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ABSTRACT. We study random subgraphs of the 2-dimensional Hamming graph H(2,n), which is
the Cartesian product of two complete graphs on n vertices. Let p be the edge probability, and

write p = % for some ¢ € R. In [4, 5], the size of the largest connected component was

estimated precisely for a large class of graphs including H(2,n) for e < AV~Y3, where A > 0 is
a constant and V = n? denotes the number of vertices in H(2,n). Until now, no matching lower
bound on the size in the supercritical regime has been obtained.

In this paper we prove that, when ¢ > (log V)l/ 3y =1/3_ then the largest connected component
has size close to 2V with high probability. We thus obtain a law of large numbers for the largest
connected component size, and show that the corresponding values of p are supercritical. Barring
the factor (log n)l/ 3, this identifies the size of the largest connected component all the way down
to the critical p window.

1. INTRODUCTION

We study random subgraphs of the 2-dimensional Hamming graph H(2,n). The d-dimensional
Hamming graph is a graph on V = n? vertices, each corresponding to one of the n distinct
d-vectors v = (vy,...,vg) € {1,...,n}% A pair of vertices are connected by an edge if and only if
these vertices differ in precisely one co-ordinate. (See for example [9] for more information on the
properties of Hamming graphs.) The 1-dimensional Hamming graph H(1,n) is the complete
graph; for d > 2, the graph H(d,n) is the Cartesian product of d complete graphs on n vertices.
In particular, it is transitive and the degree of each vertex is Q = d(n — 1).

We write [P, for the probability law of the random subgraph of G resulting when each edge is
occupied (or present) with probability p, and vacant (or absent) with probability 1 — p,
independently of all the other edges. We write E, for the expectation with respect to IP,. Also,
Var, will denote the variance under IP,.

Throughout we work with the 2-dimensional Hamming graph H (2, n) unless explicitly stated
otherwise, and we shall assume that p = 2(17:61) = %, where ¢ = ¢(n) € (0,1) tends to 0 in a
certain way to be specified below. Our goal is to study properties of random subgraphs of
H(2,n) under P,.

Random subgraphs of finite tori with various edge sets were studied in quite some generality in
[4, 5], and we now highlight the key results of these papers. Some of the theorems in [4, 5] apply
to a general finite transitive graph, which in what follows will be denoted by G. We also denote
the number of vertices in G by V = |G| (V for “volume”) and the vertex degree by Q. Given a
vertex v of G, we shall write C(v) for the connected component or cluster containing v, and
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|C(v)] for the number of vertices in C'(v). Further, we let x(p) be the expected size of the cluster
containing v, that is

x(p) = Ep[|C(v)]]. (1.1)
(Note that, by transitivity, this is independent of the choice of v.) Then in [4, 5] the critical
threshold p. = p.(G, A) of a finite transitive graph G is defined to be the unique solution to the
equation

X(pe) = AVY2, (1.2)

where A > 0 is a sufficiently small constant. (See [5] for details concerning the precise constraints
on the size of \.)
In [4], cluster sizes were investigated for graphs G satisfying the so-called triangle condition. In
[5], the triangle condition was established for certain types of graphs G, including the Hamming
graph H(d,n) of a general dimension d > 1. We shall now describe these results briefly in order
to set up our own scene.
Let Chax denote a cluster of maximum size, where we may pick any such cluster if it is not
unique. Then |Cpay| is the maximum cluster size, that is

|Crnax| = max{|C(v)| : v € G}. (1.3)

The main theorems in [4] concern the scaling of x(p) and bounds on |Cyax| in graphs satisfying
the triangle condition as V' — oo. Specifically, it is shown in [4, 5] that, if p. is as in (1.2) and

15
p:pc+§> (14)

then, for all w > 1 and all € such that eV/? — —o0, asymptotically the expected cluster size
X(p) satisfies

_1+o0@ ) +0o(vY?)

X(p) E (1.5)
With regard to the maximum cluster size, as V' — oo,
2 3 _
X (p) > 3 36x3(p)\ ! IR,
P < <2 1 > (14 22N 7 el (L
D3t < [l £ 2C(0) 1oa(V/X () = (1+ ) = VelRog(V/X ()] 2 (1.6)

The above describes the behaviour of the mean and maximum cluster sizes for subcritical p
values, which are p values satisfying eV'/* — —oo; in particular, the bounds apply to H(2,n).
For a constant A > 0, the critical window is defined as the interval of all p = p. + & such that
le| < AV~=Y/3. Theorem 1.3 in [4] shows that, for some constant b = b(A), the maximum cluster

size inside the critical window satisfies
b
P, (w_1V2/3 < |Cona] < wV2/3) >1- 2. (1.7)
The corresponding results in [4, 5] are significantly weaker in the case p = p. + § where
g3V — oo (that is, when p is above the critical window or supercritical). In particular, only upper
bounds on the maximum cluster size are established therein. More precisely, it is proved in [4]
that, for all w > 1,
21
Pp(|cmax| > w(V/3 4 aV)) <. (1.8)
w

The problem with this result is that it does not imply that p. as defined in (1.2) actually is the
critical value, and thus that p = p. + & with 3V — oo really is above the critical window.
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Indeed, to prove that this is the case, one additionally needs a lower bound on the maximum
connected component size. No such results are established in [4, 5], and we expect that the
geometry of the graphs under consideration plays a crucial role in lower bounding the largest
cluster size.

The aim of this paper is to establish the asymptotics of the maximum supercritical cluster for
the 2-dimensional Hamming graph H(2,n). Throughout our proofs we shall use the phrase “with
high probability” (abbreviated as “whp”) to mean “with probability tending to 1 as V' — o0”.
Also, “with very high probability” (abbreviated as “wvhp”) will mean “with probability at least
1—0(V™3) as V — 00”. All unspecified limits are as V' — oo. Given an event E, I[E] will
denote the indicator of E. We write P(-) for a generic probability measure (for instance, the
probability measure corresponding to a sequence of i.i.d. binomial random variables), which may
vary from situation to situation. We use the O, and o, notations in the standard way (see e.g.
Janson, Luczak and Rucinski [17]). For example, if (X,,) is a sequence of random variables, then
X, = Op(1) means “X,, is bounded in probability” and X,, = 0,(1) means that X,, converges to
zero in probability as n — oco. We shall also use the asymptotic o(), O(), (), ©() notations
(without the subscript “p”) in the standard way, and again referring to the regime where
V — oo. We write f(V) > g(V) (resp. f(V) < g(V)) when g(V) = o(f(V)) (resp.
f(V)=o0(g(V))) as V — oo. Throughout, the symbol “~” refers to estimates of the leading
order as V' — oo, with unspecified constants and thus uncontrolled error terms. Finally, we
denote by C' a generic (unspecified) positive constant, which may change from line to line. We
shall interchange this use of C' with the O() notation.

1.1. The model. We consider the Hamming graph H(d,n), and take the edge probability p as
in (1.4). Let us note that [4, Theorem 1.5] establishes that, for a graph G satisfying the triangle

condition,
1= x(pe) ™! < Qpe < 1—x(pe) " +0(Q7). (1.9)
When G = H(d,n), then Q = d(n — 1) and x(p.) = A\V'/3 = M3, Therefore, if ¢ = O(V1/3),
then
1+¢€ €
p="2%=pt S +O), (110
while for p outside the critical window,
1+e¢ €
= = —(1 1)). 1.11
p=—q =Pt glto(l)) (1.11)

Since in the case d = 2, Q72 = o(§) for e > V=13 the critical value defined in [4, 5] agrees
asymptotically with the value d(anr_El) = % This shows that we are working in the correct range
of p values. For d > 3, (1.10)-(1.11) may not necessarily be valid, and we shall discuss this issue

in more detail in Section 1.2.
From now on, we concentrate on the supercritical case, that is € > V=13 = n=%3, Our main
result is the following:

Theorem 1.1 (The supercritical phase for H(2,n)). Consider the 2-dimensional Hamming graph
H(2,n). Let p=p.+ & and let n=*3(logn)'/* < e < 1. Then

|Conax| = 2en*(1 + 0p(1)). (1.12)
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Theorem 1.1 shows that, when n=2/3(logn)'/? < e < 1, the largest connected component
satisfies a law of large numbers. Barring the factor (logn)'/? in the lower bound on e, Theorem
1.1 identifies the asymptotic size of the largest cluster all the way down to the critical threshold.

