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Abstract

Given a poset P = (X, <), a partition Xi,..., Xy of X is called
an ordered partition of P if, whenever x € X; and y € X; with z <y,
then ¢ < j. In this paper, we show that for every poset P = (X, <)
and every integer k > 2, there exists an ordered partition of P into
k parts such that the total number of comparable pairs within the
parts is at most (m — 1)/k, where m > 1 is the total number of edges
in the comparability graph of P. We show that this bound is best
possible for k = 2, but we give an improved bound, m/k — c¢(k)\/m,
for k > 3, where ¢(k) is a constant depending only on k. We also show
that, given a poset P = (X, <), we can find an ordered partition of P
that minimises the total number of comparable pairs within parts in
polynomial time. We prove more general, weighted versions of these
results.

1 Introduction

In this paper, we consider an analogue of the graph theoretic max-cut prob-
lem, for posets. Given a finite poset, we look for partitions of the ground set
respecting the order and maximising the number of comparable pairs between
parts. The extremal problem has some similarities to and some differences
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from the graph case, while the algorithmic problem is quite different as there
is a polynomial time algorithm to find the best partition.

We shall be concerned only with finite partially ordered sets. Let P =
(X, <) be a poset. The comparability graph of P, denoted by C(P), is an
undirected graph on the vertex set X, such that for a,b € X, ab is an edge
of C(P) if and only if @ and b are comparable in P.

For A C X, let e”’(A) be the number of edges in the graph induced by
C(P) on A. For A, B a partition of X, let e’ (A4, B) be the number of edges
in C'(P) that have one end in A and the other in B. We drop the superscript
when it is obvious which poset is being referred to.

For P = (X, <), a partition of X into k disjoint parts, X,..., Xy, is
called an ordered partition of P if, whenever x <y with € X; and y € X,
we have ¢ < j. If kK = 2, this means that X7 is a down-set and X5 is an upset.

Given a poset P = (X, <) and positive real numbers ay, . .., ax, define

k

f(P;ay,...,a;) = min (ZaieP(Xi)),

=1

where the minimum is taken over all ordered partitions Xi,..., X of P.
Define

f(m;aq, ... ax) = max(f(P;ay,...,a;)),

where the maximum is taken over all posets P = (X, <), for which e (X) =
m.

The case where a; = -+ = a, = 1 is the most interesting, and arises
naturally from a well studied problem in graph theory. We study the more
general weighted case, which turns out to be crucial to our proof techniques.

In Sections 2 and 3, we consider the problem of bounding f(m). In
Section 2, we prove the following theorem.

Theorem 1.1 Let k be a positive integer. For positive real numbers ay, . . ., ag,
and a positive integer m, we have that

fm;ay, ... ax) < <iai1)_1m.
i=1

Let us compare a few special cases of this result with analogous ones for
graphs. Consider first the case when a; = --- = aj, = 1. Then (31, a;1) "

=, and Theorem 1.1 tells us that every poset P = (X, <) has an ordered par-
tition Xy, ..., X} such that

eP(X1) + - +ef(Xp) < —eP(X).

1
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Looking more specifically at the case when & = 2 and a; = ay = 1, Theo-
rem 1.1 tells us that every poset P = (X, <) has an ordered partition X7, X5,
such that e”(X;) + ¢'(X5) < 3e¢7(X), or equivalently, that (X, X,) >
%ep (X). If we drop the cond1t10n that the partition should be ordered, then
this result is easy to prove; indeed, we are asking for a cut in C'(P) contain-
ing at least half the edges of C'(P). It is well known and easy to show that
such a cut exists for every graph (see [10] for more on graph cuts). An easy
extension of this is the following result, which has presumably been proven
before, but we give a proof here for convenience.

Given a graph G = (V, E), for U C V, we define E€(U) = {ab € E :
a,be U}, and e“(U) = |E€(U)|.

Theorem 1.2 Given positive real numbers, ay,...,ar, and a graph G =
(V, E), there exists a partition of V' into sets Vi, ..., Vi such that

Saecvy < (L) B

i=1 =1

Thus Theorem 1.1 is an analogue of Theorem 1.2 for posets. Of course, for
graphs, there is no restriction on the way we partition the vertices. Although
Theorem 1.2 is a natural bound, it can be sharpened, something which we
discuss later for the case k = 2. Let us see first why Theorem 1.2 is true.

Proof We partition V into sets Vi, ...,V by assigning each vertex indepen-
dently at random to one of Vi, ..., Vi, where
aj’l
Pr(veV;) =

—k 1
Zi:l a; !

These probabilities are chosen optimally for the argument that follows. Given

an edge e = ab € E, we have that Pr(e € E%(V})) = @72/(21 La;M)?, and
SO

k

E(Z ZCL]ZPI"GEEG Z%Zi
j=1 ecE eEE Z 1% )
K -1
=Y s (X)) 18
eeE =1 z =1

There must be some partition V;, ..., V{ of V for which 32  a;e(V;) is at
most its expected value, proving the theorem. O



We cannot use a probabilistic argument like the one above to prove The-
orem 1.1 because we know of no easy way of randomly picking ordered par-
titions of a poset in a way that would allow us to compute an expectation.

