where 7,, does not converge in probability to a constant; we then stop at a
possibly earlier time 7;, in order to obtain simple results (and proofs). Note
that it was shown in [18] (without golden balls) that we have

sup Ly (t)/n = I(2)] 5 0; (3.9)

this is less precise but valid up to 7,,. It is easily seen that (3.9) holds also
if we allow O(1) golden balls. (This is true since, for instance, (3.9) follows
easily from (5.4), (5.12) and (5.15) in the proof below.)

Remark 3.3. The extra condition P(D > k) > 0 is equivalent to p; > 0 for
some j > k 4+ 1. If this fails, then we have the following three exceptional
cases, which also follow from the proof in Section 5 (we omit the details):

(i) HPD > k) =0but P(D =k) >0 (p; =0 for j > k+1 but
pr > 0), then Zy = kZp and (Zp(t), Zr(t)) has a non-singular
Gaussian distribution for 0 < ¢ < tg, except when & = 2 and also
p1 =0 (D €{0,2} as.).

(ii) If k =2 and D € {0,2} as. (p; = 0 for j # 0,2), then Zy = 2Zp
and Zy, = 0; further, Zp(t) has a non-singular Gaussian distribution
for 0 <t <ty.

(ili) IfP(D > k) =0 (p; =0 for j > k), then Zp = Zy = 0, while Zr(t)
has a non-singular Gaussian distribution for 0 < ¢t < ¢.

From Theorem 3.1 we deduce the following two results for G(n, (d;)}),
which are analogues of Theorems 1.2 and 1.3 for G(n, p) and G(n, m). Again,
these two results show the joint asymptotic normality of the number of
vertices and edges in the k-core above the threshold, as well as a more
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complicated limit law at the threshold. The proofs are given in Sections 6
and 7.

Theorem 3.4. Let k > 2. Assume Condition 2.1 and use the notation
above. Let Corey, be the k-core of G*(n,(d;)T). Let p be the largest p < 1
such that l(p) = 0, and suppose that 0 < p < 1. Suppose further that
() >0. Let o :=1I'(p) = 20p— W(P) > 0, let t = —Inp and let Zy,, Zy
and Zp be as in Theorem 3.1. Then

n=1/2 <U(Corek) — b (Pu)n, e(Corey) — %hn(ﬁn)n)
-5 (28 ~ W@ 20D, 320D — 307 WH)ZD). (310)

where Py, is the largest p < 1 such that l,(p) = 0; further, p, — p. The limit
distribution is a Gaussian random wvector with a non-singular covariance
matrix.

The same result holds for G(n, (d;)T).

The covariance matrix is easily calculated explicitly, but the formulas are
complicated and we refer the reader to (3.8) and (5.37)—(5.47).

Theorem 3.5. Let kK > 3. Assume Condition 2.1 and use the notation
above. Let Corey, be the k-core of G*(n, (d;)T). Suppose that ming<,<1 l(p) =
0. Suppose further that there exists a unique p € (0, 1] with I(p) = 0, that
p <1, and that 8 :=1"(p) > 0. Then, for every dy > 0 with §y < p, at least
for n sufficiently large, l,, has a unique minimum point py in [dg, 1], and
Pn — D and 1,(5,) — 0 as n — oo. Let further o := o (p)Y/? > 0, given by
(5.47).

(i) If n*/?1,(pn) — +o0, then whp Corey, is empty.

(ii) If n*%1,(p,) — € € (—o0,0), then,

P(Corey, # 0) — ®(—(/0), (3.11)

where ® is the standard normal distribution function, and, with Z ~

N(0,1),
(n~%/(v(Corer) = bu(Ba)n, e(Corer) — Lha(Ba)n) | Corey, # 0)
= (2/8)'*VoZ =), WD) | 2 > (/o).
(iii) If n'/21,(p,) — —oo, then whp Corey, is non-empty. Moreover, there

is, at least for large n, a unique p,, with l,(pn) =0 and p, < pp < 1,
and

L ()| Y/ 201/ <v(Corek) — bu(Bn)n, e(Corey) — %hn(ﬁn)n)
L wp7z, IWmz), (3.12)
where Z' ~ N(0,02/(23)).
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The same results hold for G(n, (d;)T).

If further I',(p)? = o(1,(p)), then in the above results l,(p,) may be re-
placed by 1,(p). Moreover, if I',(p) = o(n~*), then b, () and h,(pn) may
be replaced by by (p) and hy(p) in (ii).

4. SOME MARTINGALE THEORY

Our proof is based on martingale theory, in particular a martingale limit
theorem by Jacod and Shiryaev [12]. We will use the quadratic variation
[X, X]¢ of a martingale X defined on [0, 00), and its bilinear extension [ X, Y];
to two martingales X and Y. For a general definition see e.g. [12]; for us
it will suffice to know that, if X and Y are martingales of pathwise finite
variation, then

(X, Y] = ) AX(s)AY(s), (4.1)

0<s<t

where AX(s) := X(s) — X(s—) is the jump of X at s and, similarly,
AY (s) :=Y(s) — Y(s—). The sum in (4.1) is formally uncountable, but in
reality countable since there is only a countable number of jumps; in the ap-
plications below, the sum will be finite. Note that [X — X, Y —Yp] = [ X, Y].
(There is some disagreement in the literature concerning the definition of
[X,Y] in the case where X (0)Y(0) # 0; we have chosen the version in [12],
with [X,Y]o =0.)

For vector-valued martingales X = (X;)i2; and Y = (Y;)7_,, we define

the square bracket [X,Y] to be the m x n matrix ([X;, Y]])”

A real-valued martingale X (s) on [0,] is an L?-martingale if and only if
E[X, X]; < oo and E|X(0)|? < oo, and then

E|X(t)* =E[X, X]; + E|X(0)% (4.2)

We will use the following general result based on [12]; see [15, Proposition
9.1] for a detailed proof. (See also [13] and [14] for similar versions).

Proposition 4.1. Assume that for each n, M, (t) = (Mpi(t))i, is a q-
dimensional martingale on [0,00) with M, (0) = 0, and that X(t), t > 0, is
a (non-random) continuous matriz-valued function such that for every fixed
t>0,
[M,,, M); = 2(t)  as n — oo, (4.3)
sup E[Myi, Myl < o0, i=1,...,q. (4.4)
n

Then M, A M oasn — 00, in DI[0,00), where M is a continuous q-
dimensional Gaussian martingale with B M (t) = 0 and covariances

EM@)M (u) =%(t), 0<t<u<oco.

Remark 4.2. By (4.2), (4.4) is equivalent to sup,, E | M, (t)|? < oo, the form
used in e.g. [15].
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The proposition thus yields joint convergence of the processes M,;, 1 <
i < ¢q. This extends immediately to infinitely many processes (formally the
case ¢ = oo) by considering finite subsets, since, by definition, an infinite
family of random variables (or processes) converge jointly if every finite
subfamily does.

We will apply Proposition 4.1 to stopped processes. We say that a sto-
chastic process X is a martingale on [0, 7], where 7 is a stopping time, if the
stopped process X7 defined in (3.4) is a martingale on [0, c0).

Throughout our proofs we shall use M or M’ to denote an unspecified
martingale.

5. PROOF OF THEOREM 3.1

We assume for simplicity that there are no golden balls, and leave to
the reader the very minor modifications in the case with O(1) golden balls.
(When defining U,,, and V,., below, we count only those bins that do not
contain any golden balls.)

Consider first W,,(t) := Ly(t) + Hy(t), the number of white balls. By
construction, W, (0) = 2m — 1. Moreover, W,,(t) decreases by 2 each time
a white ball dies. Since each ball dies with rate 1, it follows that on [0, 7],
writing in differential form,

AW, (t) = —2W,(¢) dt + dM(2). (5.1)

In other words, W, (t) + f(f 2W,(s)ds is a martingale on [0,7,]. In this
section we will for simplicity usually omit the qualification “on [0, 7,]”, but
it is tacitly assumed that we consider ¢ < 7, only, unless stated otherwise.

Remark 5.1. It is possible to continue the process W, after 7, so that (5.1)
still holds, by merging all the bins into one and using the straightforward
rule that balls die with rate 1 and that, whenever a ball dies, a second ball
is removed. This works until there is only one ball left; we may also change
W, by £1 as in [18] and have W, (t) defined for all ¢ > 0, still with (5.1).
Similarly, we may extend the U,, and all the other processes derived from
it below to all ¢ > 0; the extended processes are defined by ignoring the
colours of remaining balls, so that we simply have bins with balls that die
independently of one another at rate 1. However, we have been unable to
find a good way to extend both W,, and the other processes together. We
therefore usually consider the processes up to 7, only.

By (5.1) and It6’s lemma,
d(e*Wy(t)) = e dW,(t) + 2e* W, () dt = e* dM(2),
another martingale differential, i.e., @(t) = eXW,(t) is a martingale.

(Note that, for each n, W, (t) is bounded by 2m(n). Thus ﬁ/\n(t) is bounded

on every finite interval. Hence, W,,(t A 73,) is a square integrable martingale
on every interval [0,7], and not just a local martingale. The same applies
to the other martingales in this section.)
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Since distinct balls a.s. die at distinct times, all jumps in W, (t) equal —2,
and the quadratic variation of W, is given by, using integration by parts,

t
Wi = 3 AT = 3 [FAW,(5)]? = / 21 d(—TW(s))
0<s<t 0<s<t 0

= —2¢YW,,(t) + 2W,,(0) + /t 8e* W, (s) ds. (5.2)
0

In particular,
P t
W, T, < 26 / A=W, (5)) < 260, (0) < 4me™.  (5.3)
0

Let W (t) := n_l/V[Zl(t A Tp). Then W is a martingale on [0, c0), and, for
every T' < o0,

(W W = n =2 [W, Walras, < 4¢Tm/n? =0

as n — 00, by (2.3). Moreover, 0 < W*(t) < 2m/n = O(1). We can thus
apply Proposition 4.1 to W *(t) — W,*(0), with ¢ = 1 and X(¢) = 0. In this
case, the limit M satisfies Var(M(t)) = X(t) = 0, and thus M(t) = 0 a.s., for
every t. Consequently, we have shown W*(t) — W*(0) — 0 in D[0, c0), and
thus W*(t)—W*(0) == 0 uniformly on [0, T] for every T’ < co. Equivalently,

n L sup| Wi, (t) — Wy (0)e | = 0. (5.4)
t<T
(This was shown in [18, (5.1)] by other methods. Actually, [18, (5.1)] is
equivalent to (5.4) above with T' = oo, which is an easy consequence of (5.4)
for finite T' because W,,(t) is decreasing and e~ — 0 as t — 00.)
Returning to (5.2), we obtain by (5.4), for every t € [0,T A 7,] with T
fixed,

t
(Wi, Wils = —2eW,,(0)e™2t + 2W,,(0) + / 8e* W, (0)e™% ds + 0, (n)
0

= W,o(0)(—2¢*" + 2 + 4€* — 4) + 0p(n)
= 2W,(0)(e* — 1) 4+ 0p(n) = 2(2m — 1)(e*" — 1) + op(n)
=2xn(e* — 1) + oy(n).