Therefore, our result demonstrates that p. = ﬁ really s the critical value for random

subgraphs of the 2-dimensional Hamming graph. We believe that our proof can be adapted to
deal with the case where € > 0 is fized. Here, the corresponding statement would be that
|Cinax| ~ C11eV whp, where ¢, is the survival probability of a Poisson branching process with
mean offspring A. Since the proof of Theorem 1.1 is the most challenging for € as close as possible
to the critical window V~'/3, we choose not to consider the case of constant ¢ in this paper.
Prior to giving a proof of Theorem 1.1, we discuss its statement in more detail in Section 1.2
below. Therein we also include some conjectures concerning Hamming graphs of a general
dimension d.

1.2. Discussion and heuristics. We first sketch an intuitive picture justifying the definition of
pe from [4, 5] given in (1.2). This picture relies on a branching process approximation for p < p.
We expect random clusters in our model to exhibit behaviour similar to that of a subcritical
branching process. Therefore, from the theory of branching processes, if p = p. + § is just below
the critical point (for instance, if ¢ < 0), then we should have

C ipins
PAIC()] 2 k)~ e 040, (1.13)

which in turn implies that
—2

x(p) =E,[|C(v)]|] ~ /0 g2 27 (o) g /0 e Y2de ~ et (1.14)
Thus in fact
C —an
P,(|C(v)] > k) ~ —=e ¥*® 7, 1.15
p(IC(V)] = k) 7 (1.15)

and hence for subcritical p (possibly up to logarithmic corrections)

|Cunax| ~ x(p)*>  whp. (1.16)

On the other hand, there should be a connected component dominating all the others in size in
the case p > p.. One way to express this intuitive statement is to impose that

X(p) = Ey[ICOV)[] ~ By [|[C(V)[V € Conax] | = %Epucmxm- (1.17)

Naturally, the meaning of formula (1.17) is, in essence, that the main contribution to the
expected size of a cluster of any particular vertex v is from those configurations where this vertex
lies in the largest component.

Note that (1.17) could be taken as a defining property of supercritical behaviour. Then the
critical window can be defined as the interval of p values where the subcritical and supercritical
pictures coincide. In other words, if p lies within the critical window then both (1.16) and (1.17)
should be satisfied.

Assume further that sufficient amount of the concentration of measure exhibited by |Ciax| in the
subcritical regime (as implied by (1.16)) carries through to the critical window, so that
E,[|Cmax|?] ~ x(p)*. Tt then follows that, for p inside the critical window,

1 1

x(p) ~ VEpHCmaxV] ~ Vx(p)“; (1.18)
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and hence, inside the critical window,
x(p) ~ V2. (1.19)

This provides a rationale for the definition (1.2) of the critical threshold p.. In conclusion, the
above heuristic demonstrates that branching process approximations in the subcritical case and
the domination of the expected cluster size by the maximum cluster size in the supercritical case

together imply that (1.2) is the “right” definition for p..

At this point, we emphasise that subcritical branching process approximations are only likely to
be valid for a random graph sufficiently mean-field in character, in the sense that its geometry is
of little significance for the structure of its random subgraphs. This is the case for sufficiently
high-dimensional random graphs, but cannot be expected to hold for low-dimensional random
graphs, as indicated in [7, 8]. For random subgraphs of the torus with nearest-neighbour bonds
in a sufficiently high (but constant) dimension, as well as for the torus with sufficiently
spread-out bonds in dimension greater than 6, it is shown in [12] that the largest critical
connected component is of order V%3, with logarithmic corrections in the lower bound.
Accordingly, assuming universality in high-dimensional finite range percolation, one can expect
classical random graph asymptotics at criticality to be valid for random subgraphs of the torus
when d > 6 for general choices of finite-range edges. On the other hand, the results of [7, §]
suggest that random graph asymptotics at the phase transition threshold are not valid for
random subgraphs of the d-dimensional torus when d < 6.

We close this section with a few conjectures. The present paper investigates the scaling of the
largest connected component in supercritical percolation on the Hamming graph H(2,n). Many
random graph models are well known to satisfy what is sometimes referred to as a discrete duality
principle (see for instance [1, Section 10.5]). This is the principle that the size of the second
largest supercritical component is asymptotically close in distribution to the size of the largest
subcritical component for an appropriate choice of subcritical edge probability. This notion of
duality is closely related to the duality exhibited by branching processes [2, 10, 11, 18], or [1,
Section 10.4]. We expect the Hamming graph H(2,n) to follow the discrete duality principle.
More precisely, letting |C,)| to be the size of the second largest component, we conjecture that

ICoy| = 262 10g(e*V) (1 + 0,(1)). (1.20)

For the Hamming graph H(d,n) of an arbitrary dimension d, we conjecture that critical p values
are of the form

[d/3] ’ A\
p=Y an'+ i (1.21)
i=1
where A is an arbitrary constant, and the coefficients a; = a;(d) are independent of n. Note that
pe=¢g= m corresponds to a; = a;(d) = % for all i > 1. We believe that, when d is

sufficiently large, there exists an ¢ such that a;(d) # é. In particular, if this is indeed true, then
for e = ©(V/3) and d sufficiently large, the edge probability p = p. + & is not the same as
p= % For d = 2, however, these two choices do agree.
For p inside the critical window, |Cuax| should be of the order V?/3 = n2/3. Below the critical

window, we expect that the average cluster size satisfies x(p) ~ [Q(p. — p)]~!, while the
maximum cluster size satisfies

Cmax| ~ 2x(p)*log (V/x(p)*?) whp. (1.22)
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Note that [4] establishes in full only the upper bound part of (1.22), the corresponding best lower
bound therein being |Cpax| > x(p)?/(3600w) whp for w large (cf. (1.6)). (It is the upper bound,
however, that is relevant for locating the phase transition window.)

We anticipate that above the critical window

|Cinax| ~ 26V whp, (1.23)

where e = Q(p — p.). Possibly, the methodology of [13] can be adapted to prove that (1.21) does

indeed hold for p within the critical window, and will further allow one to compute the numerical

values of a;(d). The proof of this conjecture would enable an extension to random subgraphs of
H(d,n) of the phase transition description available for the classical binomial random graph

G(n,p).

2. OVERVIEW OF THE PROOF OF THEOREM 1.1

This section contains an extensive overview of the proof of our main result, breaking it down into
a number of key propositions and lemmas. The first of these estimates the asymptotic
probability of a connected cluster being large.

Proposition 2.1 (The cluster tail). Set p = p. + 5. Let V7'/? < e < 1, and let n < € satisfy
nV > e 2 as V — oco. Then for every Ny such that 72 < N, < nV,
P,(IC(v)| = Ny) = 25(1 + o(1)). (2.1)
Proposition 2.1 consists of two parts, corresponding to the upper and lower bounds. These are

re-stated separately in Section 4 as Lemmas 4.2 and 4.3, and proved in Sections 4 and 6
respectively.

Set

Zow= Y 1CWV) =K, (2.2)

veEH(2,n)

the number of vertices in clusters of size at least k. The following proposition upper bounds the
variance of Z,,, for some suitably large N, (N, > e~?); the proof can be found in Section 7.

