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Abstract

Consider two graphs, G; and Go, on the same vertex set V', with
|V| = n and G; having m; edges for i = 1,2. We give a simple algo-
rithm that partitions V into sets A and B such that eq, (A4, B) > m1/2
and eg, (A, B) > ma/2—A(G2)/2. We also show, using a probabilistic
method, that if G; and G2 belong to certain classes of graphs, (for
instance, if G; and G5 both have a density of at least 2/3, or if G and
Go are both regular of degree at most (n/16) — 6 with n sufficiently
large) then we can find a partition of V' into sets A and B such that
eq;(A,B) > m;/2 fori=1,2.

1 Introduction

Throughout this paper, we shall be concerned with finite simple graphs unless
otherwise stated. Given a graph G = (V, E), with A and B disjoint subsets of
V', we denote by E¢(A, B) the edges of G that have one end in A and one end
in B. Let eq(A, B) = |Eg(A, B)|. For the special case when B = A° = V/A,
Eq(A, A°) is called a cut of G. We shall sometimes refer to Eg(A, A°) as
the cut of G generated by A. The maximum degree of G will be denoted by
A(G).
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It is well known that for any graph G with m edges, there exists a cut
of size at least m/2. This is achieved by the obvious greedy algorithm. A
sharper bound is given by Edwards in [2], [3], where it is shown that every
graph G with m edges has a cut of size at least

Here, the extremal graphs are the complete graphs of odd order.

Henceforth let Gy = (V, Ey) and Gy = (V, E») be any two graphs on the
same vertex set V', with |V| = n and |E;| = m; for ¢ = 1,2. In this paper, we
shall consider the problem of finding A C V' that generates a large cut both
in Gy and in G5. This is a problem posed originally by Bollobds and Scott
in [1]. More precisely, their problem was the following:

Problem 1 Find the largest integer f(m) such that for every pair of graphs,
G, = (V, Ey) and Gy = (V, Es), each with m edges, there exists A C V' with
e, (A, A°) > f(m) fori =1, 2.

For further details on this and other related problems, see Scott [6].
Bollobés and Scott suggested that perhaps f(m) = (1 —o(1))m/2. Kiithn
and Osthus proved this in [4], where they showed, using probabilistic meth-
ods, that if G; = (V, E;) with |E;| = m; for i = 1,2, then there exists A C V
such that s "
oA, A%) 2 50— i = (1 - o)
fori=1,2.
In Section 2, we prove the following theorem, which is based on a simple
algorithm.

Theorem 1.1 Let G; = (V, E;) with |E;| = m; for i = 1,2. Then there
exists A C V', with ||A| — |A°|| < 1, such that

A
eq, (A, A%) > % and eg,(A, A%) > % - (2G2>

A simple modification of the algorithm in Theorem 1.1 yields the following
theorem, which again proves that f(m) = (14 o(1))m/2.

Theorem 1.2 Let Gy and G5 be graphs as in Theorem 1.1. Then there exists
ACV, with ||A| — |A°|| < 2, such that

ec, (4, A%) = % and eg,(A, A°) > % — /my.



Both theorems extend easily to graphs with weighted edges. Theorem 1.1
also proves the following conjecture made by Rautenbach and Szigeti in [5].

Conjecture 1 Let G; = (V,E;) with |E;| = m; for i = 1,2. If both
graphs have maximum degree at most A then there exists A C V such
that eq, (A4, A°) > $(m; — A) for i =1,2.

The following conjecture, which is implicit in [4] and [5] but not formally
stated, is a natural extension of Conjecture 1.

Conjecture 2 Let G; = (V, E;) with |E;| = m; for i« = 1,2. Then there
exists A C V such that eg, (A4, A°) > [$m;] for i =1,2.

Note that Conjecture 2 is false if we replace [$m;| with im;. Indeed, let
G1 be a 5-cycle on 5 vertices and let Gy be its complementary graph (also a
5-cycle). This example is given by Rautenbach and Szigeti in [5], and is the
only such example that we know of.