Let us return to the case £ = 2 with a; = a2 = 1. In the case of
graphs, Edwards [1, 2] showed that for every graph G = (V, E), there exists
a partition of V into sets V7 and V5 such that

1 m 1 1 1
a el
% Vo) < = —( m ———):— —o(vm),
6(1)+6(2)_2m 3 T 613 m (vm)
where m = |F|. This bound is achieved by complete graphs of odd order.
However, this bound does not carry over to ordered partitions of posets.
We show in Section 3, that for every positive integer m, we have
-1
2
We show further that for m a fixed odd positive integer, there is a unique
poset P, = (X,, <) (Figure 1 below), for which f(P,;1,1) = f(m;1,1) (here
r = (m — 1)/2). Describing P, in words, we have the ground set X, =
{y1,y2,21,..., 2.}, with {z1,..., 2.} an antichain, and y; < x; < y, for
i=1,...,r (and the transitive relation y; < ys).

Yo
U1

Figure 1: Hasse diagram of P,

We can see immediately that to minimise e/ (X;) + ef"(X3) (over all
ordered partitions X7, X5 of P), we must have y; € X; and 3, € X5. Then,
no matter how we place each x;, exactly one of the edges y,x; and x;ys lies
inside a part. This gives us that f(P;1,1) = r = (m — 1)/2, where m is
the number of comparable pairs in P,. (If we drop the condition that X, X
should be ordered, then the optimal partition of C(F,) is one with only a
single edge inside parts.)

Thus we see that when k£ = 2, with a; = ay = 1, we cannot improve
the bound given in Theorem 1.1 by more than a constant (independent of
m), and we show in Section 3.1 that this is the case for general rational
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ai, as, using examples similar to P,.. However, for k > 3, we find that we can
improve the bound in Theorem 1.1 by at least c¢y/m, where ¢ is a constant
independent of m. These results are summarised in the next theorem.

Theorem 1.3 (a) For fized positive real numbers, a; and as, where as/ay is
rational, we have

1 11
f(m;ay,as) = <— + —) m — O(1).
aq a9
(b) For a fized integer k > 3, and fized positive real numbers ay, ..., a, we

have

f(myay, ... a5) = <§:a;1)1m—@(m).

Note that we do not allow arbitrary real values for a; and as in the
statement of Theorem 1.3(a). In Section 3.2, we show by giving an explicit
example, that Theorem 1.3(a) does not hold in general for real values of a,
and a;. We show that when a; = 1 and ay = (1 ++/5)/2, we have

f(m;ar,az) = (i + i) 71m — Q(logm).

aq [25)
For general real values of a; and as, we know only that

-1
f(m;ay,as) = (i + i) m — O(yv/m).
ap Qa2
The example of the chain, C,, on n elements gives the bound above
and shows that the error term in Theorem 1.3(b) is of the correct order of
magnitude. For (g) <m< (”;1), an easy calculation, which we give at the
end of Section 3.3, shows that

flmsay,...;ax) > f(Cpiay, ... a;) = <Zai1)_1m— O(v/m),

where k > 2 and aq, ..., a; are real numbers.
Finally, in Section 4, we show that, given positive rational numbers
ai,...,ar, and a poset P, we can find f(P;ai,...,a;r) and a correspond-

ing ordered partition in strongly polynomial time. Note the contrast with
the situation for graphs, where finding a cut of maximum size in a graph is
known to be NP-complete (see [3]).



2 Good Partitions

In this section, we prove Theorem 1.1. The key step is to prove the result for
the case k = 2; the full result will then follow via a straightforward induction
argument. We begin with some notation.

Let P = (X,<) be a poset. For A C X, we write max”(A) (resp.
min®’(A)) for the maximal (resp. minimal) elements of the poset induced by
P on A.

For x € X let

UP(z)={ye X :y=a} with u”(2)=|U" ()|,
and D (z) ={y € X :y <z} with d"(x) = |D"(z)|.

Given positive real numbers, a; and as, define the function haP1 o X —R
by

haPl,a2 (x) = &QUP(.T) — aldp(x).

Again, we drop subscripts and/or superscripts when it is clear what these
are. Observe that h” , is a strictly decreasing function, that is, for z,y € X

ai,a
with x < y, we have hflm (y) < haPl,aQ(x)-

A partition of X into parts X; and X3 is called an (aq, az)-good partition
of Pif hl' , (x) > 0 for all z € X; and Al , (z) < 0 for all z € X, (thus
an (aq, ag)-good partition of P is uniquely defined except that any element x
with h(z) = 0 can be in either X; or X5). It is clear that every (a, as)-good
partition of P is an ordered partition of P, since h respects the order of P.

We have the following lemma, which is the case k = 2 of Theorem 1.1.

Lemma 2.1 Fix positive real numbers a; and as. For P = (X, <) a poset,
let X1, X5 be an (aq,as)-good partition of P. Then

e(X)= (-4 ) elx).

ai ag

a1a2

are(X1) + aze(X3) <
ai + ao

Proof The proof is by induction on |X|. The lemma is trivially true when
|X| = 1.
Define r : X — R by

apdf(z) if xe Xy;
r(z) = P .
agu’ (x) if =€ X,

Choose z* to be any element of X that maximises . Let B = max”(X;) U
min®’ (X5). It is clear that #* € B. We assume that 2* € max”(X;); the case
z* € min”'(X3) follows in a similar way.

6



Let X' = X\{z*}, P' = (X', <), X] = Xi\{z*}, and X}, = Xo\{z*}. We
claim that X|, X} is an (a1, ag)-good partition of P’. Let us assume that the
claim is true and continue with the proof. We have

e”(X1) = e (X7) + " (2"),
e”(X2) = e (X3),
and  ef(X) = e (X') +ul (z*) + dF (z¥).