Proposition 2.2 (Concentration of the number of vertices in large components). Set p = p. + &
and let V=3(log V)3 <« e < 1. Then there exists Ny > e 2 such that, for every § > 0,

IF’p<|ZZNV A (w) = o(1). (2.3)

Armed with Propositions 2.1 and 2.2, we may prove the upper bound on |Cyax| in Theorem 1.1.

Proof of the upper bound part of Theorem 1.1. We shall show that whp, |Cpax| < 26V (1 + 0(1)).
To this end, let us choose 7 satisfying both n < € and 7V > 1, and N, as in Proposition 2.2.
By Proposition 2.1, for any fixed § > 0,

Py(1Z20 =25V 2 0V) < By (1Zen, — BylZan, | 2 02V/3)
+ Pp(|zz,7v — Zon,| 2 (w/g), (2.4)
provided that V' is large enough. More precisely, the volume V' must be such that
‘ E,[Zon,] — 25‘/‘ < 6eV/3, (2.5)
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or, equivalently (using transitivity),

P,(|C(v)| > Ny) — 25‘ < 6¢/3. (2.6)
By Proposition 2.2,
Pp<yZZNV —BplZon,]| > 55V/3> = o(1). (2.7)

Further, since N, > =2, Proposition 2.1 and Markov’s inequality together yield that

BE,[Zony — 7]
— > < SV 2T — (1), :
Py(1Z20 = Zony | 2 05V/3) < — o(1) (2.8)

Thus the random variable Z.,, is concentrated around 2¢V'; in other words, the number of
vertices in connected components of size at least nV is close to 2¢V whp. But on the event
{Z.,v > 1}, we have that

|Cmax’ S ZZ'!]V? (29)

and so it follows that
|Crnax| < 26V (1 + 0,(1)). (2.10)
[ ]

It remains to establish a matching lower bound for |Cpax|, and we shall do this via a “sprinkling”
argument. (Sprinkling is sometimes referred to as the “two-round exposure”, see [17, Chapter
1].) This part of our proof is based on two results below. Before we state them, we need to
introduce some more notation.

For each i, the i-th horizontal line of H(2,n) is defined to be the set {(i,x):x =1,...,n} of
vertices with first co-ordinate 7; similarly the set {(x,7) : x = 1,...,n} of vertices with the second
co-ordinate equal to i constitutes the i-th vertical line. A vertex belonging to a given line is said
to be an element of that line.

Proposition 2.3 (Lower bound on the number of line elements in a large cluster). Set p = p.+ §.
There exists a constant C > 0 such that the following holds. Choose V'3 <« ¢ < 1 andn < ¢
such that nV > 72 and nV/n > Clogn for n sufficiently large. Then whp for every cluster of
size at least nV, there are at least %” horizontal lines each with at least nV/(4n) elements contained
in the cluster.

The proof of Proposition 2.3 is deferred to Section 6. Assuming it holds, we now prove that the
second round exposure will join together any pair of large clusters formed during the first round.

Lemma 2.4 (Sprinkling). Set p = p. + 5. Choose V™3 < & < 1. There exists n = n(V)
satisfying n < €, n°V > 1, nV > n, and such that the following holds. Let Sy, Sy be disjoint
sets of vertices both containing at least nV/(4n) elements of at least 5n/8 horizontal lines (possibly
different lines for Sy and Ss). Then

2
P, ja(S) —— S5) > 1—0(@) ) (2.11)
Proof. Choose two disjoint vertex sets S; and S, each containing at least nV//4 elements in at least
5n/8 horizontal lines. Then S; and S, must have at least /4 such lines in common, that is both
Sy and Sy contain at least nV//(4n) = nn/4 elements of these lines. Along the shared good lines,
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there are at least (nn)?/16 edges with one endpoint in S; and the other in Sy. All of these edges
will be occupied independently under I, /q, so

Poya(Si — 52 < (1- =—1—)"""", (2.12)
2(n—1)
Since 1 —x < e 7,
P, /0(S) «f Sy) < e /0 (2.13)
and so we need 7 such that
e~ /64 — 0(2—2) (2.14)
We take n = \/eV 1/ so (using £ > V~/3) n < e. Further, Z—; = (V371 and also
n’n? =’V = &PV > 1 (2.15)
We conclude that
€—n3n2/64 _ 6—53/271/64 _ 6—(53V)1/2/64 _ 0((5\/1/3)_1), (2.16)
which completes the proof. 0

We can now do the lower bound part of Theorem 1.1.
Proof of the lower bound part of Theorem 1.1. We choose 7 as in Proposition 2.3 and Lemma 2.4,
and define p_ by the relation

p-+(1 —pf)% =p. (2.17)

Note that every configuration with edge probability p can be obtained in a unique way as follows.
First construct a configuration by throwing in edges independently of one another with
probability p_; subsequently, “sprinkle” extra edges with probability &, independently of one
another and of the p_ configuration. In the final configuration, an edge is occupied precisely
when it is occupied in either the p_ configuration, or when it is an edge that is added during the
sprinkling procedure. Since n < ¢,

p_ Zp—i-o(%). (2.18)

Let Z.,, denote the number of vertices in connected components of size at least nV" in the p_
configuration. Since  in Proposition 2.2 is arbitrary, it implies that Z | = 2V (1 + 0,(1)) whp
after the first round of exposure; and by Proposition 2.3 whp every cluster of size at least nV'
includes at least nV//(4n) elements in at least 2* lines. Thus, under the measure P,_, whp there
are at most %‘E connected clusters of size at least nV/, and each of these connected components
contains at least nV/(4n) elements in at least 22 lines.

It now suffices to prove that whp the subsequent sprinkling procedure (second round of
exposure) joins together every pair of clusters of size at least nV/. Indeed, if this is the case, then
after the sprinkling we end up with a single connected component of size at least

7., =2V (14 0p(1)). (2.19)

Let v; and vy be two vertices such that C(vy) # C(vs), and |C(vy)| > nV and |C(vq)| > nV.
Let us take S; = C(vy) and Sy = C(vy). By Proposition 2.3, we may assume that for both S;
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and Sy one can find at least %" lines (not necessarily the same ones for S; and Sy) each with at
least nV/(4n) elements in S; and Ss. Then, by Lemma 2.4,

P, 0(Sy o Sp) = o((ﬂ>2). (2.20)

3

2
But whp there are at most <%) (14 o(1)) choices for vq and vy with |C'(vy)| > nV and

|C'(v2)| > nV, and so a simple union bound implies that after sprinkling whp all connected
components of size at least nV are connected. By (2.19), this completes the proof. [

The remainder of the paper is organised as follows. In Section 3 we prove some auxiliary results
relating to branching processes. In Section 4, we describe a cluster exploration procedure, and
state key estimates for the tails of the cluster size distribution. In Section 5, we prove the upper
bound part of Proposition 2.1, and further establish an upper bound on the number of elements
per line in a large cluster. Section 6 contains a proof of the lower bound of Proposition 2.1, as
well as a proof of Proposition 2.3. Finally, in Section 7, we give a proof of Proposition 2.2.

3. TOTAL PROGENY OF A GALTON-WATSON PROCESS

This section brings together some useful results from the theory of branching processes, which
will play a key role at various stages in our proofs.

We consider a standard Galton-Watson process with offspring distribution of a random variable
Z such that E[Z?] < co. We assume that with probability 1 the process begins with one
individual. Also, Z will always have a binomial distribution Bi(N, p), where N € N and p € [0, 1]
is the Hamming graph edge probability. We write Py, for the probability measure corresponding
to this process (implicitly assuming an underlying sample space and o-field).