Defining

— o~

Wa(t) := 0~ V2(W,(t) — Wi (0)) = n~ /2 (X Wy (t) — Wi (0)),

we have
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Let us now stop the processes at 7, < 7,. By (5.5) and the assumption

), LN to, the quadratic variation of the stopped process converges in prob-
ability to 2A(e2(A0) — 1), for any fixed ¢ € [0, 00). Moreover, by (5.3),

[Wna Wn}t/\T,,’L — n_l[mla V[/;L]t/\‘l',,’Z é 4m64t/n7

which is bounded for every fixed t. Consequently, Proposition 4.1 applies to
the stopped process and shows that

WatAT) -5 Z(tAty) i D0, 00), (5.6)
where Z is a continuous Gaussian martingale with E Z (t) = 0 and covari-
ances

E(Z(t)Z(u)) =2X(e* —1), 0<t<u<oo. (5.7)

(We can, if we want to, assume that 7 is defined, with this covariance
function, for all ¢ > 0; Z is just a time-change of a standard Brownian
motion B: Z(t) = B(2A(e* —1)).) We define further

Wa(t) i= V2 (Wa(t) — W (0)e™) = e 2 W, (1), (5.8)

Zw (t) == e 2 Z (1), (5.9)
and note that Zyy is a continuous Gaussian process with Zy () ~ N (0, 2\ (e=2/—
e~4)). Then (5.6) implies

Wa(tATL) -5 Zw(t Atg)  in D0, 00). (5.10)

Next let us ignore the colours. For r = 0,1,..., let U,y (t) be the number
of bins with exactly r balls at time ¢, and let V., (t) := > .-, Usn(t) be the
number of bins with at least r balls. Thus Vo,(t) = Y, Umn(t) = n and
Urn(0) = ur(n). Note that

Bn(t) = an(t)> (511)
Ha(t) = 3 Upn(t) = KVin(1) + 3 Vin(1) (512)
r==k k+1

Since V,.,, changes (by —1) precisely when a ball dies in a bin with r balls,
and there are rU,,, such balls,

AV, (t) = —rUpn(t) dt + dM'.
Define further ‘A/m(t) = "'V, (t). Then
AV (t) = 1€ Vo (£) At + €7t AV, ()
= re"Vyp (t) dt — re" U, (t) dt 4 e dM’
= rertw+17n(t) dt + dM = re_tf},url,n(t) dt + dM,
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where dM = e d M’ is another martingale differential. It follows that

t
My (t) := Ve (t) — T/ e *Viyin(s)ds (5.13)
0
is a martingale for every r > 0. The quadratic variation is
[MrnaMrn t = Z |AMrn Z |Av;“n
0<s<t 0<s<t
t
=§Z¥ﬂM%@2=/¥WwMMm. (5.14)
0<s<t 0
Define

Mrn(t) =n 1/2( rn(t) - Mrn(o))§
this is a martingale with MM(O) = 0. Note that
My (0) = Ve (0) = Vin(0) = > w(n)
>r

It follows from [18, Lemma 4.4] that, for every r > 0, as n — oo,

Stlig “/rn(t)/n - QT(e_t)’ o 0, (5'15)

where g, (p) := P(Dp, > r), see Section 2. (This could also be proved similarly
to (5.4) above, using (5.23) below.) Using integration by parts twice, we
obtain from (5.14), that, if 0 < T < oo is fixed then, for ¢t < T A 7,,

[Mrn’ Mrn]t = nil[Mrnv Mrn]t

=n! (VM( ) — 2"V (t) + / Vin(5)2r€?" ds)
t
=q-(1) — +/0 gr(e™%)2re?* ds + op(1)

=A?WM <»+%m—/t2wmm«un
(5.16)
Moreover, (5.14) further implies

[Mrna Mrn]t = nil[Mrrw Mrn]t < nile%ﬂtmn(o) < 62”- (517)

Consequently, again by Proposition 4.1 applied to the processes stopped at
T

My (tAT) -5 Yt Aty) i D0, 00), (5.18)
where Y, is a continuous Gaussian martingale with EY;(¢) = 0 and covari-
ances

1
mmunuwr:/“pﬂwmnm 0<t<u (5.19)
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Furthermore, since V., and V,, with s # r, a.s. never change simultane-
ously, [M,,, My,] = 0. Hence, by Proposition 4.1 applied to the vector-valued
martingale (]\A/fm)fzo, for fixed but arbitrary R > 1, (5.18) holds jointly for
all » > 0, with a diagonal covariance matrix for (Y;)7°, which implies that
the processes Y, (r =0,1,...) are all independent.

To deduce results for V;.,, we have to invert (5.13). We have, using (5.13)
repeatedly,

~

t
Vin(t) = My (t) + 7‘/ e *Viyin(s)ds
0

= Mrn(t) +/ Te_SMT-H,n(S) ds

s<t

+ / re " (r+1)e 2 ‘7,,+27n(32) dso dsq,
s9<81<t

and so on, and it is easily verified by backwards induction that

Vin(t) = Myn(t) + i r(j - 1) /0 t (€=* — eI, 1 (s) ds.

j=r+1 r
(5.20)

Note that the sum actually is finite for every n, since V,,(t) = 0 and
My (t) = 0 when r > n.
Define, for ¢ > 0,

Do (£) = My (0) + i r(j - 1) /0 Lm0 — e (0) ds.

Jj=r+1 "
(5.21)

We claim that 9,,,(t) = ne"qq,(et). To see this, it is convenient to tem-
porarily assume that V,,(t) and M,,(t) are defined for all ¢ > 0, see Re-
mark 5.1. Since then M,, is a martingale on [0, 00), we have E M,,(t) =
M, (0), and thus E V., (t) = 6, (t). On the other hand, E Vy, (t) = €™ E Vi (2),
and V., (t) is the number of bins with at least r balls at time ¢ in the process
where balls die independently with rate 1 (without stopping). At time 0, the
number of balls in a random bin has the distribution of D,,, and at time ¢ it
thus has the same distribution as the thinned variable D,, .-+. Consequently,

brn(t) = EVyp(t) = " P(Dyy -t > 1) = ne (e ™), (5.22)

n,e

verifying our claim.
Accordingly, for t < 7, let

?rn(t) =2 (XA/m(t) - nertqm(e_t));
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we find from (5.20)—(5.22) that

Von(t) = Mo (t) + i 7~<j _1> /0 et — ety 1e=S T (5) ds.

Jj=r+1 "
(5.23)

We can now apply (5.18) (with joint convergence) to any partial sum. Fur-
ther, from (5.17) we have [M,,, M,,,); < €*"'V,.,(0)/n. By Condition 2.1(ii),
for any A > 1 there exists C4 such that V,,(0) < A7"3 22 gu; A7 <
CaA~"n. Thus, for any T > 0, choosing A = €272,

(M, My < €7V, (0) /0 < Cpe™.

Hence, using (4.2) and Doob’s L2-inequality, we obtain

Esup M2, (t) < 4E[Myp, My]r < Clre™ 2.
t<T

Then by the Cauchy—Schwarz inequality,
E sup Mrn(t)‘ < Cle™. (5.24)
t<T
Hence, by (5.18) and Fatou’s lemma,

Esup [Y,(t)] < Ce™". (5.25)

t<to

Let Rnn(t) be the tail of the sum in (5.23), summing over j > N only.
Using (5.24), it is easily seen that, for any fixed r and T, E sup,< | Rny (t)| —
0 as N — oo, uniformly in n. Then using the convergence of the partial
sums, we may by [2, Theorem 4.2] take the limit (5.18) (in distribution)
under the summation sign in (5.23). It follows that

Vin(t A7) -5 X (t A to), (5.26)

in DJ0, 00) for each r, where

() = Yi(t) + i r(‘j _1> /0 et ety (s) s, (5.27)

j=r+1 "
It is an easy consequence of (5.25) that the sum in (5.27) a.s. converges

uniformly in ¢ < tg, which implies that each X, is continuous.
Next, define for each r

Von(t) = 0 Y2 (Vo (1) — ngen(e™)) = € Ppn(t), (5.28)
X, (t) = e "X, (). (5.29)

Then, by (5.26),

Vin(EATL) =5 X, (E A o). (5.30)

Furthermore, our proof shows also that there is joint convergence for differ-
ent r in (5.30). Moreover, the same argument as above (with truncation to
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finite sums, using (5.24) and [2, Theorem 4.2]) shows that we can sum over
r > k to yield, jointly with (5.30) and with a continuous limit on the right
hand side,

S Vit ATh) -5 3T X (t At). (5.31)
r=k r=k

It now follows from (5.11) and (5.12) that (3.5) and (3.6) hold with Zp = X},
and Zg = kXp + > 2,1 Xo, see (3.1), (3.2), (2.5), (2.6).

Finally, let us apply Proposition 4.1 to Mm, for all r > k, and Wn to-
gether. Each time V,.,, jumps (necessarily by —1) for some r > k, a white ball
dies and thus W, jumps too (by —2). (We restrict ourselves to r > k here,
and recall that every heavy ball is white.) Thus the quadratic covariation is

—~  —~

(M, Wy =0t Z AMM(S)AWH(S) =n! Z A‘Zn(s)AWn(s)

0<s<t 0<s<t
t
—n Y lRAV (AW (s) =0 [ 261 (),
0<s<t °

and (using integration by parts as in (5.16)), we obtain from (5.15) that

—_ —~ 1

(M, Wh]e = 2/0 elrt2)s d(—gr(e™)) + 0p(1) =2 /e—t p " *dg(p) + ;;(31;)-

Hence, Proposition 4.1 implies joint convergence for M,, (r > k) and W\n

stopped at 7/, and by (5.23) this also holds for Vyn. Hence we can regard
the Gaussian processes Zyy, Y, and X, r > k, as jointly defined, and jointly
Gaussian, and the limits above holding jointly (at least for » > k). But
L, (t) = Wy(t) — Hy(t) so, combining together (5.11), (5.12), (5.10), (5.30),
(5.31), (3.3) and (5.8), yields (3.5)~(3.7), with

Zg = X, (5.33)
o
Zy =kXp+ Y X, (5.34)
r=k+1
o
2= 2w — Zy = Zw — kXg — Z X, (5.35)
r=k+1

Next we compute the covariances of the processes Zr,, Zy, Zpg. As stated
above, for simplicity we shall only consider the case of a single time t; we
leave the general case of two different times to the reader. For convenience
we make the change of variable t = — Inz; thus = e~ decreases from 1 to
0. In what follows, we assume that 0 < ¢t < to (so that e7% < x < 1), and
that r,s > k. Also, for convenience, in (5.42)—(5.47) our results are stated
in terms of quantities oyww (), o.w () and o,5(x) defined below.
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First, by (5.7),
Var(Z\(— Inz)) = E(Z\(— ln:v)2) =2\(z7% - 1)

and thus

oww (z) :== Var(Zw(—Inz)) = Var(xQZ(— Inz)) = 2\(2? — 2*).

Similarly, by (5.19) and the ensuing comments,

1

Cov((Y;(—1Inz), Y(—lnx)):&s/ p 2" dg,(p).

xX
Moreover, (5.32) implies, by Proposition 4.1,
1

COV(}/T(—IDI'),Z\(—IDI')) = 2/ p "2 dg.(p).

x

(5.36)

(5.37)

(5.38)

Let s = —Iny. Recall that Z is a martingale, and so Cov(?(t),Yj(s)) =

COV(Z\(S),Y}(S)). Then from (5.27), for s <,
Cov(X,(—Inz),Z(—Inz)) = 2/

x j=r+1

where we define, with the change of variable y = e¢™*

)

1 1
am<w=/°<y—xV”*2Ly P2 da;(p) dy

/ / (y — )y " p=I 72 dy dg;(p)
x Jy=x

/<p—xw 52 dgy(p).