Putting this together, we have

aa aa / /
- 122 (X)) — are” (X)) — aze’ (X3) = - 122 e”(X') — are” (X))
y o a1 N aa
—ane” (X) - uf (a) T () (S —
@142 Py P’y Py N
= e (X)) —aje” (X)) —aze’ (X5) + h™ (z*) >0,
P (X') —are” (X7) — aze” (X3) P (%) =

where the last inequality follows by induction and the fact that hf(z*) > 0
(since z* € X7).

It remains only to show that X], X} is an (ay, az)-good partition of P’
that is, we must show that

/ >O VxGX/
hY - o
(@) {g 0 Vi e X}

Observe that h*'(z) = h"(x) if 2 and z* are incomparable in P and so the
above holds for such elements x.
If x < 2" in P, then x € X; and

W (z) = agul” (x) — a d” (z)
> agu®’ (z*) — ap (d¥ (x*) — 1)
=hP (") +
> 0.
If £ > 2* then x € X5 and

h (z) = apu®” () — ad” (z)
< apu” (x) — ayd” (z*)

<0 (by our choice of z*).

This completes the proof. O



We make a couple of remarks, which we shall make use of later.

Lemma 2.1 says that f(P;ay,as) > (a;' +ay')"tef(X) for all posets P.
Analysing the proof of Lemma 2.1, we see that we make a gain on this bound
every time we remove a vertex z* (in the induction) for which |h(z*)| > 0.
Hence, one way to construct a poset P for which f(P;aq,as) is close to our
bound, would be to include many vertices x for which h(x) = 0. In fact, this
is necessary in light of Lemma 3.2, which we prove in the next section.

We note also that we have strict inequality in Lemma 2.1 if e (X) > 1.
This is because, as we inductively remove vertices from our poset P, we will
eventually be left with a poset of height 2. For such a poset, Lemma 2.1 holds
with strict inequality. Then, working backwards through the induction, we
find that Lemma 2.1 holds with strict inequality for P.

We now prove Theorem 1.1 via an easy induction argument, using Lemma 2.1
as the induction step.

Proof (of Theorem 1.1) Given ay,...,as, it is sufficient to show that for
every poset P = (X, <), there exists an ordered partition of P into sets
X1,..., X} such that

i ae(X;) < (i a;1> _1e(X).

We use induction on k. The above is trivially true for £ = 1. Assume it is
true for £ — 1.

Let by = (30 a7Y)™" and by = ar. By Lemma 2.1, there exists an
ordered partition of P into parts Y; and Y5 such that

bie(Y7) + boe(Ys) < <b_11 + b—t)le(X) = <iai—1>le(){).

By the induction hypothesis, there exists an ordered partition of Y; into parts
X1,...,X}_1 such that

%Ziaie(Xi) < (Zai_l) 716()/1) = bre(V7).

i=1
Setting X = Y5 gives the desired ordered partition of P. 0

3 Better Partitions

3.1 Rational Weights in Bipartitions

Our first task is to prove Theorem 1.3(a), which says that, for the case
k = 2, Theorem 1.1 is close to best possible. We do this, as the remark after
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Lemma 2.1 suggests, by constructing posets that include a large number of

vertices x for which Al , (x) = 0.

Proof (of Theorem 1.3(a)) In light of Lemma 2.1, it is sufficient to prove

the lower bound
ai1az

f(m;aq,a9) > m — O(1).

ay + as

Let us assume for the moment that a; and ay are integers. For an integer
t > 0, let P(t) = P(ay,as,t) be the complete three-layer poset with a;
elements in the top layer A;, as elements in the bottom layer A,, and ¢
elements in the middle layer T" (so, Ay, T', and A, are antichains and every
element in 7" is below every element in A; and above every element in As).

Let X/, X} be an ordered partition that minimises a;e”® (X ;) +aze”® (X;)
over all ordered partitions X, Xy of P(t). A little thought should convince
the reader that it is necessary to have A, C X{ and A; C XJ. A little further
thought should convince the reader that this is in fact, sufficient. Therefore,
we can assume that X = A, UT and X} = A;. Noting also that P(t) has
m(t) = (a1 + a2)t + ajas comparable pairs, we have that

min(a;e”®(X,) + aze” P (X3)) = a1 (X)) + ape?® (X))

= aqast
a1a9
- £ —
P (m(t) — araz)
a109
= t) —d
o a2m( ) (a1, as)

for all ¢, where d(aj,az) is a constant independent of m(t). Given m, we
choose t so that m(t) < m < m(t+ 1), so that m —m(t) < a; + as. Now we
have

f(m;ar,a2) > f(m(t); ar, az2) > f(P(t); ax, az)
a109

= t) —d(aq,
ay +a2m( ) (a1, as)

=% o).
a) + as

The above is also true for rational values of a; and ay, and more generally
when a; /as is rational, since

a1 a2

f(m’ ) ) = %f(m;alvcm)u

r T

for any real r > 0. O



3.2 Irrational Weights in Bipartitions

Next, we give an example to show that Theorem 1.3(a) does not hold in
general for real values of a; and a;. We shall make use of some elementary
results in the theory of continued fractions and Diophantine approximation,
all of which can be found in, for example, [6].

Theorem 3.1 For a; = 1 and ay = (14 +/5)/2 we have that

f(m;ay,as) = (i + i) 1m — Q(logm).
ay a2
Proof We start with some preliminaries. We make use of the result that
¢ = (1++/5)/2, the golden ratio, has best rational approximation given by
ratios of successive Fibonacci numbers. Let us go into more detail. We define
the Fibonacci sequence F;, by the recursive relation F, = F,_; + F},_s, with
the initial conditions that Fy = 0 and F} = 1. We have

1

V5

where ¢ = (1 —+/5)/2. Note that ¢ + b=1, p6 = —1, and \gf)| < 1; we shall
use these in later calculations.