Let F' be the total progeny or family size. Our aim is to prove the following three results
concerning the distribution of F'. Proposition 3.1 compares the distribution of F' under the
measures Py, Py for different values of N and N. Proposition 3.2 estimates the probability
that the value of F' is between ¢ and 2/, for some (large) integer ¢. Proposition 3.3 estimates the
probability that I’ takes a value at least ¢ for some large integer /.

Proposition 3.1 (Talls of total progeny in two binomial branching processes). Let £ € N. Suppose
that N € N and N = N(N) satisfy N > N. Further, assume that e = Np — 1 is such that e — 0
and € > N~2/3; and that ¢ = Np—1 > 0 and |e — &| < ¢/log N as N — oo. Then, for some
constant C' > 0, as N — oo,

1 1
Prpl(F 2 0) =Py (F 2 0 < C(Ie =&l + 173 + 5 )- (3.1)

Proposition 3.2 (Bounds on the total progeny distribution). Let N,¢ € N. Suppose that ¢ =
Np — 1 satisfies ¢ — 0 and ¢ > N~2/3 as N — co. Then, for some constant C > 0, as N — o0,

1%
i
Proposition 3.3 (Tails of the total progeny near criticality). Let N,¢ € N. Suppose that ¢ =
Np —1 satisfies ¢ — 0 and ¢ > N=2/3 as N — 0co. Then, as N — o0,

Py, (F € [0, 20]) < (3.2)

Py, (F > 0) = 2c + O(2) + O(L (3.3)

)



10 REMCO VAN DER HOFSTAD AND MALWINA J. LUCZAK

We note that with a little care and minor modifications, Propositions 3.1-3.3 could be extended
to the case where ¢ is a positive constant (i.e. strictly above the critical window). In the
corresponding statement, (3.3) would have (. instead of 2¢, where, as before, {\ denotes the
non-extinction probability of a Poisson Galton-Watson process with mean family size .
Our proofs of Propositions 3.1 and 3.2 will make use of the well known Otter-Dwass formula,
which describes the distribution of the total progeny of a branching process, see [11, 21]. We
begin by stating a special case of this formula (due to Otter) for a branching process starting
with 1 individual. (The formula was later extended by Dwass to a process starting with r
individuals, for arbitrary r € N, but we do not make use of the extension here.)

Lemma 3.4 (Otter-Dwass formula). Let Zy, Zs, Zs, ... be i.i.d. random variables distributed as Z.
Let P denote the Galton-Watson process measure. For alll € N,

P(F = k) = %]P’(iZi —1-1)

We now prove each of Propositions 3.1-3.3 in turn.

Proof of Proposition 5.1. Tt will be convenient for us to introduce new parameters A = pN and
A= pN. By assumption A, A > 1, so that both branching processes are supercritical. The total
progeny size in the B1(N ,p) process will be denoted by F.

By Lemma 3.4, for each k € N,

Py, (F = :—IP’ZZ_k—l (3.4)

where the Z; are i.i.d. Bi(/V,\/N). We now investigate the asymptotics of the formula (3.4) as
N — oo, for large integers k = k(N). Our aim is to obtain estimates for Py ,(F' = k) sharp
enough for the errors to be summable.
In outline, our calculation is as follows. First we demonstrate that, if k& > Cye=2log(1/e) for a
sufficiently large constant C, then

Pry,y(k < F <o0) <k (3.5)

Next we show that (3.5) implies an identical upper bound for P va(F = k). Subsequently, we
prove that there exists a constant C' > 0 such that, if k& < Cope=2log(1/¢), then

C

~ (k—1)&?
Bry(F = k) =By, (F = k)| < gep (~—5)
k 1
‘(1+k5)|5—8|+—+ﬁ+ (3.6)
We can then sum the errors in (3.6) and (3.5) to show that, for any ¢ € N,
1 1
By, (¢ < F < o0) — Pg (15<F<oo>|<c(\g—ay+w/2 g_g) (3.7)

Finally, since A > 1, we need to estimate Py ,(F = 0co0) and ]PN,p(F = 00); we shall show that
[Py p(F = 00) — Py (F =00)| < Cle —4|. (3.8)

Combining the last two estimates yields Proposition 3.1. As we shall see below, several steps of
our proof will also play a role in proving Propositions 3.2 and 3.3.
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Let us make a start on the details. To show (3.5), we note that (3.4) implies
k

Py, (F = k) < %P(Z Z; < k), (3.9)

i=1
where 2% | Z; ~ Bi(kN, p). But if Z ~ Bi(n,p), then (see for instance [15])
+2
P(X <np—t) <e 2mwth), (3.10)
Applying (3.10) with n = kN, p = % and t = np — k = ke (and also using our assumption that
e < 1), we obtain that

1 -k 1 e
Py,(F=k) < ¢ 20+ < 7 T (3.11)
But if k > Cye2log(1/e) for a sufficiently large Cy > 0 then
1 ke
Ee*% <k, (3.12)

so (3.5) follows.
We now show that (3.6) holds for k < Choe 2?log(1/¢). Clearly, (3.4) implies that, for each k € N,

1 LN \ k-1 A\ kN—k+1
-0 ()R 2T

By Stirling’s formula,
4

r r r
1) =mre (- T T o(2)
(m)y :=m(m—1)...(m—r+1)=m"exp 5 " T @) 3
Applying the above approximation with m = kN and r = k — 1 (and noting that % = O(%)),

we arrive at

e L ) [(EE
— (k‘)\k?!kl exp(- % +%_ ﬁ _ % +O<$+%>><1 B %)kN—k-H'
Observe that

(1= 27 e (6 — k4 logl1 - 2))

1 (kA1

N N
KX A Xk Nk Nk 1k
:eXp<_)\k+N_N_ 2N +2N2 ~ 3N2 +O<m+m)>>
so that
fh—te=(h=De=A EA—1)2 1-2X 1
Pyy(F = k) = —————exp((k = )f (V) exp (= =5+ —= — =)
k ko1
X exp (mg(k) + O<W + W» (3.14)
where
1A W
F)=logA—=(A=1), g\ =—-+5F % (3.15)

6 2 3
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The Taylor expansion for |\ — 1| small gives

O :—“‘21)2 +O(A—1P). (3.16)

But A — 1 =¢ and k < Cpe~2log(1/e), where N~%/3 < & = o(1), and so k|A — 1> = o(1),
uniformly for all such k. The other error terms can be bounded similarly, and hence, uniformly
for k < Coe?log(1/e),

kk—le—k

e ( - %(k - 1)2>. (3.17)
We now compare Py ,(F = k) to IP’NW(F = k) for k < Cye2log(1/e). Write A/N = \/N, where
A= NA/N < A. Then a calculation similar to the one above shows that

~ k,kflefif(kfl)

e (- DY)

EA—=1)2 1-X 1 k- |
2N N 2kN  N? N3  NZ2
By assumption,az)\—l>0andé:5\—1>O. Further,

F) =) = E =) f' (1 +5),

Py,(F=k)=(1+0(1))

xexp(—

(3.18)
for some s € (€, ¢), where
|f'(1+s)] ~<s 520, (3.19)
and so
F) = F(X) = O(ele - &)). (3.20)

We deduce that, for e > N72/3 and all k < Cpe~2log(1/e),

Bay(F = 1)~ By, (F = ) = P70 2 (k= 1)) exp(a) = exp(y)

where
ke k k 5 1
r= oyt 3OS )
k&2 ko~ k € 1
= 6—5——~+~— )\+Ok€€—é +O —_— + =+ = ).
y= (=8 = T+ 00 +Olkel —2) + O + =+ =)

Since k < Coe2log(1/e), N=2* < ¢ = o(1) and & = o(¢), z = o(1) and also all contributions to
y are o(1), except for the term ke|e — &|. The latter is bounded for all k£ in the range if and only
if log(1/¢)|e — €| = O(g), which follows from our assumption that |¢ — | < ¢/log N.