]*’I“

Hence,

p e (p)+ > <j ; 1) arj(x)

Cov(X,(~Inz), Z(—Inz)) = i(i:i)/ (p—2)"p~"2dg;(p)

and, recalling (5.9) and (5.29),

orw (z) == Cov(X,(—Inz), Zw(—Inz))

(5.39)

N
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Similarly, by (5.27) and (5.19)

V(%) = [ )+ 3 @ 1>2

T
x j=r+1

1
X 2 // (y — x)j_r_l(z — x)j_r_l / p dg;(p) dydz
r<y<z<l p=z

and, omitting the details, for 7 > 1,

COV()?T(_IHZ'),)?T+¢(—1H$))
= (i1 J—1 L gjear—ij i
J=r+i
Hence, by (5.29) again, for i > 0,
Orpti(@) = Cov (X, (= Inz), Xppi(— Inz))
oo . . 1

_ 2+ J— 1 J— 1 N2 —2r—i,—2j . 41
x j;ﬂ (T_1> <T+i_1)/x (p— ) p~ ¥ dg;(p). (5.41)

The covariances of the processes Z1, Zy, Zp now follow from (5.33)—
(5.35), (5.37), (5.40), (5.41); (3.8) now follows, with

opp(x) = opk(x), (5.42)

opu(z) = kowe(z) + Y oke(2), (5.43)
r=k+1

onn(x) = Ko@) +2k Y op(@)+ D onl@), (5.44)

r=k+1 r,s=k+1

opr(z) = opw(z) — opu(x), (5.45)

onL(@) =koww(z) + Y oww(x) — onn(), (5.46)
r=k+1

ULL($‘> = O'WI/V(J:‘) — 2k0kw(x) -2 Z er(w) + UHH($)- (5.47)
r=k+1

Finally, to see that this gives a non-singular covariance matrix when
P(D > k) >0and t = —Inz € (0,tp], we argue as follows (without us-
ing the explicit formulas above). Assume that the matrix is singular for
t = t;1 > 0. Then CLBZB(tl) + CLHZH(tl) + CLLZL(tl) = 0 a.s. for some
constants apg, ap,ar, not all zero.
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If ar, = 0, then (5.33) and (5.34) show that either Xy =a} -, ., X; for
some @ or X1 = —) ;5,0 X; as. By (5.29) and (5.27), this means that
for either [ = k or [ = k41, Y} is a.s. equal to a function of {Y}};-; that can
be written as a sum )Y, fgl fj(s)dYj(s) of stochastic integrals, for some
deterministic functions f;(s) (depending on ¢;). However, the processes
Y; are independent, so this is impossible unless Y;(¢;) = 0 a.s., but this
contradicts (5.19) and (2.9) since P(D > k +1) > 0.

If a;, # 0, we similarly see that Z(t1) = €21 Zyy (t1) is a.s. equal to such a
sum, now over j > k, so that for suitable deterministic functions f;

2= [0z =3 [T s avi(
j=k

(The integrals on the right hand side are independent, and the sum converges
in L2.) In other words, when t = ¢,

/ ( Zf] ) — 0. (5.48)

This stochastic integral is a martmgale, and thus (5.48) holds for all ¢t €
[0,¢1].
Rewrite (5.36)—(5.38) as

Var(Z( t)) :/0 bzz(s)ds,
Cov (¥} (0). () =3 [ by

Cov(Z(1), Y;(t)) = /0 by, (s) ds,

where
bzz(t) = 4Xe?, (5.49)
bjj(t) = e Vigi(e™), (5.50)
bz;(t) = 2eU DI (e™). (5.51)

Then, computing the variance of the stochastic integral in (5.48) we find,
for 0 S t S tl,

/0t<bZZ — QZfJ s)bz;(s) + ifj(s)%jj(s)) o,
j=k

and thus, for a.e. s € [0, tl]

bzz(s _QZf] s)bz;(s ij (5.52)
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Now, the arithmetic—geometric inequality shows that

2/;(s)bzj(s) < J5(5)%jj(s) +bz;()* /bjs (s),
so, using formulae (5.49)—(5.51), we deduce from (5.52) that

AN =byy(s) < Z bzi(s)?/bjj(s) =4 €* : (5.53)
ji=k
On the other hand, for any finite sequence g, ..., gy of bounded determin-

istic functions, a similar calculation of the quadratic variation of fg ( dZ(s)—

Z;V: 1 95(s) dY;(s)), and the fact that the quadratic variation is an increasing
process, shows that for a.e. s € [0, 4],

N
bzz(s) —2 Zgy $)bzj(s) + Y 95(s)7bji(s) > 0.
=k
Taking g;(s) = mln(sz(s)/bjj(s), M), j=1,...,N, and then letting M —

oo and N — oo yields bzz(s) > Y72, bzj(s)?/bjj(s) for a.e. s € [0,t1].
Combined with (5.53), this shows that, for a.e. s € [0,1],

ANe® =byy(s szj )2/bj;(s) 382% ) (5.54)
It is easily seen from (2.9) and Condition 2.1(ii) that 372, ¢}(p) can be

expressed as a convergent power series in p € [0, 1]; thus (5.54) holds for all
s > 0 and yields

o0
Y qip)=Ap, 0<p<l
By integration, since ¢;(0) = 0 for j > 0 by (2.4), this gives
Z g5 (p 2, 0<p<L (5.55)

As p — 0, the left hand side is O(p¥), so (5.55) requires k = 2. Moreover,
by (2.4) again,

=Y P(D, > j) =ED, ~P(D, > 1) = pA— 1 + P(D, = 0),
and thus, for g =1—p € [0, 1],
" A A A
ijqj:]P’(Dl—qzo):5(1—Q)2—A(1—q)+1:1—§+§q2.

Consequently, p; = 0 for j # 0,2, which contradicts our assumption P(D >
k) > 0. (Although somewhat hidden in the argument above, the conceptual



26 SVANTE JANSON AND MALWINA J. LUCZAK
reason behind the proof is that W,, will jump without any change in V.,
r >k, every time a light white ball dies, and this occurs quite often.) O

In the above covariance formulae, dg;(p) = qg- (p)dp, which can be ex-
pressed in (p;); using (2.9). In particular, (5.39) and (2.9) yield

Cov(X,(~Inz), Z(—Inz))
=2rn(i)( )
o R (T
- 2l§;pzZl(T )62 P )
ZQZMT(T) /$1(1—p+p—x)l_Tp_3dp
—rzplo (1= )22 — 1),

Consequently, (5.40) simplifies to
orw(x) = ra"(1 — z?) Zpl(> (1—az)r. (5.56)

Unfortunately, we have not found any similar simplification for, e.g. o ().

Example 5.2. In the special case where D ~ Po(\), we have by Lemma 2.4
and the line following (1.2)

/ / — Ajpj_l
G(0) = M 09) = s () = e
and by (5.56) (or from (5.40))
T = - )\l T
oo (z) = ra’ (1 — z?) lz; e )‘m(l —z)!

but we see no significant simplification of (5.41).

6. PROOF OF THEOREMS 3.4 AND 3.5 FOR G*(n, (d;)})

We will now use Theorem 3.1 to prove Theorems 3.4 and 3.5 for the
random multigraph G*(n, (d;)}). The simple random graph G(n, (d;)}) will
be treated in the next section. As a preparation, the reader might (on
second reading) observe that the proofs below hold also if we allow O(1)
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golden edges, as in Theorem 3.1, now interpreting Core; as the remainder
(excluding isolated vertices) when we stop, provided that in Theorem 3.5
we replace “Coreg = (7 by “H,(7,) < 0n” for some fixed, sufficiently small,
d>0.

Proof of Theorem 3.4. Note that [(0) = [,,(0) = 0, so p and p,, are well-
defined numbers in [0, 1]. Moreover, if § > 0 is small enough, then {(p—3J) < 0
and [(p + ) > 0. Since l,, — [ by Lemma 2.3, this implies 1,(p — §) < 0
and [,(p + 6) > 0 for large enough n, and thus [, then has a zero p, in
(p — d,p + 0). Furthermore, the uniform convergence of I, to [ given by
Lemma 2.3, and the fact that [ > 0 on the compact interval [p+ 9, 1], imply
that if n is large enough, then I, > 0 on [p + d, 1]. It follows that, for large
enough n, p, € (p — J,p+ d). Since § can be chosen arbitrarily small, this
shows P, — p. We change variables and define ¢ :== — Inp and ¢, := — In pp;
thus ¢, — t.

It was shown in [18, proof of Theorem 2.3] that 7,, —— t. (This was proved
using methods similar to those used here, as a simple consequence of (3.9),
and extends to the case with golden balls.) Consequently, we can apply
Theorem 3.1 with 7/, = 7, and ¢y = t. We simplify, at least conceptually, by
using the Skorokhod coupling theorem [20, Theorem 4.30], which shows that
we can assume that all random variables are defined on the same probability
space and that both 7, — t and the limits (3.5)—(3.7) hold a.s. Since the
limits Zp, Zy and Zp, are a.s. continuous, this means that a.s. (3.5)—(3.7)
hold uniformly on the interval [0, + 1]. Taking ¢ = 7, (which a.s. is less
that £ + 1 for large n), we see that, in particular, a.s.

L (1) = nln(72) + 02 Z (7, AT) + o(n'/?)

by the continuity of Zr. Thus, since L, (r,) = —1,

In(1) = —n"Y2Z5(1) + o(n™V/?). (6.2)

Moreover, by the mean-value theorem, for some &, in the interval [¢,, 7, or
[Tn7 tn]7

In(mn) = Zn(Tn) —ln(tn) = lv:@(fn)(Tn —tn). (6.3)

Asn — oo, we have 7, — t and t, — tA, and thus &, — t. HemceA7 the uniform
convergence of I/ (see Lemma 2.3) implies I/,(&,) — I'(t) = —e~''(p) = —pav.
It follows by (6.3) and (6.2) that a.s.

Tn —tn = (—ﬁla + 0(1)>Zn(7n) — n—l/zalﬁ(ZL(f) +0(1)).
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Consequently, using the mean-value theorem again and the analogue of
(6.1) for Hy, a.s., for some &, — t,

V2 Hy () = 0 2R () + Z () + o(1)
= 0!l (tn) + 0210, (6) (T = ta) + Zpr (1) + o(1)
= 02 (G) + B O =200 + Zu(®) + (1)

hf®zﬂﬂ+ZH®+nu% (6.4)

= n1/2hn (ﬁn) -

and similarly for B,. The result (3.10) follows since e(Corey) = £H,(7y)
and v(Corey) = By (7).

Finally, it is easily seen that if P(D > k) = 0, then h(p) = kppp* and
either [(1) =0 and p=1, or I(p) > 0 for 0 < p <1 and p = 0. But we have
assumed that 0 < p < 1, so P(D > k) > 0 and the non-singularity of the
covariance matrix follows from the non-singularity in Theorem 3.1. ([

Proof of Theorem 3.5. Let 0 < §p < p, and let ¢ > 0 be so small that
do<p—e<p<pt+e<land!”" >p/2onl. :=[p—e,p+e]. Since
II' — I" uniformly, it follows that I/ > 3/4 > 0 on I, provided n is large.
Hence, for such n, [, has a unique minimum point p, in I.. Moreover, since
l, — 1 uniformly, {,,(p,) = mins. l,, — miny. [ = 0. On the other hand,
n := mings, \7. ! > 0, so if n is large enough then mins, i\z. ln > /2 >
miny_l,, = l,(pn). Consequently, for large n, p, is the unique minimum
point of [, in [dp,1]. In the sequel, we consider only n such that such a
unique minimum point exists, and we redefine p,, to be this minimum point.
We have shown that the two definitions give the same result for large n. In
particular, p, € I, for large n. Since € can be chosen arbitrarily small, this
shows that p, — D.