In Section 3, we show, using probabilistic methods similar to those used
in [4], that Conjecture 2 holds for certain classes of graphs. More precisely,
we prove the following two theorems.

Theorem 1.3 Let G; = (V,E;) with |V| = n and |E;| = m; > gn? for
i =1,2. Then there exists A C'V, with ||A| — |A°|| < 1, satisfying

ea (A, A) =
fori=1,2.
Theorem 1.4 Let G; = (V, E;) with |V| = n and |E;| = m; fori = 1,2.
If A(Gy) =1y < \/m;/8 —2 for i = 1,2, then there exists A C V, with
|A] — [A°|| < 1, satisfying

eq (A, A) =
fori=1,2.

In particular, the conditions of Theorem 1.4 are met if G; is r;-regular, with
1 < g — 6 fori=1,2, and n > 128.



2 A Simple Algorithm

In this section, we present the proof of our main results. The proof of Theo-
rem 1.1 is based on a simple algorithm, which we later adapt to give a slightly
sharper result for the case when A(Gs) is large. Before we proceed to the
proof of Theorem 1.1, we give one piece of notation. For G = (V, E) a graph,
veV,and A CV, let dg(v, A) denote the number of neighbours of v in A.
Let dg(v) denote the degree of the vertex v in G.

Proof (of Theorem 1.1) As before, G; = (V, E;), with |V| =n and |E;| = m;
for i = 1,2. We assume that n is even. (If n is odd then we add a vertex to
V that is isolated in G; and G and apply the theorem for n even.)

For j = 0,...,n/2 we inductively construct disjoint subsets A; and B;
of V' as follows. Let Ay = By = ¢ and assume that we have constructed
Aj—l = {(11, Ce ,CLj_l} and Bj—l = {bl, e ,bj_l}.

For each v € V| let

djl(v) - dGl (U7 Bj—l) - dG1 (Ua Aj—l)'

Choose a; to be any vertex in V\(A4;_; U B;_;) that maximises d} and set
A; ={ay,...,a;}. Foreachv eV, let

d%<v) = dGz (Uv AJ) - dGz (Uv BJ'*1>'

Choose b; to be any vertex in V\(A; U B;_;) that maximises d} and set
B; = {by,...,b;}. Notice, by our choices of a; and b;, that for each j, we
have

di(a;) > di(b) and  dy(b;) > dh(ay1) > &5 (a540).
We shall use these inequalities at the end.

After n/2 iterations, we obtain A,/ and B, s, sets of equal sizes that
partition V. Let A = A, 5, so that A° = B,, . We claim that

A
eq, (A, A% > M and eq, (A, A% > M2 (G2>.
2 2 2
To see this, observe first that
n/2
mi =Y [de, (a5, Aj 1) + da, (a5, B 1) + da, (b, Ay) + da, (bj, Bj 1))
j=1
and
n/2
e, (A, A%) = " [da,(aj, Bj1) + da, (b, A;)].
i=1



Subtracting 1/2 of the first equation from the second yields

n/2
e (A AY) = =5 > ([dGi(aj, Bj_1) = dg,(a;, Aj-1)] + [d, (b5, A7) — dg,(by, Bj—l)])-
=1

By comparing the terms in square brackets with dg (a;) and df(bj) respec-
tively, and noting for any vertex v that dg, (v, A;) > dg, (v, A;_1), we obtain

that - .
o (A A7) M [ 3TN (i (a) — ) iFi=1
1 LS (dy(by) — dh(ay)  ifi=2.

Using that d(a;) > d(b;) for each j, we see that the first sum is non-
negative. Using that dj(b;) > di™" (a;11) for each j , we see that the second
sum is at least —d}(a;) —I—d;/g(bn/g) > —A(Gy) as di(a;) = 0. This completes
the proof. O

Examining the proof of Theorem 1.1, we see that it is the last vertex
placed that determines the size of eg, (A, A°) — (m2/2). In particular, we can
improve on Theorem 1.1 if we can ensure that the degree of b,,, in G is
small.