Now, |z| and |y| are bounded, and so for some constant C

| exp(z) — exp(y)| < Cle —yl.

Since N~2 — N2 = ~O(N:2|5 — £|), the contribution to |z — y| due to the term
g(Nk/N? — g(A\)k/N? is O(kN~2|e — &|) = o(kel|e — £]), which gives

(3.21)

k 1
|x—y|SC(1+I€5)|5—€|+O<_+£+_>.

e (3.22)
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Hence for all k < Cye~2log(1/e3)

By (F = k) = PNp( = k)| Sow%exp<—%>
<(1+k€>|€_6|+i+ﬁ+kij\f>’ (3.2

which yields (3.6).
Summing the estimates (3.5) and (3.6) over k > ¢,

IPyp(l < F < o0) =Py (0 < F <o)

1 \exp(—(k —1)e%/2) 4
<CZ<1+/€€)|€—€|+—+N+W) 132 Z/{Z
k>0 k>¢

The final contribution is O(£72); for the remaining terms observe that

—a 2 cete for a > 1,
p —_— —_— ~ .
E k~%exp(—(k — 1)e7/2) < { (3.24)

—2—2a
ot Ce for a < 1,

which yields (with a suitably adjusted value of C')

- . 1 € 1 1
Pnp(f < F <oo) =Py (£ < F < o0) §C<|€—€|+€N3 +N£1/2 +€3/2N+€_3>

1 1

<C(le—él+ 7+ 7): (3.25)

To prove (3.8), we need to estimate |a — a|, where a = Py ,(F' < 00) and a = IP’N’p(F < 00). The
quantities a, a respectively are the smallest positive roots of the equations

A N ~ A N
a=(1+ N(a )™, and a=(1+ N(a )™, (3.26)
Using the convexity of probability generating functions and the supercriticality of the branching
processes in question, the equations in (3.26) each have precisely one root a and a respectively in
the interval [0, 1).

The proof is divided into two main steps. In the first step, we prove that 1 —a = 2¢ + O(g?),
which also implies that |a — a| = o(e) when |e — | = o(g), so that we may use a Taylor
expansion. In the second main step, we prove that |a — a| < Cle — £|.

To prove that 1 — a = 2¢ + O(&?), we expand the right hand side of (3.26) to obtain

a—1= (]D%(a -1+ <]2V> (%)z(a —1)?+0(la 1)

N -1
1:)\+2—)\2(a—1)+0(|a—1|2)

N -1 )
1_1+6+W(1+5) (a—1)+O(Ja —1]%),

so that
(1—a)(1+2+e*> - N"1—2N"'e + O(N'e?) = 2¢ + O(|1 — a]?),

and so, again using that e > N=2/3,

1 —a =2+ 0(?). (3.27)
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To prove that |a — a| < Cle — €|, we use that

4= = (143 (0= 1))~ (14 2@ 1) = (@)~ fy(@)+ Fe(@) (14 2a-1)" 1), (3.28)

where fg(z) = (14 2 (z — 1))V, Note first that
N-N

)\ -
1+ Sa—))V N 1= 0( (1- a)). (3.29)
Further, since |a — a| = o(|a — 1]), we have that fg(a) < 2. Also,
VA A V-1
flz) = %(1 + N(;z: — 1))N : (3.30)
VA (N — 1)\ A N2
fr(x) = Nw%(l + N(ac —-1)) (3.31)

o—d= (a—a)fj’v(a)JrO( - (1—a)> +0((a—a)?), (3.32)
so that
_ (N = N)(1—a) (a —a)?
a—a:O 7~ +0f 333
Cviran ) ola-gan) 5
A closer inspection of ff(z) yields that fi(a) —1 = ¢+ o(e), so that
N IN — N| (a —a)? -
—a| < _ — < —£|. .
la a\_o( - )+o(1_a)_c\s B (3.34)
This completes the proof of Proposition 3.1. [
Proof of Proposition 3.2. By (3.17), for all k < Cpe~?log(1/e¢)

Py, (F=k)=(1+ 0(1))(’“/@% exp ( - %(k —1)2).

Also (provided Cj is large enough) for k > Cye=21og(1/e),
Py, (F = k) < k™.

Summing over ¢ < k < 2¢ we obtain

Py <F<20)<C Y (#e—w/"’ + k:‘4> < El%
(<k<2t
where the constant C' was adjusted within the final inequality. [
Proof of Proposition 3.3. We have
Py,(F>0)=1—Py,(F <o)+ Py, <F <o0). (3.35)

By (3.27), the term 1 — Py ,(F < 00) is 2¢ + O(g?). Calculations similar to those in the proof of
Proposition 3.2 show that the final term is bounded by O(¢~'/2), which completes the proof. R



RANDOM SUBGRAPHS OF THE 2D HAMMING GRAPH: THE SUPERCRITICAL PHASE 15

4. COMPONENT EXPLORATION AND STRATEGY OF PROOF

We take an initial vertex vg = (o, yo) and exzplore its cluster, C(vy), by exploring the vertices in
that cluster successively one at a time, in a breadth-first order. Exploring a vertex (z,y) means
that we consider all the edges (x, j) for j # y in the order of increasing j, and decide for each one
in turn if it is open with probability p or closed with probability 1 — p; then we do the same for
the edges (7,y) for ¢ # x in the order of increasing i.

Let us introduce colours as follows. At time ¢, all vertices that have not yet been explored and
are not yet contained in C'(vq) are white. All unexplored vertices connected to vq (that is,
included in C'(vy)) at time ¢ are green. All explored vertices are red. (Thus, in particular, at time
0 all vertices are white except for v, which is green.) In fact, we need to modify this exploration
process slightly as follows: when exploring a green vertex we only consider those of its edges
where the other endpoint of the edge is white. If such an edge is found to be open, then we
colour its other endpoint green.

Let Cy(vg) be the set of vertices included in the cluster of v by the time ¢. Let also Gy(vg) be
the set of green vertices in the cluster at time ¢. Thus Cy(vq) consists of all green and red
vertices at time ¢, and Cy(vg) \ Gi(vp) is the set of red vertices. All the remaining vertices in the
graph are white.

Let Ty, denote the smallest time ¢ when there are no green vertices remaining, that is
Ty, = inf{t : |Gi(vo)| = 0}. Note that Ty, = |C(vy)|, the size of the cluster of vertex vo. Choose
a parameter n = n(e, V) such that 0 < n < € and let

T =Ty A [7V] (4.1)

be the minimum of Ty, and [nV].

Given an integer i € {1,...,n}, let Cy(vy, i) be the set of vertices (i,y) included in the cluster at
time ¢. (This is the collection of all the elements of the i-th horizontal line added by time ¢
during the exploration procedure.) Let also C'(vg,4) be the set of all vertices (i,y) in C(vy), that
is, the collection of all the elements in the i-th horizontal line contained in C(vy). We further
denote the number of elements of the i-th horizontal line included in C(vy) until time 7" by

. N(Vg,i) = |CT(V0,i>’.

Similarly, let Cy(vo, ) be the set of vertices (z,4) included in the cluster at time ¢, that is all the
i-th vertical line elements added by time ¢ during the exploration procedure.) Let C (vo,17) be the
set of all vertices (z,i) in C(vy); and, finally, denote the number of elements of the i-th vertical
line included in C(vy) until time T by N (v, i) = |Cy(vo, 7).