A consequence of what is sometimes referred to as the law of best approz-
imation (Theorem 182 in [6]) is the following. For any natural numbers r, s
where s < F,,, we have that

Fn (¢n+1 + QZ)TH—I),

|S¢_T| > |Fn¢_ Fn+1|‘

We prove that for every poset P = (X, <), where |X| = n, there exists
an ordered partition X, X5, such that

are” (X1) + aze” (Xo) = (a7' + a3 ") el (X) — Qlogn).

This then proves the theorem, since logn > log/m = %log m.

Note that every poset P = (X, <) without isolated elements has a unique
(a1, a)-good partition for our choice of a; and as, since hl ., () is an integral
linear function of ¢, and so is non-zero for all x € X.

Now fix P = (X, <) with |X| = n. Define the sequence of posets P, =
(X;,<), i = 0,...,n — 1 as follows. Let Py = P. Given P, = (X;, <),
let X7, X4 be the (a1, az)-good partition of P;. We know from the proof
of Lemma 2.1 that there exists some z; € X, such that, defining X,;; =
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Xi\{z}}, Piy1 = (Xi1, =), Xi™ = X\ {27}, and X' = X2\ {z7}, we have
that X1t X2t is the (a1, as)-good partition of P, ;. Furthermore
(7! 4+ ay ") 7e" (X)) — are™(X]) — age™(X5) = (a7" + a3 ") TP (Xip)
— e (X) — e (X5) + ol ).
where c is either a;(a;’ + a5 ') or az(a;’ + ay ') ™! depending on whether
x} is in X} or X4. Thus the above gives us that

(a7t + a3 1) eP (X:) — arel (X1) — age? (Z IhP (x )

and it remains for us to show that Y1 [n"(2})| = Q(logn).
Note that P,_; has i elements. Let k(i) be the smallest integer so that
Fiy > i. Observe that k(i) = ©(logi). Then we have that

=i ()| = |ou™ () — AP (@) | > [Frayd — Frgyn
(¢k(i)+1 + ng(i)+1)¢ . (¢k(i)+2 + ék(i)JrZ) _ ngk(i)Jrl"

— ’
\/g
k(n)—

n—1

> In \—Zrhpm m\>Zr¢’f > Z |7 (F = Fja).
i=0
Also

—}W“(W +§7)
1 73 j 2 725—1
= —_|P(=1)I" i1 >

where the last inequality holds for j > 2. Finally, we have that

| N(Ey = Fjoa) = | ¢ Fja =
(!¢3\ 6%71)),

n—1 ] k(n)q (n)—
>l = S W“!)
i=0 V5 j=3 j=3
— O(k(n)) = ©(logn)
as required. O

It is unclear if the bound in Theorem 3.1 gives the correct asymptotic
value for f(m;1, (1 + v/5)/2). More generally, it seems that the growth of
(a;'+ayt)"'m— f(m; a1, ay) depends on how well we can approximate ay/a;
by rationals.
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3.3 Weighted k-partitions

Our next lemma will be the key step in proving the upper bound for Theo-
rem 1.3(b). It will also enable us to prove the uniqueness of certain extremal
posets in the next section. First we introduce the notion of a balanced ele-
ment.

Fix positive real numbers a; and ay and let P = (X, <) be a poset. For
t a positive real number, define

Bal” (1) ={zeX:|h"  (z) <t}

al,a al,az
and let balfm2 (t) = |Balfha2 (t)]. We refer to elements in Balfha2 (t) as bal-

anced elements. Once again, subscripts and superscripts may be dropped.
Here is the aforementioned lemma, which gives us an upper bound on
f(P;aq,ay) that takes into account the number of balanced elements in P.

Lemma 3.2 Fiz positive real numbers a; and as, and let P = (X, <) be a
poset, with X1, Xo an (a1, az)-good partition of P. For 0 <t < %min(al, as),
we have

a1as eP(X) min(ay, az)

P P
are’ (X1) +age” (Xy) < —
! ( 1) 2 ( 2) T oa; +as 2(@1 +CL2)

P
(|X‘ - balal,ag (t))
Furthermore, if ay = as, then the above inequality holds under the weaker
condition, 0 < t < min(a, as).

We concentrate on the proof of the first part of the lemma. The second part
has almost the same proof; we make remarks where the proofs differ.

Proof The proof is again by induction on |X|. The lemma is true for | X| =
1, since an isolated element is balanced. Assume it is true for all posets with
fewer than | X| elements.

Let z* be as in the proof of Lemma 2.1, and as before, let X' = X\{z*},
P = (X',<), X| = X;\{z*}, and X, = X,\{z*}. We know from the
proof of Lemma 2.1 that X7, X} is an (ay,as)-good partition of P’. We
shall assume that 2* € max?”(X;) so that hf(z*) > 0; a similar argument
holds if 2* € min”(X5). We must consider the two cases |h”(z*)| < t and
|hT (z*)] > t separately.

Suppose hf'(z*) < t. (Regarding the case a; = ao, if h'(z*) < t <
min(ay, as), then hP(z*) = 0.) We claim that bal” (t) < bal”(t) — 1. We
prove this by showing that the removal of x* from P does not create any new
balanced elements in P’'. Fix x € X with x ¢ Bal” (¢).