Proof (of Theorem 1.2) Let vy,...,v, be an ordering of the vertices of V'
satisfying dg, (v;) > dg,(vip1) foralli =1,...,n— 1. Let Vx = {vy,..., v},
where ¢ is an integer to be specified later. For convenience, we ensure that
both |V x| and |V| are even by adding isolated vertices to V' and/or (V)¢ =
V\ (V%) if necessary. After the addition of these isolated vertices, let ¢’ = |V x|
and n’ = |V|. We give a modified version of the algorithm in the proof of
Theorem 1.1. The only difference is that initially, we restrict our attention
to V', however we describe the algorithm in full for notational convenience.

Let V; = Vxfor j <t'/2and V; = (V) for j > t'/2. For j =0,...,n/2,
we inductively construct disjoint subsets, A; and B;, of V as follows. Let
Ay = By = ¢ and assume that we have constructed A; 1 = {ai,...,a;_1}
and Bj—l = {bl, . ;bj—l}-

For each v € V}, let

d|(v) = d, (v, Bj_1) — da, (v, Aj_1).

Choose a; to be any vertex in V;\(A;_; U B;_;) that maximises d] and set
Aj = {al, ce 76Lj}.
For each v € V}, let

d%(v) = dG2 (U? A]) - dG2 (Ua Bj—l)'

b}



Choose b; to be any vertex in V;\(A; U B;_;) that maximises d} and set
Bj = {bl, ce ,bj}.

We iterate n’/2 times to obtain sets A, s2 and B/, We remove from
Ay o and B,y 9 any isolated vertices that we may have added at the beginning
to obtain sets A and B = A° that partition V. Note that ||A| — |A°|| < 2.
This completes the description of the modified algorithm.

Notice, by our choices of a; and b;, that for each j we have d}(a;) > di(b;),
and for each j except j = /2, we have d}(b;) > dj(aj41) > d) (aj41).

Mimicking the analysis of the algorithm in Theorem 1.1 and noting that
eq, (A, A°) = eq,(An 2, By o), we find that

%AAAC———> Efd]% (bj)) = 0
and
w2
e, (A, A°) — % > —Z (d(b;) — di(ay))
> §<—d5<a1> oy (ug2) = 5 g ) + dy (b o)

3 [ )
1

= —5(t + da, (V).

Since we are free to choose t as we please, we have that

m 1 .
_ 2 -3 mtln[t + da, (Vit1)],

ay (A, A9) = 5

where we minimise over t = 0,...,n — 1. We claim that
mint + da, (vr)] < (273,

which proves the theorem. We prove the claim by contradiction. Suppose



that ¢ + dg,(vi1) > [2¢/mz]| forallt =0,...,n — 1. Then

S de(ven) > 3 max((12m]  1).0)

[2ym2]

— Z ¢
= S[2vim 2y + 1)

> 2ms,
which is a contradiction, proving the claim. 0

Both Theorem 1.1 and Theorem 1.2 can be extended to graphs with
weighted edges. We simply replace each parameter with its weighted coun-
terpart (both in the statements and the proofs of the theorems).

3 Good Simultaneous Cuts For Special Classes
of Graphs

In this section, we turn to the problem of finding pairs of graphs, G; = (V, E;
with |E;| = m,; for ¢ = 1,2, for which we can ensure the existence of A C V
such that

€a; (A7 AC) > Lml/2J

for © = 1,2. As conjectured earlier, we believe that the above is true for all
pairs of graphs. The proofs in this section are of a probabilistic nature.

We first prove that the above is true for graphs of high density, that is,
those graphs that give the poorest bounds in Theorem 1.1 and Theorem 1.2.
We start with a general lemma.