We change variables and define t:=—In pand t, := —Inp, — t. Thus
[(t) = 0, but I(t) > 0 for t > 0 with ¢ # . Suppose that T} and T, are any
fixed numbers with ¢ < T} < Ty. Then 7; := min{i(t) : t € [T}, T5]} > 0. By
the uniform convergence of I, — [, miny ] ln >m /2 for large n. Hence, if
T < 7, < Ty, and n is large enough, then I, (7,) — L (75) /0 = I (10) +1/n >
m1 /2, because L, (1,) = —1. On the other hand, it follows from (3.9) that
P(l(7) — Ln(70)/n > m1/2) — 0. Consequently,

P(Ty < 7, < T3) — 0. (6.5)
Similarly, if T < ¢, then
P(O<7,<T)—0. (6.6)

By [18, Lemma 5.1] (a version of a classical result by Luczak [22]), there
exists 0 > 0 such that whp G*(n, (d;)}) has no non-empty k-core with fewer
that dn vertices. Choose T, such that Ae 2”2 < §, and let §; := 6 — e 272 >
0.
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Since W, (0)/n = (2m—1)/n — A, it follows by (5.4) that |%WH(T2 ATn)—
e 22| 2,0 and thus whp, if 7, > T, then LW (Th) — Xe™2T2| < 6,
and thus %Wn(Tg) < Xe 22 4§, = 6. Hence, if 7, > T, then whp there
are less than dn white balls remaining at 75, and thus even fewer at 7,, so
the k-core has fewer that dn vertices. By the result just quoted, this shows
that if 7, > Tb, then whp the k-core is empty. In conjunction with (6.5),
this implies that, for every fixed T} > 1,

P(Core;, # 0 and 7,, > T1) — 0. (6.7)

We next replace the fixed T} by a sequence ¢/, — t. We claim we can define
t/, > max{t,t,} in such a way that ¢/, — t and

P(Corey, # 0 and 7, > t,,) — 0. (6.8)

Let us do so explicitly. For every i € N we may define n; = max{n;_1+1,n,},
where n; is the minimum natural number such that for all n > n;

P(Corey, # 0 and 7, >t +1/4) < 1/i.
(It is clear by (6.7) that n; exists.) The numbers n; form an increasing
sequence. Now define ¢!/ =t + 1/i for each n; < n < n;;1. Then for n > n;,

1
P(Corey, # 0 and 7, > t) < —.

7

Further, t/ — t. Finally, we can let ¢/, = max{t/, ¢, }, and this is a sequence
with required properties.

We now define 7, := 7, At),. If 7/, = ¢!, then 7, > ¢, and thus, by (6.8),
whp the k-core is empty. Conversely, if 7/ < . then 7, = 7/, <t/ <t +1
for large n. Let 1o := Ae~2(+2) By (5.4) again, if 7, < t + 1, then whp
n W (7,) > Ae ™2™ — 9 > 0, and thus there are some white balls left at
Tn, Which shows that there is a non-empty k-core. Consequently, whp the
k-core is empty if and only if 7}, =t/ .

Note further that 7/, < ¢/ by definition, and ¢/, — ¢. Moreover, by (6.6),
for every T' < t, whp 7, > T and thus 7/, > T. Consequently, 7/, — %.

We can thus apply Theorem 3.1, with tg = t. Since 0 < p < 1, the non-
singularity statement in Theorem 3.1 applies as in the proof of Theorem 3.4;
in particular, o2 = U%L > 0.

As in the proof of Theorem 3.4, we use the Skorohod coupling theorem
[20, Theorem 4.30] and assume that the limits (3.5)~(3.7) and 7/, — ¢ hold
a.s. In particular, (3.7) then yields a.s., using 7/, — t and the continuity of
ZLv

n 2L (1) = 0Pl (1)) + Zi(t) + o(1), (6.9)
If 7/ < t}, and thus 7,, = 7}, and L, (7)) = L, (7,) = —1, then (6.9) yields

n'2l, (1) = —Z (1) + o(1), (6.10)
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and, since p,, is the minimum point on an interval including 7,,
020, (Bn) = 0121 (tn) < 02 (1)) = —Z1(t) + o(1). (6.11)
In particular, for any ¢ > 0, if Corey, # (), then whp 7/, < ¢/, and, by (6.11),
whp
n21,(pn) < —Z1(t) + <. (6.12)

Conversely, if 7/, =t , then a.s. 7, > t, > t, (since 7, has a continuous
distribution) so Ly (t,) > 0. Moreover, (3.7) yields

0<n V2L, (ty) = n'?1,(tn) + Z1 (1) + o(1). (6.13)
Consequently,
n 21, (n) = 21 (tn) > —ZL(t) + o(1). (6.14)

In particular, for any £ > 0, if Corey = (), then whp 7/ =t/ and, by (6.14),
whp
021, (pn) > —Z1(t) — €. (6.15)

In the case (i) of the theorem, (6.12) fails for large n (and any & > 0),
and thus whp Core;, = (). Similarly, in case (iii), (6.15) fails for large n (and
any € > 0), and thus whp Corey, # 0.

In case (ii), it follows similarly that if Zy,(t) > —C +¢, then (6.12) fails for
large n, and thus whp Corey = (), while if Zy(t) < —C — &, then (6.15) fails
for large n and thus whp Core; # (). Since € > 0 is arbitrary, this means
that whp Corey # ) <= Z1(t) < —(, and thus, since Z1,(t) ~ N(0,52) by
(3.8),

P(Corey # 0) — P(Z1(f) < =¢) = ®(~(/0),
as asserted.

Assume now that 7, = 7,, < t, so that the k-core is non-empty, and let us
localise 7, more precisely. Note first that, since I'(p) = 0 and I"(p) = 3 > 0,
it follows that /() = 0 and I"(t) = 3 := p% > 0.

Using Taylor’s formula and the fact that I/, (t,) = 0, for some &, between
7 and t,,

In(13) = Un(tn) + 300 (€n) - (71, — t)?,
and thus by (6.10), recalling I,,(t,) = ln(fn),

~

L&) - (7 — ta)? =02 (=Zu (D) = " PL(pn) +0(1)).  (6.16)

Since 7/ — t and t, — t, we have &, — t a.s., and thus I”(£,) — I"(t) =
8 >0 a.s. R
In case (ii) we thus have, when Z(t) < —(,

(7)) — tn)2 = 2070~V (= Z,(]) — ¢ + 0(1)). (6.17)
If 7/ > t,, then L,(t,) > 0 and (6.13) holds, which by (6.16) implies
L&) - (= tn)? < o(n™1?), (6.18)
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which contradicts (6.17) for large n. Consequently, when Zy(t) < —¢, (6.17)
yields,

~

T = =ta =0 V(@B (=200 - O+ o). (6.19)
We now obtain from (3.6), cf. (6.4), recalling 7/, (t,) — A'(t) = —ph'(p),
Hy(73) = nhy () +n'/? (ZH(t) +0(1))
= nhn(tn) + (R (ta) + 0(1)) (1 — t,) + O(n*/?)

= nhn () + 774 (W B)(2/8) (= Z0(D) = OV + 0(1))  (6.20)
and similarly for B,. The result follows, with Z := —Z(t)/o ~ N(0,1),
since e(Corey,) = $H,(,) and v(Corey,) = By(7,). (Note that Zy and Zg
give insignificant contrlbutlons in this case.)
In case (iii), we similarly obtain from (6.16)

(15, — tn)Z = QBil‘ln(ﬁn”(l + 0(1))

and, since by (6.18) we can again exclude 7, > t,, for large n,

Tn —tn = TT/L —thp = — (2/8)1/2“71(]571”1/2(1 + 0(1)) (621)
The random fluctuations here turn out to be of a smaller order. To capture
them, we note that, for large n, using the argument at the start of the proof
(since now I, (pn) < 0), that I,,(p) = 0 for exactly two values of p in I,
say pn and pl,, with p—e < D], < pp < pn < P+ €, and not for any other

p € [do, 1]. Let tn = —Inp, < tn, so [n(tAn) = 0. By Taylor’s formula as for
(6.16), also

tn—ta = — (2/8)Y2|1u(pn)| M2 (1 + 0(1)). (6.22)
Finally, by Taylor’s formula again, for some &, between 7, and %,

In () = In () = In(tn) = 1,(&0) (T — ). (6.23)
Since I (t,) = 0, we similarly have for some &/ between &, and t,,

Z;z(gn) = Z;L(gn) - Z;z(tn) = (& — tn)ix(gz) (6.24)

From (6.21) and (6.22), 7, — ¢, ~ tn — tn, and so also §”V_ ty ~ tA@ — .
Combining this with (6.24), (6.22), as well as the fact that [7(;,) — I"(t) =
0, we obtain

[0(€n) = Bltn — ta) (1 +0(1) = —(26)2[ln(Bn)* (1 + o(1)).
Hence (6.23) and (6.10) yield
Tn — ?n = |ln(ﬁn)’71/27171/2(25)71/2 (ZL(?) + 0(1))'

The result now follows by (3.5) and (3.6), analogously to (6.20), with Z’ :=
— (20) 27, (0.

For the final statements, from Taylor’s formula and 1, (p,) = 0,

[(B) = (B +0(1) (D — pn), (6.25)
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and hence
In(P) — In(Pn) = 3 (8+0(1)) (P — pn)* = ((28)~" + o(1))11,(D)?,

so if I (p)? = o(1,(D)), then 1,,(pn) /(D) — 1, which yields the first claim.
The second follows from (6.25) and by, (py,) —bn(p) = O(|p—pr|), and similarly
for h,,. O

7. THE SIMPLE GRAPH G(n, (d;)})

We have proved Theorems 3.4 and 3.5 for the random multigraph G*(n, (d;)1),
and the next step is to show that they hold for the random simple graph
G(n, (d;)7) too, i.e., that they hold for G*(n, (d;)}') conditioned on this ran-
dom multigraph being simple. For results that can be stated as convergence
in probability, or stating that some event holds whp, this transfer is imme-
diate: it suffices to have that

lim inf P(G*(n, (d;)T) is simple) > 0. (7.1)

(As is well-known, see e.g. [23], (7.1) holds under Condition 2.1(ii); see [17]
for a general necessary and sufficient condition.) For example, this holds
in our previous paper [18]. However, with distributional results, such as
those in the present paper, the transfer to G(n, (d;)}) is much more delicate,
and amounts to showing that the variables we study are asymptotically
independent of the event that G*(n, (d;)}) is simple.

Our basic tool will be the following general probabilistic result. Recall
from Section 2 that an indicator (of some event) is a random variable taking
values in the set {0,1}.

Proposition 7.1. Assume that X,, n > 1, and X are random variables
with values in some metric space S and that, for eachn > 1, (Ina)acA, , 1S a
(finite) family of indicator random variables defined on the same probability
space as X,. Let Wy, := zaeAn Lo and let £, be the event

En = {Ina =0 for every a € A,} = {W,, = 0}.