If z is incomparable to z*, then h*”(z) = h”(x), hence |h"' (z)| > ¢ and
x & Bal”'(t).
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If x < 2 then
W (z) = agul” (x) — a d” (z)
> agu” (z%) — ay (d (z*) — 1)
= hP(z*) + a; > t,
so z & Bal” (1).
If x > 2* then
W (x) = asu®” (x) — ad” (z)
< ap(u”(z”) = 1) — ar(d"(z"))
= hP(2*) —ay < —t,

so x ¢ Ball” (¢).
We have proved our claim and we have, as in Lemma 2.1, that

a1az  p P P
X)— Xi) — X

&1+a26( ) — are” (X1) — aze” (X3)

a1ao / / / a1 *
= a2€P (X') — are?” (X}) — age” (X)) + P hP (z*)

i@, 9) |1 _ pal® (1)) (induction)
2(a1 + ag)
min(ay, az)) P
I @2)) (1 x| — bal?(1),
Sl (1] = bal (1)

where the last inequality follows because |X’| = |X| — 1 and bal” (¢) <

bal®(t) — 1.

Next, suppose hf (z*) > t. We claim that

W) > t(bal” (t) — bal® (t)) if bal” (t) > bal®(t);
s ’
|t if bal” (t) < bal”(1),

the second case being trivial. Again, we consider which elements in X change
from being unbalanced to balanced when z* is removed from X. Fix z € X’
with z ¢ Bal”(t).

If 2 and z* are incomparable, then as before h”(z) = AP’ (z), and 2 ¢
Bal®” ().

If x < 2%, then as before

h'(z) > WP (2*) + ay > t,

and z & Bal” ().
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If x = x*, then x may become balanced upon removal of z*, so we must
consider all such elements. Let z1,...,x, be the elements of X such that for
each i, z; = x* and x; is balanced in P’ but not in P. We first show that
x1,...,T, is an antichain in P’. If z; > x; for some 1 < ¢, j < r, then we have
—t < AP (2;) < 0and AP (z;) < WY (2;) — (a1 + ag), giving that A (z;) < —t
(by our choice of t), contradicting that x; is balanced in P’. Thus, zy,...,z,
must be an antichain.

Now, we have

hP (2%) = ayu®’ (z*) — a1d” (z*)

= Q9 <’I“ + ‘ UUPI(ZEZ)
i=1

> ayr + " (x,)
> tr,

) - ol @)

where the last inequality follows since h”'(z,) > —t and ay > 2t (by our
choice of t). (Regarding the case a; = ax, ht’ (z,) = 0 and ag > t (by our
choice of ¢).) This proves the claim since r = bal® (t) — bal”(¢). Combining
the two cases of the claim, we have the following (weaker) inequality,

WP(a") > %t(l +bal® (f) — bal” (1))

Finally, to complete the induction, we have

apdz p P P
X)— X1) — X
a1+a26( ) —are” (X1) — aze” (X3)
102 prixrr Pyt P’ (3! ax Py,
= X - X)) — X h
at (X') —are” (X7) — aze” ( 2)+a1+&2 (%)
min(ay, az) ,, P min(ay, a2) , p, ,
———=(| X' —bal” (t)) + ————=h
o (0]~ bal” 1) 4 P o)
ML 0] ) (),
2(ay + as)
where the first inequality follows by induction and the last inequality follows
from our bound on A% (z*). O

Next, we use Lemma 3.2 to prove the following theorem, which is the
upper bound in Theorem 1.3(b).

Theorem 3.3 Given an integer k > 3, and positive real numbers, aq, . .., ax,
there exists a constant ¢ = ¢(k,aq,. .., ay) such that

k
f(m;ay, ... ax) < <Zai1>_1m — cy/m.
=1
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Proof Forr=1,....k—1,letb, = (X1_ a; ") " andlet v = (35 a;7)~"
For r < s,

Y b—l Y b—l brb,_l _ bsb/—l
Ups = Tl and w, s = Tyl
Let t, s = mm(vrs, Wy s, by, ULbg, 0L) and let ¢ = min, ¢, 5. Finally, let
. min(b;, b)) 1
C—C(k,al,...,ak)—< k lm)t<1—m)

Note that ¢ > 0 since k > 3.

Let P = (X, <) be a poset, which, we may assume, has no isolated
elements. It is sufficient to show that there exists an ordered partition
X1,..., X}, of P such that

k

iaieP(Xi) < (Za;l) 716P(X) —cy/m.

i=1 =1

We show first that our choice of t ensures that for z € X, there can be
at most one value of r for which z € Bal;, . (t). Suppose not. Then there
exists 1 <r < s <k — 1 such that

|, ()] = [bpu(z) — Bd(z)] <t
and  |hy, p (2)] = |bsu(x) — bd(z)| <t
Dividing the first equation by b, and the second by b, and subtracting the
resulting equations, we obtain

[brb, " = b () < ffu(w) = b, d(w)] — [u(@) — bbs td(@)]| < (b + 0.7t

Thus we have that v, ;d(x) < ¢, and by a similar argument, we have w, su(x) <
t. Since x is not isolated, either d(z) > 1 or u(xz) > 1, whence we have that
t > min(v, s, w, ). But this contradicts our choice of t.