Lemma 3.1 Let X be an integer-valued random variable with mean p and
variance 0. For p > 0, let r(X,p) be mazimal such that

Pr(X <r(X,p)) <p.

Then




Proof Let Y be the two point random variable taking the value y, =
E(X|X < r(X,p) + 1) with probability po = Pr(X < r(X,p) + 1), and
taking the value y; = E(X|X > r(X,p) + 1) with probability 1 — py.

We have that yo < r(X,p) + 1, and an easy calculation gives

vo =E(Y) — \/1 DOy ar(y).

Noting that py > p, E(Y) = i, and Var(Y) < o2 (the last of these follows
from the convexity of z?), we obtain

1 - 1 -
pOVar(Y) > 1 — L
Po p

o

r(X,p) +12>yo =E(Y) - \/
as required. O

The following corollary is the main probabilistic tool used in the proofs
of Theorem 1.3 and Theorem 1.4.

Corollary 3.2 Let X, and X5 be integer-valued random variables, and let
X; have mean p; and variance o fori=1,2. Then

Pr(X, >ty — o1, Xo > g — 09) > 0.
Proof The following easy calculation proves the corollary.
Pr(Xy > p1 — o1, Xo > pip — 02)
Zl-PI‘(Xl S/Ll—al—l)—PI'(Xg SMQ_O-Q_]_)
>1—-Pr(X; <r(X,1/2)) — Pr(Xy <r(X,1/2))
>1-1/2—-1/2=0.
OJ

The idea of the proof of Theorem 1.3 is an extension of the ideas of Kiihn
and Osthus in [4].

Proof (of Theorem 1.3) Given graphs G; and Gs, pick a subset A of V' of
size |n/2| uniformly at random and set X; = eq, (A, A°) for i = 1,2. Let y;
and o7 respectively be the mean and variance of X;. We show that if G; and
(G5 are sufficiently dense, then



Corollary 3.2 then gives that
Pr(X; > m/2, X5 > my/2) >0,

hence there exists some subset of V' with the desired property.

It remains only to bound p; — 0;. We shall assume that n is even. The
case of n odd is proved with a similar calculation to the one below.

We start by computing the expectation and variance of the X;. Let us
focus on X;. For each e € E, define

0 otherwise.

X - {1 if e € Eg, (A, A%);

Note that X; = > . 5, Xe- Using this and the linearity of expectation, we
have

E(X) = Y OE(Y,) = 3 Pre € Bo, (4, A%) = %ml(l +

eck eck;

1
n—1

)

since Pr(e € Eg, (A, A%) = 1(1+ -15).
Next we compute E(X?). Again, writing X; as a sum of indicator func-
tions and expanding, we get

E(X7) =) E(X)+ Y E(X. X))

ecFq e,feEF
e f
=E(X)+ Y Prle, f € Eg,(A, A%).
e,feE,
eAf

For two edges, e and f, of a graph, with e #£ f, we write e inc f if the edges
are incident (meet at exactly one vertex), and we write e ind f if they have
no common vertices, that is, they are independent. We split the sum above
according to whether or not e and f are incident. Using that

1) (1 755), ifeind f;

Pr(e, f € Eg,(A, A%)) =
( ( ) 1+ﬁ, if e inc f,

NI TN



we obtain

E(X}) =E(X)+ Y Pr(e.f € Eg,(A,A%)+ > Pr(e, f € Eg, (A, A°))

efeEl e»feEl
eind f e inc f
1 1 1 1 1

e i - 250

where P»(G) denotes the number of (ordered) pairs of incident edges in Gj.
Alternatively, P,(G1) is twice the number of paths of length 2 in Gy, and we
can bound it as follows. Let vy,...,v, be the vertices in V and let d; be the
degree of v; in G;. Then

- idi(di ~1)
=1

( Z d; > — 2m; (Cauchy-Schwarz inequality)

Using this bound, together with the expressions for E(X?), we find that

E(ng%l(l—i_nil)(ml—k( ni3)m%_n(iwi%3)+nwf3)'