Assume further the following, as n — oo:

(i) X, -5 X.
(ii) For any fixed £ > 1, if we for each n select £ indices of, ..., o} € Ay
such that P(Ina? = =Inpap = 1) > 0, then

d
(Xn | Tnar = -+ = Inap = 1) — X, (7.2)

(iii) W, 4, W, where W is a random variable such that P(W =0) >0
and the distribution of W is determined by its moments.
(iv) limsup,,_, ., E(W}) < oo for every j > 1.

Then (Xn | En) 4 x
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Remark 7.2. The careful reader may observe that in (ii), it is conceivable

that for some n, it is impossible to select af,...,a} € A, satisfying the
condition. However, we may just ignore such n. Indeed, since we may take
af = --- = ay, this happens if and only if W), = 0 a.s., and if this happens

for more than a finite number of values of n, then necessarily W = 0 a.s. by
(iii), so P(&€,) — 1 and the conclusion becomes trivial.

Proof. Recall that X, 4 Xis equivalent to P(X,, € A) — P(X € A) for
all measurable sets A C S such that P(X € 0A) = 0, see [2, Theorem 2.1].

Fix such a set A; we thus want to prove that P(X,, € A | &,) — P(X € A).
By (7.2), for each ¢ > 1,

P(Xp € A Inay = = Iy = 1) ~H P(X € A) (7.3)

for every choice of af, ..., a} € A, such that P(lyar = -+ = Inap = 1) > 0.
Moreover, (7.3) holds uniformly in all such choices, since otherwise we could
for each n select of,...,aj such that the difference between the two sides
in (7.3) is maximal (for this n) and obtain a contradiction.

Assume first that P(X € A) > 0. Then P(X,, € A) > 0 for large n; we
consider such n only. Then, by (7.3) and assumption (i)

P(X,c€Aand I, = = Ina, = 1)
E(Ina, + Ina, | Xn € A) = P(X 16 A) e
P(Xn, €Al lna, = =1Ina, =1)
- Pl = =1, =1
P(X, € A) (Tnaq o =1)

P(X € A) + o(1)

= = . = I g 1
P(X € A) + o(1) (e e )
= (1 + 0(1)) E(Inal T Inaz)a
where o(1) — 0 as n — oo, uniformly in all choices of ay,...,ap € A,
such that E(Ipq, - Ina,) > 0. Furthermore, this holds also, trivially, if
E(Ina, - - Ina,) = 0. Consequently, we can sum over all a1, ...,ap € A, and
obtain
E(W} | Xn € A) = (1+0o(1)) E(W}). (7.4)

Now, assumptions (iii) and (iv) imply that E(W!) — E(W?) for every
¢, and thus (7.4) yields E(W/. | X,, € A) — E(W?*). By the method of
moments, and (iii), this implies that (W, | X,, € A) 4, W, and thus

P(W, =0| X, € A) - P(W =0).
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As a consequence, using (i) and (iii) again,

P(X, € A and W,, = 0)

P(Xn €A | 5n) = P(Wn _ 0)
_P(W,=0]X, € A)P(X, c A)
N P(W,, = 0)
P(W=0)P(X € A) _
POV = 0) =P(X € A).

This is precisely the result sought in the case P(X € A) > 0.
When P(X € A) = 0 then, trivially, by (i) and (iii),

P(X,€A) PX el
—

BE)  B(W=0)

Consequently, P(X,, € A | &,) — P(X € A) for every measurable A with

P(X € A) = 0, and thus (X, | £) - X. O

P(X,€Al|&,) < =0=P(X € A).

Remark 7.3. The conditions in Proposition 7.1 may be weakened in several
different ways. First, we may allow some exceptional /-tuples of indices in
(ii). More precisely, it suffices that there exists, for every £ and n, a set B,y C
A’ such that (7.2) holds when (af,...,a}) ¢ By, and further, for every
fixed /£, Z(a?,...,ag)eBne E(lnap - - Im?) — 0 as n — oo. Secondly, we may
replace (iii) and (iv) by the assumptions that liminf,, . P(&,) > 0 and that
there exists B < oo such that M; := limsup,,_,., E(W;) < B’j! for all j > 1.
(The latter could be weakened to the Carleman condition }_; M{l/ % =
00, see [11, Section 4.10].) Indeed, M; < oo implies that the sequence
(Wh)n is tight, so every subsequence has a subsubsequence converging in
distribution to some W (that may depend on the subsubsequence), and
these assumptions imply that this W has to satisfy the conditions in (iii).

Hence (X, | &) %, X holds along all such subsubsequences, which implies
that it holds for the full sequence.

Proof of Theorems 3.4 and 3.5 for G(n,(d;)}). To prove Theorems 3.4 and
3.5 for G(n, (d;)}), with the help of Proposition 7.1, we first check that the

conclusions can be put in the form X, 4, X, where X,, and X take values
in some metric space S.
For Theorem 3.4 and Theorem 3.5(iii) this is immediate, with S = R?.
For Theorem 3.5(ii), we first observe that (3.11) is equivalent to 1[Corey #

0] R Be(®(—(/o)), where Be(q) denotes a Bernoulli distribution with
parameter ¢; here we can take, for example, S = R. If this holds, we then
take S = [~00,00)? and note that the second assertion in Theorem 3.5(ii)
can be written as

n=8/4 (U(Corek) — by (Pn)n, e(Corey) — %h”@”)n) X
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as random variables in [—00,00)? for a certain random variable X with a
point mass ® (/o) at (—oo0, —00).

Finally, Theorem 3.5(i) can also be written as a convergence in distribu-
tion of indicator variables (this time with a degenerate limit), but in this
case, the transfer to G(n, (d;)}') is actually immediate by the comments at
the beginning of this section.

We make one more modification for Theorem 3.5: we choose a sufficiently
small § > 0 and replace the condition Core, # @) by e(Core;) > dn; by
[18, Lemma 5.1] and (7.1), these conditions are whp equivalent for both
G*(n, (d;)T) and G(n,(d;)}), so the modified theorem is equivalent to the
original one.

In all cases we are thus in the setting of Proposition 7.1, with X, some
functional of G*(n, (d;)7), and condition (i) satisfied, since it is just the
statement that the statement in question holds for G*(n, (d;)7).

We let A, := Ap1 U A, where A, is the family of all (unordered)
pairs of two half-edges at the same vertex, and A, is the family of all
pairs {{x1,y1}, {z2,y2}} of two disjoint pairs of half-edges with z; and x9
belonging to one vertex and y; and ys belonging to another. For a € A,, we
let I, be the indicator of the event that the pair(s) in o occur in the random
configuration. Then W,, is the number of loops and pairs of parallel edges
(other than loops) in G*(n, (d;)}), and &, is the event that G*(n, (d;)}) is
simple.

As is well known, Condition 2.1 implies that W, 4, Po(A), with conver-
gence of all moments, for some A< oo, see e.g. [17, Theorem 7.1]. (More
precisely, A = A + A2 where A = E (g )/A.) Consequently, conditions (iii)
and (iv) in Proposition 7.1 are satisfied.

It remains to verify (ii). In our case, (ii) means that the results in Theo-
rems 3.4 and 3.5 (modified as above) hold also if, for any fixed ¢, for every
n, we select a set of at most 2/ disjoint pairs of half-edges and condition the
configuration on containing these pairs of half-edges, (Actually, we need this
only for certain sets of pairs, but it is just as easy to prove it for arbitrary
sets. Note that the modification in Theorem 3.5 is essential here, since, for
example, a set of k parallel loops always yields a non-empty k-core.)

To see this, regard the half-edges in the selected pairs, as well as the
edges in G*(n,(d;)}) corresponding to these pairs, as special. We con-
sider two approximations of the k-core Corey of G*(n,(d;)}). First, let
G*(n, (d;)})~ be the multigraph G*(n, (d;)}) with all special edges deleted,
and let Core, be the k-core of G*(n, (d;)})~. Since G*(n, (d;)})~ is a sub-
graph of G*(n, (d;)}), we have Core,, C Core. Secondly, apply the core-
finding algorithm used in Section 3, but with all special balls coloured golden
and thus immune to death and recolouring, and let Core; be the subgraph
of G*(n, (d;)}) left at the end; thus Core;” D Corey,.
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Since our variables X, are increasing functions of the numbers of vertices
and edges in the k-core, it is sufficient to show that the results of Theo-
rems 3.4 and 3.5 (modified) hold also for Core; and Core;. For Core;,
this follows, as remarked at the beginning of Section 6, by the proofs for
G*(n, (d;)T) above, since the possibility of golden balls was included in The-
orem 3.1. The results for Core, follow from Theorems 3.4 and 3.5, since
the random multigraph G*(n, (d;)}')” is a random multigraph of the same
type as G*(n, (d;)}), but with O(1) vertex degrees d; decreased (with a to-
tal change of at most 4k). Evidently, Condition 2.1 holds for the modified
sequence too, so Theorems 3.4 and 3.5 apply.

This shows that condition (ii) in Proposition 7.1 holds in all cases, and
hence its statement applies, showing that Theorems 3.4 and 3.5 hold for
G(n, (d;)7) too. O

Remark 7.4. Unfortunately, we have, not been able to use Proposition 7.1
in a similar way to show that Theorem 3.1 holds for G(n, (d;)}) too. The
reason is that conditioning on the configuration containing even a single
given pair of half-edges, will as far as we can see mess up the process of balls
and bins and introduce unwanted dependencies. And although we allow
golden balls in Theorem 3.1, there is no monotonicity like the one that
allowed us to consider Corez and Core, above. We discuss another attempt
to extend Theorem 3.1 to G(n,p) in Appendix A, see also Remark 8.7.

8. THE RANDOM GRAPHS G(n,p) AND G(n,m)

We derive the results for G(n, p) and G(n, m) from our results for G(n, (d;)})
by conditioning on the degree sequence. To see this in detail, let us be more
general and consider a random (simple) graph G, with n vertices labelled
1,...,n and some random distribution of the edges such that any two graphs
on 1,...,n with the same degree sequence have the same probability of being
attained by G,. (Note that G(n,p) and G(n,m) are of this type.) Equiva-
lently, conditioned on the degree sequence, G,, is a random graph with that

n

degree sequence of the type G(n, (d;)}) introduced in Section 2. We may
thus construct G, by first picking a random sequence (d;)} = (dgn))? with
the right distribution, and then choosing a random graph G(n,(d;)}) for
this (d;)7. (We assume that this is possible, which implies, in particular,
that Y. | d; is even.)

We will assume that Condition 2.1 holds in probability in the following
sense. As usual, we let u, = u,(n) be the (now random) number of vertices
with degree r.

Condition 8.1. Let (d;)} = (dl(n))’f be the random sequence of vertex degrees

of Gy,. Then, for some probability distribution (p,)2, independent of n, with
po < 1:

(i) wp/n = #{i: di = r}/n =5 p. for every r >0 as n — oo;
(ii) for every A > 1 we have Y u, A" =31 | A4 = O,(n).
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We begin with a technical lemma.

Lemma 8.2. If Condition 8.1 holds, we may, by replacing the random
graphs Gy, by other random graphs G, with the same distribution, assume
that the random graphs are defined on a common probability space and that
Condition 2.1 holds a.s.