Hence, x € Bali,b,r (t) for at most one value of r =1,...,k— 1. Let R be

the value of r that minimises bal;, . (t). Then we have that

RY

bale b, ( ) S m

15



By Lemma 3.2 there exists an ordered partition Y7, Y5 of P, such that
bre” (Y1) + be” (V)

brb|
S b +IZ,R6P(X) —t

< <zaf>1ep<x> g ()

< (o) e -om

(Note that our choice of ¢ is consistent with the condition in Lemma 3.2.)
By Lemma 2.1, we can find an ordered partition of Y] into sets Xi,..., Xy
and of Y, into sets Xgy1, ..., Xy such that

min(bg, b'y)

S g (X1 =k, (0)

Zaz ) < bre”’ (V1)

and Z aie” (X;) < brel (Ya).
i=R+1

Then Xi,..., X} is the desired ordered partition of P. O
We end this subsection by showing that the error term in the bound given

by Theorem 3.3 is of the correct order of magnitude, that is, we complete
the proof of Theorem 1.3(b).

Proof (of Theorem 1.3(b)) We have shown the upper bound in Theorem 3.3.
For the lower bound, assuming that ( ) <m< (”“) and recalling that C),
is the chain on n elements, we have

fm;ay, ... ax) 2f<(g),a1,...,ak) > f(Cpiay, ... a)

Let X7, ..., X} be the ordered partition of C,,, where |X;| = z; for each ¢ and
x1 + -+ x =n. Then we have that

ial :Zal< )>i%ai(1’i—1)2.

i=1 i=1 =1

For x = (x1,..., ;) € R¥, define g(x) = 2% La;(z; — 1)%, so that

=1 2

f(Cuiar,...;ar) > min  g(x).

1+ +Tp=n

16



We find that the minimum occurs at y = (yi, ..., yx) where

yi—1= (aiiaj_l)l(n — k).

This is because g is a convex function and ¢'(y) is parallel to (1,1,...,1),
which is normal to the plane x; + - - - + x = 0. Therefore

k: —
fmsan, o) > [(Car, ) = () = (o) 20— ky
=1

k

- (Za;l)lm — O(y/m).

i=1

O

We remark that the calculation above when k£ = 2 shows that for arbitrary
positive real values of a; and ay, we have that

f(m;ar,az) = (i + i)lm — O(vm).

ai ag

3.4 Extremal Results

For the special case when £ = 2 and a; = ay = 1, we can give the exact
values of f(m;1,1). We shall make use of the remarks after Lemma 2.1.

Theorem 3.4 For m a positive integer, we have that

f(m;1,1) = {L _ 1J.

2
Proof By Lemma 2.1, we have, for every poset P = (X, <), that f(P;1,1) <
se”’(X) and that the inequality is strict if e”(X) > 0. Thus for m > 0, we
have f(m;1,1) < % or equivalently f(m;1,1) < [(m —1)/2].

Recall the poset P, = P(1,1,r) defined in the introduction. We saw that
for m odd, we have f(m;1,1) > f(Pun-1y/2;1,1) = (m —1)/2. For m even,
taking disjoint copies of Py and F,—2)/2, which we denote by Py U Pry,—2)/2,
we have that f(m;1,1) > f(FPy U Pum—-2)/2;1,1) = [(m — 1)/2]. This proves
that the values of f(m;1,1) are as stated. O

We conclude this section by showing how we can use Lemma 3.2 in proving
the uniqueness of P(,,,_1)/2 as the extremal poset corresponding to f(m;1,1)
when m is odd.

17



Theorem 3.5 Fix m an odd positive integer. If P is a poset with m compa-
rable pairs and no isolated elements, and

f(P;1,1) = f(m;1,1),
then P = P(m_l)/g.

Proof Let P be a poset as in the premise of the theorem, so that f(P;1,1) =
f(m;1,1) = (m —1)/2. We apply Lemma 3.2 to the poset P, where a; =
ay =1, and ¢ is any fixed number in the range 2/3 < t < 1. Thus, we have
Pl (P11 < 2 S(|X] - bally (1)),
2 2 4 ’

Therefore, we must have that | X|— balﬁ 1(t) < 2/t, whence there are at most
two elements of P that are not in Balﬁ 1(t) (since t > 2/3). But maximal
and minimal elements of P are not in Balﬁ 1(t) (since t < 1), hence there are
exactly two elements, which we call y; and y», that are not in Balﬁ 1(2).

Observe that, since h; ; is an integer function, if x € Balfl(t) for ¢t < 1,
then hyi(x) = 0. Also, since hy is a strictly decreasing function, then
Bal{ | () must be an antichain. Since the elements in Bal{ | () are not isolated,
they must each be (without loss of generality) above y; and below ys (in order
to ensure that hy ;(z) = 0 for each = € Balfl(t)). Thus P = P, for some r
and since P has m comparable pairs, we must have that r = (m —1)/2. O

We end this subsection with the following conjecture about the exact
value of f when k > 3.

Conjecture Let £ > 3 be a fixed integer, and a; = --- = a; = 1. For

m = (g), we have

f(m;aq, ... ar) = f(Cpiaq,. .. ax).

Examples like P, fail to be extremal when k > 3 because of the increased
freedom we have when partitioning into three or more parts. Informally, it
seems that this increased freedom, together with transitivity in posets, allows
us to create partitions where a large number of comparable edges go across
parts. Thus, in order to construct an extremal example, we also require a
large number of comparable edges within parts. Chains seem the most likely
candidates to satisfy this.

18



4 Best Partitions

In this section, we give an algorithm that finds us an optimal ordered parti-
tion for any given poset P. More precisely, we have the following theorem.