We write (x,y,;) for the vertex that is explored at time ¢ if such a vertex exists, that is, if t < T
We may identify the set of colours with the set {0,1,2}. The state of the exploration process at
time ¢ is the list giving the colour of each vertex, in other words, an n-vector with values in
{0,1,2}". This process defines a natural filtration ¢g C 1 C ... C ¢, where ¢; is the smallest
o-field with respect to which the state at time ¢ is measurable. (Informally, ¢, corresponds to
“everything that has occurred until time ¢”.) We note that T is a stopping time with respect to
this filtration. We note also that, even on the event {T" = [nV']}, it is not necessarily the case
that Cr(vg) = [nV], since the number of new vertices added at each exploration step is a
random variable, which can be smaller or greater than 1. We stop our process at time 7', and we
make the convention that Cy(vg) = Cr(vy) for all ¢ > T' (and similarly for all other relevant
random variables). This is important when 7' = T, < nV/, that is, when the process dies out
before time nV .
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Following the notation of Section 3, we let F' denote the total population size of a Galton-Watson
process starting with one individual, where the offspring distribution is Bi(€2, p); and further Pg,
denotes the probability measure corresponding to this branching process. Proposition 2.1
involves upper and lower bounds on P,(|C(vq)| > £) for appropriate choices of ¢. These bounds
are formulated in Lemmas 4.1- 4.3 below.

Lemma 4.1 (Stochastic domination of cluster size by branching process progeny size). For every
{eN,

Pp(|C(vo)l = ) < Po,p(F 2 0).
In particular, for every Ny such that 72 < N, <0V, with n < ¢,
Fp(IC(vo)| = nV) S Pp(|C(vo)| = Nv) < Pap(F = Ny). (4.2)

The proof of Lemma 4.1 can be found in Section 5, and is based on a coupling between our
component exploration procedure described above and the Bi(€, p) Galton-Watson process. This
coupling implies a stochastic comparison between |C'(vy)| and F'.

Lemma 4.2 below follows directly from Lemma 4.1 and establishes the upper bound part of
Proposition 2.1. It is also used in the proof of Lemma 7.2 in Section 7.

Lemma 4.2. For every £ € N, and for e > V=13,

B,(IC(vo)| = €) < 22 + O() + O(%)-

In particular, if 2 < N, < nV, where n < e, then
P,(|C(vo)| > Ny) < 2e(1 4+ o(1)). (4.3)
Proof. By Lemma 4.1, for every ¢ € N,
Py(IC(vo)| = £) < Po,(F = 0).
Our choice of p = p(n) implies that Qp = 1 + ¢ > 1, that is, the Bi(Q, p) Galton-Watson process

is supercritical. By Proposition 3.3,

Po,(F > N,) =2+ O(e®) + O(%)

But Ny > 72, and so 1/v/N,, = o(¢), which completes the proof. O

Our next lemma establishes a lower bound on P,(|C(vo)| > £), that is, the lower bound part of
Proposition 2.1.

Lemma 4.3 (Stochastic domination of cluster size over branching process progeny size). For every
(K eV,
Py(IC(vo)| = ) = Poy,(F 2 £) + O(V ™),
where ' = Q — 2max{¢n~", C'logn}.
Consequently, if ¢ > V™3 and e72 < N, <0V, with n < ¢, then
P,(|C(vo)| > Ny) > 25(1 4 o(1)). (4.4)

Lemma 4.3 is proved in Section 6, where we show that the cluster size stochastically dominates

the Bi(€Y', p) Galton-Watson process.
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5. UPPER BOUNDS ON THE CLUSTER SIZE AND STRUCTURE

In this section we establish upper bounds on some quantities related to the cluster size and
structure.

5.1. Upper bound on the cluster tail. This subsection contains the proof of Lemma 4.1.
Recall from (4.1) that T' = T, A [nV']. Since P,(T = [nV]) = P,(|C(vo)| > nV), this lemma
yields an upper bound on P,(7" = [V']), the probability that the exploration process of v, does
not die out before the time nV'. Our proof makes use of a classical coupling, which has appeared
in the literature before in different contexts and under different guises.

Proof of Lemma 4.1. We couple our exploration procedure described in Section 4 with a
Galton-Watson branching process such that the family size is Bi({2, p), and (with probability 1)
the population is derived from a single individual. Indeed, it is clear that at each time t < T the
number of vertices added to Cy(vy) as a result of exploring (zy,v;), given the o-field ¢y, is
stochastically dominated by a Bi(2(n — 1), p) random variable.

The Galton-Watson process in question may be represented as a rooted tree, where each vertex
has = 2(n — 1) descendants, and the root corresponds to the single progenitor of the
population. Initially, the root is green and all the other vertices are white. We explore the
Galton-Watson tree one vertex at a time. Here, exploring a vertex means determining the
offspring of the corresponding individual. Whenever we add a new descendant, we colour it
green. Once we have explored a vertex completely, we colour it red. Then Cy(vy) consists
precisely of all the red and green vertices.

Let F; be the number of individuals that have been born until time ¢, and let F} be the number
of green individuals at time ¢ in the Galton-Watson tree. Since the Hamming graph H(2,n) is
not a tree, at times the exploration and colouring process described in Section 4 will not be
considering all the €2 neighbours of a currently explored vertex. This will occur if some of these
neighbours have already been considered and thus already coloured green or red due to being
adjacent to another vertex explored at an earlier time.

The above discussion implies that, on the event that |Cy(vo)| < Fy and |Gi(vo)| < FY, given the
o-field ¢; (that is, everything else that may have happened until time ¢), we can couple the two
exploration processes for another step so that |Cyi1(vo)| < Fiqq and |G (vo)| < F{ . By
induction, we thus achieve a step-by-step coupling up until the stopping time 7. We deduce that
the random variable |C/(vq)| = sup, |Cy(vo)| is stochastically at most F' = sup, F}, the total size of
the Galton-Watson population. Hence, for each ¢ € N, we have that

P,(|C(vo)| =€) < Pqp(F > 1)
This holds in particular with ¢ = N,,, as claimed. [

5.2. Cluster structure. In this subsection we give an upper bound on the number of elements
of a large cluster that belong to a particular horizontal line. The following proposition is crucial
in the proofs of Propositions 2.3 and 4.3.

Proposition 5.1 (Upper bound on the number of elements per line in a large cluster). Let
e =¢(n) >0 be such that e = e(n) < 1/20 and choose n < . Further, let N(vo,1) be the number

of elements of Cr(ve) = C,(vo) that belong to the horizontal line i. There exists a positive
constant ¢; such that for every v >0

11
]PP< max : N(vo,i) > (1+ V)Enn> < ne” . (5.1)

i=1,...,n
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Furthermore, there exist constants cy, c3,cq4 > 0 such that the following holds:

(1) Let n € N and n = n(n) be such that nm > cologn. If n is sufficiently large, then

Pp( max : N(vp,1) > 277”) <V (5.2)

i=1,...,n

(2) Let n € N and n = n(n) be such that nn/logn < cy. If n is sufficiently large, then

Pp(izrllaxn : N(vg,i) > c3log n) < e V3. (5.3)
Here is an informal outline of the proof. Whenever we explore a vertex not on the line i, we add
an element of line ¢ with probability p. On the other hand, each vertex belonging to the line ¢
has n — 1 neighbours on that line. Whenever such a vertex is explored, each one of its neighbours
on the line ¢ is included with probability p (unless it is already in the cluster). It follows that the
number of new elements on line ¢ resulting from exploring a vertex belonging to that line is

stochastically dominated by a Bi(n — 1, p) Galton-Watson process. Since p = 2(17;:51) and

e < 1/2 < 1 for n large enough, we have that (n — 1)p < 1, so that the Galton-Watson process is
subcritical. Hence, using standard concentration of measure techniques, we are able to upper
bound the number of elements on line ¢ that make it into a large cluster. We now make this

argument precise.