Proof. From the Skorokhod coupling theorem [20, Theorem 4.30] applied to
the random sequences (u,(n))r2,, we may assume that the limit u,/n — p,
in (i) holds a.s., for every » > 0. To “derandomize” (ii) as well, we refine
that argument as follows. By (ii), for every j > 1 and k£ > 1, we may
choose Cj, j such that P(Zz k% > C';wn) < 27%/j. We may assume that, for
every k, Cy,; increases with j. Now condition on the event & := {}_, k% <
Cy,jn for every k > 1}, and note that P(€;) > 1 —1/j. Conditioned on &;,
Condition 2.1(ii) holds uniformly. Let & := 0. We apply the Skorokhod
coupling theorem to (u,), conditioned on &;\ £;_1 for every j > 1 such that
P(&;\ £j—1) > 0; this shows that we can assume u,(n)/n — p, a.s. for every
ron & \ £j_1, and we only have to combine these pieces for j > 1. O

We define the functions b, h, and [,, as before, but now conditioned on
the degree sequence (d;)7. Thus we use (2.5)—(2.7) with P(X =1) and EX
replaced by the random numbers u;/n and 2m/n = >, lu;/n, respectively.
Note that these functions are now random functions of p. (They depend on
both p and (d;)}.)

Define further the (deterministic) functions b(p), h(p), [(p) as before, using
(2.4)—(2.7) with X = D having distribution (p,)3°.

By Lemmas 8.2 and 2.3, b, LN b, hy, 2 handl, 2 [, with convergence
in probability, uniformly on [0, 1] and together with all derivatives.

Theorem 8.3. Let G, be as above and assume Condition 8.1.

If k > 2, then Theorem 8.4 holds also for the k-core of G,; now by,
hn and 1, are random functions independent of Zpg, Zy, Z1,; further, by is
random, and P, —= p.

Similarly, if k > 3, then Theorem 3.5 holds for G, too, with the following
modifications: (a) a unique minimum point py exists whp; (b) P, is ran-
dom, and pn, —= P, ln(Pn) 25 0; (¢) Dn in (iii) exists whp (we can, if we
like, use any supplementary definitions to have the random variables always
defined); (d) in (i), (ii) and (iii), it suffices to have n'/l,(p,) convergent
in probability, and ¢ in (ii) may be random; (e) Z should be independent
of ¢ and (3.11) has to be rewritten as P(Corey # 00) — P(cZ > ().

Proof. The first statement (for k& > 2) follows directly from Lemma 8.2 and
Theorem 3.4. Note that P, «, ¢, and the distribution of (Zp, Zy, Z1) do not
depend on the random (d;)}, but only on the limit distribution (p,)g°.

The second statement (for & > 3) follows similarly from Lemma 8.2 and
Theorem 3.5, noting that if n'/2l,(p,) converges in probability, we may
include it in the application of the Skorohod coupling theorem in the proof of
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Lemma 8.2, and thus assume that it too converges a.s. For Theorem 3.5(ii),

we also write the final conclusion as (X, | Core; # 0) 4, (vv/oZ = |

oZ > C) for certain random vectors X, and a vector v, and note that this
and (3.11) together are equivalent to

E(F(X,); Corey #0) — E(F(vy/oZ ~(); 02 > ()
for every bounded continuous function F on R2. O

We now specialize to G(n,p) and G(n,m), with p ~ X\/n and m ~ An/2
for some fixed A > 0, and observe first that Condition 8.1 holds and thus
Theorem 8.3 applies.

Lemma 8.4. Consider either G(n, \p,/n) or G(n,m), where m = \,n/2,
and assume that A, — X\ > 0. Then, Condition 8.1 holds, with p, = m(\)
and thus D ~ Po(\).

Proof. Condition 8.1(i) follows from (8.7) below, or by elementary estimates
of mean and variance which we omit, cf. (8.10).
For (ii), similar elementary estimates show that if M := sup \,,, then

n'Eu,(n) = O(M"/r!)
uniformly in 7 > 0, and thus, for each A, n 'EY" u,(n)A" = O(1). O

In the cases of G(n,p) and G(n, m), the random functions by, hy, [, are
themselves asymptotically Gaussian processes. We give a precise statement.

Theorem 8.5. Let by, h,, [, be the random functions defined above either
for the random graph G(n,\,/n) or for G(n,m) with m = \,n/2, where
An — A > 0. Then, jointly in D|0, 1],

172 (b (p) = bpoan (P)) —— Ug(p), (8.1)
n1/2 (hn(p) - hPo()\n)(p)) i) UH(p)7 (8.2)
02 (1n(p) = lpogan)(P) —— UL(p), (8.3)

where Ug, Uy and Uy, are continuous Gaussian processes on [0, 1] with mean
0 and covariances that satisfy, for 0 <p <1 and v, € {B,H, L},

Cov(Uy(p), Ux(p)) = 0;,.(p), (8.4)

where ;.. are given by (8.13)—(8.23) below and either (8.8) for G(n, A\n/n)
or (8.12) for G(n,m). For G(n,m), Ur(p) = —Un(p).

Proof. Consider first G(n, \,/n). It is shown in [1], see also [19, Example
6.35], that each u, = u,(n) is asymptotically normal. More precisely,
n=1/? (ur(n) — Euy(n)) LU, ~ N(0, prr), (8.5)
where, recalling the notation (1.1),
(r—X)?
A

Qe = lim n~! Varu,(n) = Fr()\)2<

n—oo

- 1) + (N,
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Moreover, with p, := A\, /n,

Eu,(n) = n(n ; 1>p2(1 — )T = nﬁef)‘" <1 +O<(T + 1)2>>. (8.6)

rl n

Hence, (8.5) is equivalent to

n= 2 (up(n) = o (An)n) =5 Uy ~ N(0, o). (8.7)

The proof extends immediately to finite linear combinations of wu,(n),
which shows joint convergence in (8.5) and (8.7) for all » > 0; the covariances
of the limits are given by

(r—=XA(s—=M\)
A
Each of by, h,, and [, can be written as Y 2 a,(p)ur(n)/n, where a,(p)
are some continuous functions on [0, 1], not depending on n and such that
ar(p) = O(r). We claim that for any such a,(p), we have in C[0,1] (with
the usual uniform topology)

ors = Cov(Uy, Uy) = WT(A)WS(A)( - 1) F (W) (88)

023" a4 (p) (ur(n) — Eup(n)) -5 3" a,(p)U;. (8.9)
r=0 r=0

Indeed, by the joint convergence in (8.5), this holds for the partial sums
Ef:o for any finite R. Moreover, it follows easily from the exact formula for
Var u,(n), see [19, Example 6.35], that for any given M such that sup,, A\, <
M,

n~! Varu,(n) = O(M"/r!) (8.10)
uniformly in 7 > 0, and it is then routine to let R — oo to obtain (8.9), see
[2, Theorem 4.2]. Further, using (8.6) again, it follows that, in C[0, 1],

025" a0 (p) (ur(n) — w1 (Aa)n) -5 an(p) U (8.11)
r=0 r=0

It is shown in [16] that the above results for G(n, A, /n) combined with a
simple monotonicity argument show that (8.7) holds, jointly for all » > 0,
for G(n,m) too, except that in this case U,, r > 0, have a different joint
Gaussian distribution with covariances

(r—=X)(s—A)
A

(We still have EU, = 0.) Furthermore, elementary calculations, which we
omit, show that the estimates (8.6) (ignoring the middle part) and (8.10)
hold for G(n, m) too. Hence, again by first considering finite sums ZOR and
letting R — oo, (8.11) holds in C[0, 1] for G(n, m) too.

Thus, (8.11) holds for both G(n,\,/n) and G(n,m), although the two
cases have different U,, which implies that (8.1)-(8.3) hold jointly, with

ors := Cov(U,,Us) = TFT()\)TFS()\)<— - 1) + 71 (N)ors. (8.12)
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Up,Ug, Uy given as linear combinations of U,, 1 < r < co. More precisely,
let

oo
T.(p) == > _ Bu(p)Us,
l=r
oo
Q;(p) :=>_ Tv(p),
r=j
and, so as to preserve the analogy with (5.33)—(5.35), let

Uw (p) := p* Z’I“Ur.
r=1

Then
Us(p) :== Qk(p),
Un(p) == kQr(p) + Y Q:(p),
r=k+1
Ur(p) == Uw(p) — Un(p).
It is easy to see that Uy = 0 for G(n,m), and thus U, = —Upy, since

I (p) + hn(p) is deterministic by (2.7) when the number of edges is, or by
(8.9) with a, = r.
Define, with ¢,s given by (8.8) for G(n, \,,/n), and by (8.12) for G(n, m),

ij(p) == Cov(Ti(p), Tj(p) = D> Bus(p)Bri(P)oirs (8.13)
=i r=j

Yaw (p) := Cov(Ti(p), Uw (p)) =1° Y Y Bulp)rew (8.14)

=i r=1

(vYsw (p) = 0 for G(n,m) because then Uy = 0), and further

ai(p) = Cov(Qi(p), Q5 (P) = D> v (p), (8.15)
=t r=j
oiw (p) := Cov(Qi(p), Uw(p)) = > _ tuw (p), (8.16)
1=

2p*A  for G(n, \,/n),

0 for G(n,m). (8.17)

oyww (p) == Var(Uw(p)) = {
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Then the expressions for ¢* are analogous to (5.42)—(5.47), which by (8.15)
and (8.16) and changes of summation order simplifies to

ohp(x Z wa (8.18)

i=k j=k
UBH Z Z “/}zj (819)
i=k j=k
UHH Z Z Zﬂ% (820)
i=k j=k
opr(@ Z Yiw (p) — opu (), (8.21)
ouL( Z wWiw (p) — o (), (8.22)
orr(x) = oppw(z) — QZMMW + o (). (8.23)
Note that ¥ (p), oy (p) and oy (p) vanish for G(n,m). O

We will now use Theorems 8.3 and 8.5 to prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. By Lemma 8.4 and Theorem 8.3, Theorem 3.4 holds,
with b,, hpn,l, and p, random. Furthermore, Theorem 8.5 applies, and
since by, by, l, are independent of Zp, Zy, Z;, for every n by Theorem 8.3,
(Up,Ug,Ur) and (Zp, Zg, Z1,) are independent. By Lemma 8.2, we may as-
sume that Condition 2.1 holds a.s., and by including further variables in the
application of the Skorokhod coupling theorem in the proof of Lemma 8.2,
we may further assume that (8.1), (8.2), (8.3), p, — p and (3.10) hold a.s.
(This trick is not essential, but we find it convenient to argue pointwise
in the probability space, i.e., for each realization of the family of random
processes. Note that the O and o terms that appear in this proof and the
following are not assumed to be uniform over all points in the probability
space; the implicit constants may thus be random, but they do not depend
on n.)
By (2.13), for 0 < p < 1,

_Ap
Yr-1(Ap)’
Since A > ¢, := inf >0 p/Yr—1(1), the equation A = p/1p,_1 (1) has at least
one solution p > 0, see [18, Lemma 7.1]; we have defined fi := pg(A) to be

the largest solution, and thus p = i/ is the largest solution of (8.24). Since
/A =1r_1(p) <1, we have p= 1/ with 0 < p < 1.