Theorem 4.1 There exists a strongly polynomial time algorithm, such that
for an input (P, k,aq,...,a), where P = (X, <) is a poset, k is a positive
integer, and ay, . . ., ay are positive rationals, the algorithm outputs an ordered
partition, Xy, ..., Xy, of P for which

k

Z a;e(X;) = f(P;aq,...,a).

=1

Before we give the algorithm in general, we give simpler algorithms for
two special cases. We start by giving a particularly simple algorithm for the
case k = 2, where in fact, we are able to find all optimal ordered partitions
in polynomial time.

Theorem 4.2 Let ay and ay be positive real numbers. For a poset P together
with an ordered partition Xy, Xs of P, we have that

are(X1) + aze(Xs) = f(P;a1,az)
if and only if X1, X5 is an (ay, az)-good partition of P.

We note that if a; and as are rationals, then all (a;, az)-good partitions can
be found in strongly polynomial time.

Proof Given an ordered partition Xi, Xy observe that

are(X1) + aze(Xs) = as Z u(z) + ay Z d(z)

= ay Z u(z) + Z (ard(x) — agu(x))
= GQG(X) - Z h&lﬂ?(x)'

This is minimised if and only if Ay, 4,(x) > 0 for all z € X; and hg, 4, () <0
for all z € X, that is, X7, X5 is an (a1, az)-good partition. O
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Given that the above theorem tells us exactly which ordered partitions
are optimal, one might expect that we can use this information directly to
bound f(P;aq,as), rather than using an inductive proof such as Lemma 2.1.
Such an argument has eluded us.

Turning now to the case k > 3, one might expect that we can apply
Theorem 4.2 repeatedly to give an optimal ordered partition into k£ parts.
The obstruction to this is that by performing our optimisation sequentially,
our choice of partition at one stage affects the poset we are required to
partition at subsequent stages, and so sacrificing optimality at an earlier
stage can leave us with posets better suited to partitioning at later stages.

Next we consider the case for general k£, but where a; = --- =a, = 1. We
thank Omid Amini and Stéphan Thomassé for the argument that follows.

We find that our problem can be reduced to one of finding a maximum
sized union of k — 1 antichains in a poset P = (X, <). This is known to be
solvable in polynomial time (see [8]). Note that A C X is a union of k — 1
antichains if and only if P induces a poset of height at most £k — 1 on A.

We start with some notation and definitions. Let k, a positive integer,
and P = (X, <), a poset be given. For an ordered partition X, ..., X} of P,
define

EP(X1,...,X;) ={(a,b):a € X;,b€ Xj,a < b,i <j}.

Our problem is equivalent to maximising |E7 (X7, ..., Xk)|.

We say that Y C X is a maximal union of k£ — 1 antichains, if there is no
Z 'Y that is also a union of £ — 1 antichains.

Next we define the line poset L(P) = (E¥(X), <rp)) of P, where

EP(X) ={(a,b) : a < b},

and (a,b1) <r(p) (a2, bs) if and only if by < a,. It is easy to check that L(P)
is a well defined poset.
We have the following lemma.

Lemma 4.3 Given a positive integer k and a poset P = (X, <), we have that
Y C EP(X) is a union of at most k — 1 antichains in the line poset L(P),
if and only if Y C EP (X, ..., X}.) for some ordered partition X, ..., Xy of
P.

Thus, finding an optimal k-partition is equivalent to finding a maximum
sized union of k — 1 antichains in L(P), where the latter can be found in
time polynomial in | P|, (since |L(P)]| is polynomial in |P|).
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Proof Let Xi,..., X, be an ordered partition of P. Then it is clear that
if Y C EP(Xy,...,Xy), then L(P) induces a poset of height at most k — 1
onY.

Conversely, let Y C ET(X) be a maximal union of k — 1 antichains in
L(P), that is, L(P) induces a poset of height £k — 1 on Y. We prove, by
induction on k, that there exists an ordered partition Xy, ..., X, such that
Y = EP(Xy,..., X}). This then proves the lemma.

When k£ = 1, Y has height zero, so is empty and corresponds to the
ordered partition with one part, namely the whole of X.

For general k, let ¥ = min®®)(Y) and let X; = {a : I(a,b) € Y1}. Let
Y'=Y\Y; and X' = X\ X, and let P’ = (X', <). We claim that,

(a) X is a down-set of P, and
(b) Y’ is a maximal union of k£ — 2 antichains in L(P").

Let us continue with the proof assuming the claim is true. By induc-
tion, there exists an ordered partition X,,..., X, of P’ such that Y’ =
EP' (X, ..., X}). Since X, is a down-set, it is clear that X, ..., X}, forms an
ordered partition of P and that Y = YUY’ C EF(X;, X")UET (Xy,..., X;) =
EF(X1,...,Xg). Since Y is maximal, we must have Y = EP(X1,..., X}).

For part (a) of the claim, let a € X7, with b € X and b < a. Since a € X7,
there exists some o’ € X with a < @’ such that (a,a’) € Y; = min®®)(Y"). We
show below that (b, a’) is incomparable to every element in ¥; = min®®)(Y"),
hence (b,a’) € Y7 (by the maximality of Y'), thus b € X;, proving part (a) of
the claim.