Proof of Proposition 5.1. Let i € {1,...,n} and, for each t =1,..., T, let Si(i) be the number of
times s such that (z5_1,ys—1), (4,ys—1) is open and xs_; # i. That is, for each time ¢t < T, Sy(7) is
the number of times we enter the horizontal line 7 until time ¢. We can write

Sii) = S Vi(i),

where Y;(7) is the indicator of the event that the edge between (z;_1,y:-1), (¢,%:—1) is open, and
xy_1 # 1. For each time ¢,

Py (Y:(i) = 1pi-1) < p,

and so known results (see for instance Lemma 2.2 in [19]) imply that S;(7) is stochastically
dominated by a Bi(t, p) random variable. Consequently, for every u > 0, the moment generating
function Mg, (;)(u) is bounded above by (1 + p(e* — 1))".
For r =1,2,..., let Z.(i) be the number of vertices (i, x) added as a result of the r-th entry on to
horizontal line . Given that vertex (i, %) € C(vy), the number of its neighbours (7, z) added to
C(vp) during its exploration (if it has occurred by the time nV') is easily seen to be stochastically
dominated by a random variable Bi(n — 1, p). Hence, for each r, Z,(i) is stochastically dominated
by the total progeny in a branching process with offspring distribution Bi(n — 1, p) descending
from a single individual. Since p = (1 +¢)/2(n — 1) and € < 1/2, this branching process is
subcritical. We deduce that, for « > 0, the moment generating function M, . (u) of Z,(i) is
bounded above by the moment generating function M, (u) of an integer-valued, finite random
variable Z, whose distribution is given by the Otter-Dwass formula (Lemma 3.4). In other words,
for each N € N,

PG 4. +Ey=N-1)
— = ,

P,(Z = N) (5.4)
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where the &, are i.i.d. Bi(n — 1,p). It follows that

P(Bi(N(n—1),p) =N —1)

uN I N(n—1 _ I
( ( ))pzv 1(1_p)N(n D—(N-1).

=

™

N -1

Our aim is to derive an upper bound for the above expression. Unlike the branching processes
considered in Section 3, which were (slightly) supercritical, we are now subcritical. Recall that
the expected total progeny of a Bi(m,p) Galton-Watson process is —— el using this fact with

m_n—landp=%7 WeseethatE[Z]—ﬁ.

As N!'> (N/e)V, we have

—_ _ N-1 _ 1\N-1
N\ N-1 N! N
which in turn implies that
0 < i eV - 1eN( 1+e¢ >N1<1  l+e >N<n1><N1>.
N 2(n—1) 2(n—1)
N=1
Since 1 — x < e~ ", we see that
2~ 1 e (1 +e)eMHI2\N araw-1
M < _( > 2(n—1) , .
Z(u)_1+EN:1N 2 ‘ (5:6)

which is finite for 0 < u < % —1—log % and n large. Further, it is easily seen that for such u
and n the contribution due to terms with N > C'logn is negligible, provided that C' is a
sufficiently large constant.

Clearly, Cy(vq,1) is always bounded above by Zst ® Z.(i). In particular, Zsff) Z.(i) is an upper
bound on Cy(vy, i), which equals the number of vertices (¢, x) included in the cluster of v, from
time 0 to time nV.

Let ug = 3(44= — 1 —log ££). Since Z is non-negative, My (u) > 1. It follows from the above

(using also the bound 1+ z < e” for x > 0) that for 0 < u < uy,

M (v.iy(u) < M, ) (logM( )) < (1+ p(My(u) — 1)) (5.7)
< exp (Wp )

=<1+o<1>>exp( n(1+ &) (M, (u) ~ 1))
1

< (I+o0(1))exp ([nn

— u+ ;nn(l +e)u 2M”(UO)D

where the final inequality comes from a second order Taylor expansion. Also we have used the
fact that E[Z] = 2/(1 — ¢), and that the second derivative M} (u) is increasing in u for u < uy.
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Now we run a standard large deviations argument. For all &,

Py(N(v,i) > k) < M]Vé+k)(u>
=(reties «nni i Z B k)“ * %77"(1 + €)u2MZ(U0)>- (5.8)

The expression in (5.8) can be optimised with respect to u in the usual way, and one finds that
there exists a constant ¢; > 0 such that for all v > 0,

1
P, (N(V, i) > (14 V)nnl i 8) < e,
— €

which yields

1
IP’p< max N(v,i) > (1+ u)nnl i 5) < pe i,
i=1,..., n — £
Since £ < 1/20, we have (14 ¢)/(1 —¢) < 11/9; and therefore there exists a constant ¢ such
that, for v > 0,

11 .
P, ( max (v,i) > 5(1 +v)nn) < ne” 2V, (5.9)

..... n

which proves the first statement of Proposition 5.1.
For the remainder, first suppose that nn/logn > 176/¢;; we may take v = 1/44 in (5.9) to
deduce that

Now assume that nn/logn < 176/¢,. Note that N (v, i) is stochastically dominated by

Z§:1 Z,(i), where S is the maximum of a Bi([#V], p) and a Bi([176¢; 'nlogn],p), and hence is
stochastically dominated by a Bi([nV] V [176¢, 'nlogn], p). Since nn/logn < 176/¢,
[V > [176¢ 'nlogn] so that, asymptotically, S is at most Bi([176¢; 'nlogn],p). We can
perform the moment generating function and large deviations calculations as in (5.6)— (5.8)
above, to find that

22
]Pp< max N(v,i) > ~—Olog n) < pe8lesnlitol) — o(1=3),
1=1,..., n C1

Taking co = 176/¢1, c3 = 220/¢; and ¢4 = 1 completes the proof of Proposition 5.1. |

6. LOWER BOUNDS ON THE CLUSTER SIZE AND STRUCTURE

In this section we establish corresponding lower bounds on the cluster size and structure. We
first give a proof of Lemma 4.3, which will in particular establish a lower bound on
P,(T = [nV']), that is, a lower bound on P,(|C(vy)| > nV'). Our argument will rely on a coupling
with a suitable lower bounding Galton-Watson process and the estimates of Proposition 5.1.

Proof of Lemma 4.3. As in Sections 4 and 5, Cy(vy, ) denotes the set of vertices (i,y) included in
the exploration of cluster C'(vq) until time ¢; and Cy(vy, i) denotes the set of vertices (x,4) added
to C'(vp) until time ¢.

Let ¢ be as in Proposition 5.1. Let m = 2 max{nn, % logn}. For each time ¢, let & be the event

that |Cy(vo,4)| < m and |Cy(vo,i)| <m foralli=1,... n.
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Define ' = Q — 2m = 2(n — 1 —m). Then, provided that the event & occurs, conditionally on ¢;
(that is, given everything else that may have happened until time t), the number of vertices
added to Ci(vy) as a result of exploring (z,y:) stochastically dominates a Bi(€Y', p) random

variable. We note that Q — Q' = O(nn + logn) = o(n), since n — 0 as n — oo.
We shall couple our exploration process with a Galton-Watson process starting with a single
individual, where the offspring distribution is Bi(£?', p). The mean offspring size for this
Galton-Watson process is

Ap:=1+¢= (1— ml)(l—l—a):1—|—5—O(n—|—n_llogn):1+£(1+0(1)),

n —

where we have used the fact that < € and n=%/® < e. By Proposition 3.3, its survival
probability is 2¢ + O(n + n~'logn + £2) = 2¢(1 + o(1)).