Using our expression for E(X;), we obtain

1 1 2m? Am? my
Var(¥) < 3 (14 ) =5 = )
) s U ) M T = a3 T3
and similarly for Var(Xs). It is sufficient to show that

Var(X;) < (uz - %)2

Substituting the expression for y; and the bound for o2, we find it is sufficient
to show that
2

1<1+ 1 )(m—i— 2m? _Amg n mi>< m;
4 n—1 T n—=1)n-3) nn-3) n-3/"4n-1)*%

10




For n > 3 and m; > 0, the above inequality holds if and only if

. n(n —1)(n —2)
"= 3n—17 ’

which holds if m; > %nQ fori=1,2. 0

Next we prove a theorem showing that pairs of graphs with small max-
imum degree (relative to the number of edges in the graphs) also satisfy
Conjecture 1. The proof of the theorem broadly follows that of the previ-
ous theorem, the only difference being the way in which the random cut is
constructed.

Going into more detail, the random cut is constructed as follows. We
first deterministically pair up the vertices of our vertex set V so that a
large proportion of the pairs form edges of our graphs. We then partition V'
randomly, ensuring that vertices of each pair are in different parts.

This motivates the following lemma and its corollary.

Lemma 3.3 For graphs G1 = (V, Ey) and Gy = (V, Es), let A; C E; be sets
of independent edges for i = 1,2. Then there exists a set, A C A; U As, of
independent edges such that

1
AN Al > {§|AZ|J - L

Proof Observe that each edge of A; N Ay is independent of all other edges
in A; U As. Let B; = A;\(A; N Ay). Then it is sufficient to find a set
B C By U By of independent edges such that |B N B;| > ||B;|/2] — 1 (then
set A= BU(A; N As)).

We construct B as follows. Assume, without loss of generality, that | By| =
|B1| + b where b is a non-negative integer. Note that B; U By is a disjoint
union of paths and cycles where edges alternate between being in B; and
being in By. Let S be the set of these paths and cycles.

A path in S whose first and last edges are both in B; (resp. By) will
be referred to as a 1-path (resp. 2-path). Let P! (resp. P?) be the set of
1-paths (resp. 2-paths). Any other path in S is necessarily a path with an
even number of edges, so we call it an even path. Let P¢ be the set of even
paths in S. Let C be the set of cycles in S (each of which necessarily has an
even number of edges).

11



We have that S is the disjoint union of C', P¢, P! and P2. For s € S, |s]
refers to the number of edges in s. Let

C=A{c,co...,c;} with 1] > |ea| > ... > ],
P ={p1,p5,....pi} with |p7| > [p5] > ... > [pf],
P'={p1,p5, ..., o1} with |pi| > [p3] > ... > |p;],
P2 ={pl,p5,...,po} with |pi| > |p3| > ... > |p} ],

and note that the number of 2-paths exceeds the number of 1-paths by b =
|By| — | B1|, hence I +b = m. We order the elements of S as follows,

e e e 2 .1 2 1 2 .1 2 2 2
C1,C25---,Cj,P15P2s -+ Py P15 P15 P25y Pos - - -5 Py Prs Pig1> Piyar - -+ Py

and call this ordering Og. For each s € S, fix an ordering, fi,..., f,, of the
edges of s such that f; and f;.; are incident fori =1,...,¢—1, and if s is an
even path or cycle, then f; € By. Concatenate these orderings of elements
of S according to O, to give an ordering, eq,...,e;, of the edges of B; U Bs.
Note that the edges in our ordering ey, ..., e; alternate between B, and B,
except at a transition between P2, and P2, (z =1,...,b— 1), where we
have two consecutive edges in By. We call such a transition, a P>-transition.

Choose x minimal such that |{e,...,e,} N By| = |[|B1]/2] — 1 and let
By ={e1,...,e.} N By. Let By = {e,49,...,6:} N By and let B = B} U Bj,.
It is not too difficult to see that B is a set of independent edges.