llp) =0 <= p=1Yr_1(A\p) <= A= (8.24)
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Since p = 1r—1(AD) = Yr—1(1), (2.13) yields
o = V() = A1~ My O9) = AW 1 () — Aimeo(@)).  (3.25)
By [18, Lemma 7.2 and its proof] for k& > 3, and a simple calculation for
k=2 a:=1'(p)>0
Recall that, as in Theorems 3.4 and 8.3, p,, is the largest zero in [0, 1] of [,
which is random, and that (8.3) holds a.s. We define, for n so large that \,, >
ck, the non-random pj, as the largest value in [0, 1] such that lp,(y,,)(p;,) = 0.
Applying the above argument to \,, p, = fin/A\,. Furthermore, by (8.3),
a.s.,
ln(Py) — ln(Pn) = ln(Pr) = n71/2UL(ﬁ:L) + 0(n71/2). (8.26)
Since lpg(z,) — | = lpo(n) uniformly together with its derivatives, by (2.13)
(or using the same proof as for Lemma 2.3), it follows easily, cf. the proof
of Theorem 3.4, that p} — p; moreover, a.s., p, — p by Theorem 3.4, and
I, — I’ uniformly by Lemma 2.3. Hence, Taylor’s formula yields a.s.

which, together with (8.26), yields
o — B, = —n 20 UL(B}) + o(n” /).
A Taylor expansion of b, now yields a.s., using Lemma 2.3 and (8.1),
b (Pn) = bu(B}) + V' () (Bn — Pyy) + 0(n1/?)
= bpor) (Bh) + 1 2UB(B) — n M 2a W (B)UL(D) + o(n™/?),

and similarly for hy,(p,). Combined with (3.10), this shows that, with W,, =
Zy,(t) + Uy(p), v € {B, H, L},

012 (u(Corer) = bpoga, (Fa)n, e(Corer) = Shpon, (Fi)n)
d, (WB — o W)W, tWy — %a—lh’(ﬁ)m).
Since \p = 11, Lemma 2.4 yields
b(p) = ¢x(m)  and  h(p) = phr—1 (). (8.27)
Similarly, for A, bpor,)(Ph) = Yk(Aaby) = Yr(fin) and hpor,)(Pn) =
UnYk—1(tn). Moreover, by Lemma 2.4 again,
b'(p) = M (AD) = Ami—1 (i), (8.28)
(D) = A(v-1(R) + by 1 (7)) = AMvh-1(7) + Ame—2(i)).- (8.29)
Thus, by (8.25), a~!¥/(p) = a, and oA/ (D) = ae given in (1.3) and (1.4).
Hence the result follows with Z, := Wg(t) —a, Wy (t) and Z, := sWa(t)—
QaGWL( t). Since Cov(W,,W,,) = COV(ZV(?) (T )) + Cov (U, (D), Us(p)) =
Ovs given in (1.5), it follows that (1.6)—(1.8) hold. Since the distribution of

(Zp(t), Zu(t), Z(t)) is non-singular by Theorem 3.1, so is the distribution
of (Wpg, Wy, W), and hence also the distribution of (Z,, Z,). O
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Proof of Theorem 1.3. This is similar to the proof of Theorem 1.2. By
Lemma 8.4 and Theorem 8.3, Theorem 3.5 holds, with the modifications
given in Theorem 8.3, and we have D ~ Po(\) with A = ¢.

We begin by checking the conditions on the function [ = lp,(y) in Theo-
rem 3.5. By the definition of A = ¢y, u/1r—1(n) > A for all p > 0, and equal-
ity holds only for pu = i := pg(ck), see [18, Lemma 7.2]. It follows by (2.13)
that I(p) > 0 for 0 < p < 1 with equality only for p = p := /A = ¥r_1(11).
Since 1 > 0, we have 0 < p < 1.

Note that i is the maximum point of 1 (1) /p, and thus %(wk_l(u)/u) =
0 for p = 1, which yields

Vr—1(11) 1

- p
P = — == =—, 8.30
A (3.30)
Since p is a minimum point of I, I'(p) = 0. Further, differentiation of

(2.13) (using (8.30)) yields
B:= l”(ﬁ) = /\f)\( - )\21/1;;71()\@) = —)\2/71/};;71(/3)
— N2 (s (1) — ma(@)) = A2 — k + 2)ma(f) = X5,

with 3 defined in (1.9). It is easily checked that for p =k — 2,

Yr-1(p) _ sk T i I
(k—1)

p o (1) pe—a(p) prd e (k=147)

1 k—2\d k
<Zk—1( k ) C2(k—1) <1

7=0
and thus 1 # k — 2 by (8.30). Hence, 8 # 0, and thus 3 > 0.

We may thus apply Theorem 3.5. As in the proof of Theorem 1.2, we may
extend Lemma 8.2 and assume that all limits we know to hold in probability
or distribution by the results above actually hold a.s.

Fix some 0y € (0,p). As in Theorem 3.5, let p, be the (now random)
minimum point of /,, in [dp, 1]; similarly, let p}; be the (deterministic) mini-
mum point of Ipy(y,) in [do, 1]. By Theorem 3.5 and the assumption in the
previous paragraph, p, — D a.s.. Further, an argument analogous to that
used in the proof of Theorem 3.5, shows that p} — p.

Using (8.3), and the fact that p, and p} are minimum points,

bn(Pn) < 1n(By) = lpo(r) (B) + 07 2UL(P,) +o(n™'/?),  (8.31)

Wpo(rnn) (P5) < tpo(n) (Pn) = ln(Pa) =0 2UL(Ba) +o(n™'%).  (8.32)
Since Uy, is continuous, it follows that

In(Pn) = Ipor) (B3) + 1 PUL(B) + o(n'7?). (8.33)

For x > 0, we write I(p, ) := lpo(z)(p) (as given in (2.13), with A replaced
by x). Thus I(p) = I(p,\) and lpy(r,)(p) = l(p,\n). By (2.13), using
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[(p,A) =0 and (8.30),
0

%l(ﬁ’ A) = AD(—piy_1(AD)) = —pyy 1 (1) = —p2.

Hence, using the simple Lemma 8.6 below,
Ipo(an) (Bh) = 1Dl An) ~ —D*(An — i)
Combining this with (8.33), we find that
() = =P (M — ) (L + 0(1)) + 0~ /2UL(D) + o(n™'/?). (8.34)

Thus the asymptotic behaviour of n'/2,,(p,) is the same as that of —n'/2(\, —
cx), within O(1). Accordingly, each of the three cases in Theorem 1.3 is
matched by the corresponding case in Theorem 3.5. In particular, this
proves part (i).

In case (ii), (8.34) yields

n'21,(pn) — ¢ == —p*y + UL (D).

Taking o = O'}//Lz as in Theorem 3.5, we may assume 0Z = —Z(t) with
t:= —Inp (indeed, this is how Z was defined in the proof of Theorem 3.5,

see the line following (6.20)). Thus
0Z — ¢ =—Z1(t) = Up(p) +p°v = —Wr +p*v,

where Wy, := Z1,(t) + UL(P), just as in the proof of Theorem 1.2.
Furthermore, from (8.31) and (8.32),

[po(r) (Pr) < Ipo(a,) (P3) + o(n”Y/?).
On the other hand, a Taylor expansion around the minimum point p;, yields
Ipo(an) (Pn) = tpo(r,) (B) + 5 (Ipo(r,) (@) + o(1)) (Bn — Py,)°
= lpo(r,) () + (B/2 + 0(1)) (Bn — P)?, (8.35)
and thus
_ . _ e\ 1/2 _
B — 1 = O (Ipoan) () — pogan (5)) /% = o(n™/4).

Moreover, again by Lemma 8.6, p — p = O(|]\, — A|) = O(n~"1/?), so we
see that §, — p = o(n~1/%). Consequently, from (8.1) (since b = bpo(n)), We
obtain

bn(Pn) = bpo(r,)(Pn) + O(n~*?) = bpo) (D) + O(|An — Al + [P — DI + ”71/2)
= b(p) +o(n"11),

and similarly for h. It follows that in the conclusion of Theorem 3.5(ii),
the random by, (p,) and hy(p,) may be replaced with b(p) and h(p). Upon
combining (2.13) with I’(p) = 0, (8.29) simplifies to

W(P) = 225 — U'(F) = 277, (8.36)
and Theorem 1.3(ii) follows.
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In case (iii), =12 = o(\, — cx), so (8.34) yields
—1(Pn) = P> (M — ) (1 + 0(1)). (8.37)
As in the proof of Theorem 1.2, let p¥ = [i,,/A, be the largest zero in
(0, ].] of lPo()\n)' By (833) and (837),
Ipo(an) () = Wporn) (Ph) = —lpo(n) () = —In(Pn) + O(n'/?) ~ §*(An — ci),
so, using a Taylor expansion similar to (8.35),
By — i~ (2/8) 2P — ex) 2.

Hence, by Taylor again, since l’PO()\n)(ﬁ;‘;) =0 and llfl’o(xn)(ﬁ*) —1"(p) = 3,

Ipo(rn) (Pn) ~ (28)" 2P\ — ex)'?. (8.38)
Let p,, be as in Theorem 3.4 (now with /,, random). By (8.3),
IPo(rn) (Pn) = lpo(rn) (Pr) = IPo(r,) (D) = lpo(r,) (Pn) — ln(Pn)
= —Ur(p)n~ Y2 + o(n™1/?).
Hence, for large n, using a Taylor expansion at p;, (as lgo()\n) is uniformly
bounded),

lPo(/\n)(ﬁ: - n71/4) = lPo()\n)(m) - n71/4liDo()\n) (ﬁ:) + O(nil/Z)
= po(a,) (Pn) + O(n™1%) =™ ity (7)-
Then from (8.38), for large n,
Ipogn) (B = 17 %) = lpo(r,) (Ba) + O(n™2) = 0= 4(26) 2p( N, — )/
< po(r,)(Pn),

since =2 = o(n=Y4(\, — ¢;)"/?). Similarly, we see that Ipo(r,) (Pn) <
lPo()\n)(m + n_1/4). Thus, for large n, p), — n 1t < p, < P+ n=1/4 and,
by the mean value theorem,

~ o lPO(An)(ﬁn) - lPo(An)(ﬁz)
P P = 0B)725(X,0 — ) 2(1 + (1))
= —(28) "V — ) V2T Y2 (UL(B) + 0(1)).

Hence, by (8.1) and the mean value theorem,
bn(Pr) = bpo(r,) (Bn) + O(n~/2)
= beo(r,) () + (V'(D) + 0(1)) (B — P,) + O(n™/?)
= beo(r) () — (20) 725 (A — ) 720 V2 (W (UL () + 0(1))

and similarly for h. Consequently, we can replace the random b, (p,) and
hy(pr) in (3.12) by the deterministic bpgy(z,)(P;,) and hpo(y,)(P},), provided

we also replace Z' = —(20)"Y2Z,(t) by Z'—(28)"Y2UL(p) = —(26) " /*W.
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The proof is completed by (8.27), (8.28), (8.36) and (8.37), taking Z' :=
—(26)7 2P AWL = —(26) 2 W O

Lemma 8.6. Let I(p,x) be a twice continuous differentiable function in a
neighbourhood of a point (p, x), and assume that %(ﬁ, z) =0 and g—;(ﬁ, x) #
0. Then there exist §,e > 0 such that if |x — Z| < 0, then there is a unique
p(z) with |p(x) — p| < € such that g—;(p(:c),a:) = 0. Moreover, as v — T,
p() — 5= O(jz — ) and

I(p(x),) = (x — 7) (i(ﬁ, 7)+o(1)). (8.39)

Proof. The existence of p(z) follows by the implicit function theorem applied
to 0l/0p, which also shows that p(z) is a differentiable function. Hence,
p(x) —p = p(z) — p(Z) = O(|]z — Z|). Furthermore, x — I(p(x), x) is differ-
entiable and

d ol ol ol
—I _=—({p2)p —IU(p,z) = —Il(p,x
@),y = 5 G2 @) + 5 1(.9) = 515,

and (8.39) follows. O

Proof of Theorem 1.4. Fix © € (—o0,00) and let m = m(n) = [cxgn/2 +
xzn'/2] and A, = 2m/n. Note that A, — ¢ and n'/?(\, — ¢;) — 2. Then

n~1/?2 (M—%n) <z <= M <m(n) <= G(n,m) has a non-empty k-core.
By Theorem 1.3(ii), the probability of this converges to ®(2zp?/a). O

Just as before (see (3.1)~(3.3)), we denote bu(t) = bu(e™), hn(t) =
hn(e™Y), In(t) := l,(e7?). Note that these functions now are random func-
tions of ¢. (They depend on both ¢ and (d;)}.)