In order to show that (b,a’) is incomparable to every element in Y; sup-
pose (ai,az) € Y;. Then we cannot have (ai,a2) <rpy (b,a’), otherwise
we have (a1,a2) <) (a,a’) contradicting that (a,a’) € Y;. We cannot
have (b,a’) <r(p) (a1, a2), otherwise (a,a’) <rp) (a1, a2), contradicting that
(CLl, CLQ) € )/1

For part (b) of the claim, it is clear that Y’ C E¥'(X’). It is also clear
that Y’ = Y\ min?®)(Y) is a maximal union of k — 2 antichains, since Y is
a maximal union of k£ — 1 antichains. This completes the proof. 0

We now turn to the proof for the general weighted case, Theorem 4.1,
which relies on the fact that a submodular function on a lattice family can
be minimised in strongly polynomial time. This result was originally due
to Grotschel, Lovasz, and Schrijver [4, 5] and was refined most notably by
Iwata, Fleischer, and Fujishige [7] and Schrijver [9]. We begin with some
preliminaries.
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Given a set V, a set L of subsets of V' (with the inclusion order) is called
a lattice family if, whenever A, B € L, we have AN B € L and AU B € L.
For example, the set of down-sets of a poset P on V', which we denote by
D(P), forms a lattice family.

A function g : L — R is called submodular if

9(A) +g(B) > g(ANB) + g(AU B)

for all A, B € L.
We have the following special case of a result of Schrijver [9].

Theorem 4.4 Let D(P) be the set of down-sets of some partial order on
P = (V,<). Let g be a submodular function on D(P). Given a value-giving
oracle for g, a set U € D(P) that minimises g can be found by an algorithm
using a number of calls to the oracle and a number of arithmetic steps that
are both polynomial in |V|.

The value-giving oracle is able to access values of ¢ in polynomial time. It
is required because we would like an algorithm polynomial in |V, so we do
not wish to input all values of g, since this would require |D(P)| operations,
where | D(P)| is potentially exponential in |V|.

We are now ready to prove Theorem 4.1.

Proof (of Theorem 4.1) A poset P = (X, <), a positive integer k, and
positive rational numbers aq, ..., a; are given. Let |X| =n. For X;,..., X}
an ordered partition of P, we define the partition function of Xq,..., X} to
be the function w : X — [k] where w(z) = ¢ if and only if x € X;. Let Q be
the set of all partition functions corresponding to the ordered partitions of
P. (A partition function w defines a partition, and so we sometimes refer to
w as a partition, and to  as the set of all ordered partitions.!)

We start by showing that €2 has a natural lattice structure of the form
given in Theorem 4.4.

Let X = {x1,...,2,}. Define P(k —1) = (Y, <*), where Y =Y, U---U
Vi1, Yi=A{va,...ym}ffori=1,... k—1, and y; <* y;5 if and only if i > j
and x, < x4 (assuming y;,. and y;, are distinct). Recall that D(P(k — 1)) is
the set of down-sets of P(k—1). We give a bijection from € to D(P(k—1)).

For w an ordered partition of P (into k parts), define D(w) to be the
subset of Y such that y;; € D(w) if and only if ¢ > w(z;). It is easy to
check that D(w) is a down-set of P(k) and that w +— D(w) is a bijection
from Q to D(P(k — 1)). We note that if w; — D; and wy +— Ds, then
min(wy, ws) — Dy U Dy and max(wy,ws) — D N Dy, where min(wy, ws)

10 is often called the set of order-preserving maps from P to [k].
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(resp. max(wy,ws)) is the pointwise minimum (resp. maximum) of w; and
Wa.

We define g :  — R, where g(w) = 32 | a;e”(X;) and w is the partition
function of X1, ..., X;x. We note that, given any partition w, we can compute
g(w) in time polynomial in n and the lengths of the rationals a;.

Invoking Theorem 4.4, we see that if g is submodular, then we can min-
imise g over € in time polynomial in | P(k)| = kn < n? and the lengths of the
rationals a;. That is, we can minimise ¢ in strongly-polynomial time, thus
proving the theorem.

It remains only to show that ¢ is submodular, that is, we wish to show
that if w and ¢ are ordered partitions, then

9(w) +9(¢) 2 g(max(w, 9)) + g(min(w, ¢)).

Noting that the sum of submodular functions is submodular, we write ¢
as a sum of indicator functions and show that each indicator function is
submodular.

Define I, ,; : 2 — {0, 1}, where

0 otherwise .

Lyi(w) = {1 if w(z) =w(y) =1

Then we have that i
=1 =<y

We now carry out an easy case analysis to show that if <y, then I, ;
is submodular. We wish to show for every pair of ordered partitions w and ¢,
that

[x,y,i(w) + [x,y,i(¢) Z Ix,y,i(max(w> ¢)) + [x,y,i(min(w> ¢)) (1)

Since z < y, we have that w(z) < w(y) and ¢(z) < ¢(y). Henceforth, we
drop the subscripts on I.
Suppose I(max(w, ¢)) + I(min(w, ¢)) = 2. Then

(
max(w, $)(z) = min(w, $)(z) = max(w, $)(y) = min(w, 6)(y) = i,

Suppose I (max(w, ¢))+1(min(w, ¢)) = 1. Then without loss of generality,
we have max(w, ¢)(z) = max(w, ¢)(y) = i. Without loss of generality, ¢(z) <



w(z) =1i. Now we have one of the following two possibilities:

(a) o(y) <wl(y) =1,
or (b) w(y) < ¢(y) =1.

For case (a), we have that w(z) = w(y) = i, so that I(w)+I(¢) > 1. For case
(b) we have w(y) < w(z) = i, but we know that w(z) < w(y) (since x < y).
Hence w(z) =w(y) =7 and I(w) + I(¢) > 1.

If I(max(w, ¢))+1(min(w, ¢)) = 0 then (1) trivially holds. Thus (1) holds
in all cases and the proof is complete. O
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