It remains only to show that |B N Bs| = |B)| > ||B2|/2] — 1. Let y
be the number of P*-transitions in ey, ..., e,. Since p7,,...,p2, are ordered
according to size in Oy, we find that y < b/2 — 1, otherwise |B{| > |By|/2.
Using this, we get

|Bé| = |BQ| — |{61, e ,ex} N BQH -1
= |Bo| = (I1Bi| +y) — 1

1
> B~ (1B +)
1
> |=|Bs|| —1
> |51l

as required. O

Corollary 3.4 Let Gy = (V, Ey) and Gy = (V, E3) be graphs with |V| =n
and |E;| = m;. If A(G;) = r; for i = 1,2, then there exists a pairing,

12



P = {(vi,w1), ..., (V|nj2), Wns2))}, of the vertices in V such that fori= 1,2,
we have
m;
P (R

Proof By Vizing’s Theorem, we can find an (r; + 1)-colouring of the edges
of GG; and so, in each of the graphs G;, we can find an independent set of
edges of size at least m;/(r; +1). Let A; be such a set of independent edges
for graph G;. By Lemma 3.3, we know there exists a set A C A; U Ay of
independent edges such that |[ANA;| > ||A;|/2]—1. This proves the corollary
since the edges in A induce a partial pairing of V' and we extend this (in any
way) to a total pairing, P, with the desired property. OJ

We are now ready to prove Theorem 1.4.

Proof (of Theorem 1.4) Assume n is even (if n is odd, add a vertex to V
(isolated in G and G), and apply the theorem for the case when n is even).
By Corollary 3.4, there exists a pairing P = {(vi,w1), ..., (Vnj2, Wny2)} of
the vertices of V' such that k; = |P N Ei| > |g7%55] — 1 for i = 1,2. Let A
be a random subset of V' constructed as follows. For each pair (v;, w;) of P,
we either choose v; € A, w; € Aor v; & A, w; € A, each with probability
1/2. The choices for each i = 1,...,|n/2| are made independently of one
another. Let X; = eg, (A, A°) and let X; have mean y; and variance o?. By
Corollary 3.2, it is sufficient to prove that

1
i — 0 2 My,
pi— 03 Z 5m

for i = 1,2. As before we compute y; and o?.
Let G = (V,E!) = (V, E;\P) with m, = |E!| = m; — k;, and let X| =
ea: (A, A°). Let X have mean y; = ji; — k; and variance ol* = o2,

For e € E], we have that
Pr(e € Eg, (A, A%)) = 1/2,
so as in Theorem 1.3, we have
m
E(X]) =) Pr(e € Eg (A, A%) = -

e€E!

oL~

Two edges e, f (e # f) in E] are said to be linked if there exists p;,p; € P
such that e U f C p; Upy. For e, f € E!, we have

% if e, f are linked and not incident;

Pr(e, f € Eg,(A, A)) =

)

if e, f are linked and incident;

otherwise.

PN
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For any edge e € £, there is at most one edge f € E! that is linked and not
incident to e. Hence there are at most m/ (ordered) pairs of edges of E! that
are linked and not incident. As in the proof of Theorem 1.3, we have

E(X?) =E(X])+ Y _ Pr(e, f € Ea(A, A%))
e,fEE]
e#f

1
i+ glmimt — 1) ] + S

and

Therefore pu; = %(mZ +k;) and 02 < %(ml — k;). We find that u; —o; > m;/2
if 02 < 1k2, ic. if

1
2
Given that k; > L2(:"”i1)J — 1, it is easy to check that the above holds if

Note that the condition A(G;) < y/m;/8 — 2 is only used at the end of the
proof in order to bound k;. More generally, any pair of graphs G;, i = 1,2,
satisfying the condition that m; < %kf + k; will satisfy Conjecture 2.
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