Remark 8.7. In the proofs of Theorems 1.2 and 1.3, the randomness in
the limit comes from U, and Z,, v € {B, H, L}, and they always end up in
the combination W, = Z,(t) + U, (p). Moreover, the proofs uses arguments
similar to the proofs of Theorems 3.4 and 3.5, and there is some repetition.
It would be more satisfactory, in our opinion, if one could make a direct
proof of Theorems 1.2 and 1.3 that combines Z and U to W at an early
stage.

Indeed, if one could prove that Theorem 3.1 holds for G(n,(d;)}) too,
see Remark 7.4 and Appendix A, then Theorem 8.3 would extend to show
also that Theorem 3.1 would hold for G,,, with by, Ay, I, defined by (3.1)-
(3.3) random. For G(n, A,,/n) and G(n,m) (assuming as always m = A\,n/2
and A, — A > 0), Theorem 8.5 would then imply that Theorem 3.1 would
hold with by, hn, I, replaced by the deterministic bpo(an) (€71)s bro(r,) (€7),
bpo(r,)(e7"), and Z,(t) replaced by Z,(t) + U,(e™"). Theorems 1.2 and 1.3
then would follow by the same proofs as Theorems 3.4 and 3.5.

Even if we cannot (yet?) make the first step in this argument rigorous,
it gives a strong intuitive motivation. To strengthen this intuition further,
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observe that we can construct a random multigraph G, as follows: first let
(d;)} have the distribution of the sequence of vertex degrees in G(n, \,/n)(or
G(n,m)), and then, given (d;)}, let G}, = G*(n,(d;)}). (Note that, if we
were to take G(n, (d;)7) instead, we would get back G(n, \,,/n) or G(n,m).)
For this random multigraph, the proof just outlined works fine, because
Theorem 3.1 holds for G*(n, (d;)}). On the other hand, the proofs of The-
orems 1.2 and 1.3 above go through verbatim for G}, too. This shows that
both proofs (when applicable) have to give the same result, and is another
intuitive motivation for Theorems 1.2 and 1.3, as well as for the appearance
of the variables W,,.
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APPENDIX A

We certainly conjecture that Theorem 3.1 holds for G(n, (d;)}) too, al-
though we have failed to prove it, see Remark 7.4. Since this extension
would give an alternative (and somewhat simpler) proof of Theorems 1.2
and 1.3, see Remark 8.7, we will discuss another idea how to prove it here.
In principle, it seems possible to use this method to give a proof of Theo-
rem 3.1 for G(n, (d;)T), but verifying the conditions has turned out to be
much harder than we expected. It seems intuitively obvious that they hold,
but our attempts to check them rigorously have ended up in very technical
estimates that we so far have not had the energy to complete. Perhaps a
reader can find a simple argument.

The idea is to use the following extension of Proposition 4.1, which yields
joint convergence of the M, together with some integer-valued processes
N,, that converge to a Poisson process. In our conceived application, each
time Proposition 4.1 is used in Section 5, we would use Proposition A.1
with N, (¢) being the number of loops plus the number of multiple edges
(excluding loops) that have been created up to time t. We would also have
to count loops and multiple edges created after stopping (i.e., in the core), for
example by stopping the processes in M,, but letting N,, continue, with half-
edges being paired by a suitable process until none are left. It is well-known
that then N, (c0), the number of loops and multiple edges in G*(n, (d;)}),
converges to a Poisson distribution, see e.g. [17], which fits well with the
conclusions below. (Moreover, by speeding up the process at the end, we
can assume that it is completed before some finite time 7', so that N, (c0) =
Nu(T).)

A compensator A, satisfying (ii) below is easily expressed as an integral
Ap(t) = fg an(s)ds, where a,(t) is the rate which with loops or multiple
edges are created. For example, if the last white ball coloured red happens
to be in a bin with j remaining white balls, loops are created with rate
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r; the rate for creating multiple edges is more complicated and depends
on the numbers of edges already created with that bin (= vertex) as an
endpoint, and the remaining number of balls at the other endpoints. The
rate a,(t) is thus random and fluctuates rapidly as a function of ¢, but it
seems almost obvious that a law of large numbers holds and that the integral
Ay (t) converges to a non-random function as in (iii) below; however, as said
above, we have failed to find a completely rigorous proof.

Proposition A.1. Suppose that, in addition to the assumptions in Proposi-
tion 4.1, the following holds, for some right-continuous filtration of o-fields
Fn = (Fn(t))e>0 with respect to which M, is a martingale.

(i) Nu(t), t >0, is an increasing adapted integer-valued stochastic pro-
cess with N, (0) = 0 and all jumps equal to +1. (That is, AN, (t) €
{0,1} for allt > 0).

(ii) An(t), t >0, is a continuous stochastic process with A, (0) = 0 such
that Ny, (t) — A (t) is a martingale. (Thus, A, is the compensator of
Ny.)

(iii) For each fized t > 0, as n — oo, An(t) —— A(t), where A(t) is a
non-random continuous real-valued function.

Then (M, Ny) R (M,N) as n — oo, in D(]0,00); RI*), where M is as
in Proposition 4.1 and

e N is a Poisson process with intensity dA(t), i.e. an increasing integer-
valued stochastic process with independent increments such that N(0) =
0 and N(t) — N(s) ~ Po(A(t) — A(s)) when 0 < s <t;

e M and N are independent.

In particular, for any T < oo, the conditional distribution L(M,, | N,(T) =
0) converges to the distribution of M.

It is easily seen that, under additional (weak) conditions, we may take
T = oo too in the last statement; we omit the details. Note that M, NV

by Proposition 4.1 and N, 4N by [12, Theorem VIII.3.36]; hence only
the joint convergence is new.

Proof. Note that (M, N) is a stochastic process with independent incre-
ments, and that M is a martingale.

We will rely heavily on results in Jacod and Shiryaev [12, Chapter VIII].
We therefore use the notation in [12, Chapters II and VIII]. (This includes
writing n as a superscript rather than subscript.) Let X" := (M™, N™) and
X := (M, N). We will sometimes use subscripts M, N or X to indicate the
process under consideration; thus the characteristics [12, 11.2.6] of X" are
denoted by (B%,C%,v%), and so on.

We choose a continuous truncation function hp; : R? — R?. (Thus,
har(x) = = when |z| is small and hps(x) = 0 when |z| is large.) Further,
let ¢ : R — R be a continuous function with ¢ (z) = 1 when |z| < 1 and
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Y(x) = 0 when |z| > 2, and define h : RIt! — RI*+! by
Wz, y) = (L@)ha (), ¥(|z))v(2y)y).

Then, h is a continuous truncation function in R?*!. Note that, since AN" €
{0,1}, h(AX™) = (hapr(AM™),0). Consequently,

X™(h)y = X[ =Y (AX] — h(AX])) = (M"™(ha)1,0).

s<t

Similarly, since M is continuous and AN € {0,1}, h(AX) =0, and
X(h) =X, = > (AXs— h(AX,)) = (M, 0).

s<t
It follows immediately from the definitions [12, I1.2.6 and I1.2.16] that
By = (B}, 0),
cmid _ 5ﬂij7 1<4,5 <q,
X 0, t=q+1lorj=q+1,

and similarly for By and C'y. Consequently, the conditions [Sup-f5] and [~5-
R4 ] (see [12, VIII.2.1-2.2]) for X™ and X are equivalent to the corresponding
conditions for M™ and M.

The conditions [Sup-3s] and [ys-R], together with [05-R], hold for M™
and M by [12, Theorem VIII.3.12 and Lemma VIIL.3.15] (note that [Var-
Bs] implies [Sup-fs]), since [12, VIII.3.14] follows from our (4.4), and [12
VIII.3.12(b)(ii)] is (4.3), cf. the proof of [15, Proposition 9.1]. Consequently,
[Sup-G5] and [y5-R4] hold for X™ and X.

Next, let g € Co(RIH1) [12, VII.2.7]; thus, ¢ is a bounded, continuous
function R9"! — R such that g(z) = 0 when |z|is small. Let go(y) := g(0,%);
then gg € CQ(R).

Define, using the notation in [12, II.1.5], the process

D} = (g* %) — (go * V). (A.1)

Then ﬁt" is the predictable compensator of the process (with the definition
12, 11.1.16))

Dp = (g* ™" ) — (go+ ™)=Y g(AX"(s)) = > go(AN"(s
s<t s<t
_ Z( (AM™(s), AN"(s)) —g(O,AN”(s))).
s<t

For every p > 0 there exists § > 0 such that if |z| < ¢, then g(z,0) = 0 and
l9(x,1) — g(0,1)] < p. Let K :=sup|g|, A"M"(t) := supy<, |AM"(s)| and
Sy (t) = Zs<t [|AM"(s)| > 6]. Then,

1)

1
1DP| < Z(zm |AM™(s)| > 6] + pAN"(s )) = 2K J0(t) + pN™(t).
s<t
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Thus D is L-dominated [12, 1.3.29] by 2K J3(t) + pN™(t), and thus also
by Fy := 2KJg(t) + pA™(t). Note that F' is increasing and that AF; =
2K1[|AM™(t)| > 6]. Consequently, the domination inequality [12, Lemma
1.3.30] yields, for all £, > 0,

P(|IDp| > ¢) < <77+E sup AFy) > P(F; > n)
>

s<t

IN
M |S O~ O]

(n+2KP(J§(t) > 1)) + P(J§(t) > 0) + P(pA™(t) > 1)

(? + 1) P(A'M"(t) > 8) +P(pA"(t) > 7).

As remarked above, [65-R,] holds for M™ and M, which by [12, VIIL.3.5]
yields A*M™(t) 2, 0 as n — co. Consequently, for any &,7, p > 0, recalling
(i),

limsup P(|D}| > ¢) < — 1 —l—IF’(pA( ) >1).

n—oo

Letting first p — 0 and then 7 — 0 we see that IP’(|D,?| >e)— 0, ie.
Dr 2. 0. (A.2)

Moreover, since N™ is a point process, vy, is the random measure dA™(t) x
91, where 0; denotes a point mass at 1. Similarly, AX; = (0, AN;) equals
(0,0) or (0,1), and thus vx = dA(t) x §(,1). Hence, cf. the proof of [12,
Theorem VIII.3.36],

(90 * Vi )e = go(D)A™ (1) = go(1)A(t) = g(0,1)A(t) = (g * vx )r-

Combining this with (A.1) and (A.2), we see that (g% 13%); — (g * vx)s,
which verifies [05 2-R] and thus [d51-R] for X™ and X.

The result X -5 X now follows by [12, Theorem VIII.2.17]. O
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