We now explore the Bi({Y, p) Galton-Watson tree in the same way that we explored the Bi(€2, p)
process tree in the proof of Lemma 4.1. Let F; be the population size and let F] be the set of
green or active individuals at time ¢. Also, let F' = sup, F} be the total population size. By the
above, on the event & intersected with the event that |Cy(vo)| > Fi and |Gi(vo)| > F, given
(that is, given everything else that happened until time t¢), we can couple the Galton-Watson

process with the cluster exploration processes for another step so that |Cyi1(vo)| > Fiyq and
|G (Vo) = Fiy.

It follows by induction that for each ¢ the random variable |Cy(vo)|I[&] is stochastically at least

F,1&]. Hence, for each k,

P,(|C(vo)| > k) > ]P)p(gt N{]Ci(vo)| > k}) > PQ,Q’,p(gt N{F > k})
> Pop(Fr > k) — Py(EF),

where P o, denotes the coupling measure. In the second inequality, we have used the fact that
for every pair of events A, B, we have P,(ANB) > P,(A) — P,(B°).
By Proposition 5.1, P,(€;) = O(V~3), and so, for each ¢t < nV, we obtain

Py(|Ce(vo)l = k) > Parp(Fy > k) + O(V™7).
Similarly, for each time ¢ and non-negative integer k,
Pp(IGi(vo)l = k) = Parp(F] 2 k) — P, (&7),
and, in particular, for each t < nV,
Py(T 2 t) = Py(|Ge(vo)| = 1) = Par,(F} > 1) + O(V™?).
Notice that, for t < nV/,
P ,(F, =0) < ]P’Q/p(F?;V =0) < Pq ,(F < 00).
In this way we arrive at
Py(|Ce(vo)l = k) = Parp(Fy > k) + O(V™?)
> P, (F, >k, F, > 0)+0(V7?)
=Pq ,(F/ > 0) — Py (F/ >0, F, < k) + O(V?)
> IPQ,,,(F’ > 0) — P, (Bi(t,p) < k) + O(V?)
o 3
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since on the event that the process is alive at time ¢ and the event & occurs, we can couple the
number of vertices added at all steps until ¢ so that it is at least as large as a sum of ¢
independent binomials Bi(€Y', p).
Hence, for every constant ¢ € (0, 1),

P, (ICvo)l = (1= 8)V) 2 BylICq(vo)l = (1= d)nV) (6.1)
> Py, (F = 00) — P, ( Bi(nV ', p) < (1 = 8)nV) + O(V?)
=2+ 0(n+n""tlogn+e?) +e ) L OV 3.
But equally, we could run the exploration process until time (1 + §)nV" to obtain a cluster of size
nV whp, that is, we could use the above with 7 replaced by /(1 — §) to obtain that
P,(|C(vo)| > nV) > 2e +O(n+n"tlogn + &) + e ) L O(V3). (6.2)
This establishes Proposition 4.3, and hence also completes the proof of Proposition 2.1. [

Let us call a horizontal line good if it contains at least nV/(4n) = nn/4 elements in C'(vo) along
that line, and bad otherwise. We shall now prove Proposition 2.3, thus establishing a lower
bound on the number of good lines.

Proof of Proposition 2.3. As earlier, for a vertex vo and i € {1,...,n}, the random variable
Ct(vo, ) denotes the number of elements of the i-th horizontal line contained in Cy(vy), the part
of C'(vy) obtained by running the exploration process until time ¢. Also, C(vy, ) is the number

of elements of the i-th horizontal line in C'(vy) and N(vg,4) is the number of such elements

included in C'(vp) until time [nV].
Let ¢y be as in Proposition 5.1 and choose C' = ¢y. By Proposition 5.1, statement (1), we have

Pp<max max : N(vp,i) < Znn) =0(V™?).

vo t=1,...,n

-----

event that |Cp,(vo)| = ZnV. Let also B (“B” for “bad”) be the event that fewer than 5n/8
lines are good for the cluster C'(vp). We only need to show that
B, (BA{IC(vo)| > nV}) = o(V ). (63)

Indeed, summing over all vertices vy we may deduce from (6.3) that whp there is no vq such that
|C'(vo)] > nV and fewer than 5n/8 lines are good for C'(vy). In order to establish (6.3), we write

P, (BN{|C(vo)| = nV}) <P, (BNAs) + P, (A5N{|C(vo)| = nV}), (6.4)

and bound the two terms on the right-hand side separately.
First we shall see that

P,(BNA;) < P,(A7). (6.5)

Clearly, |C(vo,7)| > N(vo,i) for every i. Let us write gy, and by, respectively for the number of
good and bad lines in C, (vy).
On the event A; N Ay, the explored cluster Cj,(vg) at time V' contains at most 5nn/4
elements of every good line and at the same time has size at least 79V /8. Hence, using also that
gy =1 — by,, on A; N Ay,

7 5 1 1
gnV <|Cv(vo)] < 1M Gvo + by, = Mgy, + 70V,
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which gives

5
gnV < nngy,

and hence
Jvo = gn
In other words, on A; N Ay, the number of good lines is at least 5n/8, which means that
P,(BNANAs) =0, (6.6)
and so establishes claim (6.5). Then from Proposition 5.1 we see that
P, (BN Ay) <P, (AS) = OV, (6.7)

as required.
Let us now bound P, (A3 N {|C(vo)| = nV}); we have

P, (A5 N{IC(vo)l = V}) <Py (A7) + B, (A3 N AL N {IC(vo)| 2 0V }). (6.8)

The first term is O(V—3). With regard to the second term, we note that if the final cluster C'(vy)
has size at least %nV, but has not achieved that size until time nV', then it must be the case that
Gi(vo) > 0 for all t <nV. Then on A, the number of added elements is stochastically bounded
from below by a Bi(nV(Y, p) random variable, where Q' = Q — 2nn. By the above, and by the
concentration of measure of the binomial distribution (as in e.g. (3.10)),

B,(A50 A1 0 {C(vo)| 2 V) < By (BIOGWEp) < SoV) = o(V),

This completes the proof of Proposition 2.3, since we can replace 1 by %n, and hence %nV by nV.
|

7. CONCENTRATION OF MEASURE FOR THE NUMBER OF VERTICES IN LARGE CLUSTERS

This section contains our proof of Proposition 2.2. First, in Section 7.1 we present estimates of
the cluster size that arise from branching processes estimates and comparisons established in
Sections 3-6. In Section 7.2, we estimate the variance of some random variables related to Z. .
Finally, in Section 7.3 we complete our proof of Proposition 2.2.

7.1. Key ingredients. As before, for a positive integer N and an edge probability p, Py,
denotes the probability measure corresponding to the Galton-Watson process where the family
size is a Bi(/V, p) random variable; also, F' is the total progeny.

In this section, we prove Proposition 2.2. First let us outline the strategy of the proof. The goal
is to establish concentration of measure for Z.,. This will be carried out by second moment
methods, in a slightly unusual way.

For every /, let

Zso = Zs, — Ep|Zs,]. (7.1)

We need two positive numbers N and Ny satisfying certain conditions stated below, and such

that I defined by
Ny = N2/ (7.2)
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is an integer. We aim to prove that
Pp(|ZZNV| > 5gv) = o(1). (7.3)

We further require a sequence {;}'=} such that each &; > 0 and Zf;ll 0; < %. We can write
-1

‘ZzNV| < ’Zz2N| + Z |Zzzi+1N - ZzziN

=1

Y

and so, if | Zsy, | > 0¢V, then either |Z.,y| > 6eV/2, or | Zsyitiy — Zoniy
1 <i < 1T —1. Consequently,

> 0,V for some

-1
IP},<|ZENV| > 55v) <P, (| Zoan| > 02V/2) + ZPPQZZQHIN — Tyl = 5,;6\/), (7.4)
i=1
and we are going to upper bound each term on the right hand side separately. Our argument
relies on estimating the variance of Z.y and of the differences Z.,i+1y — Z.,iy. This is
accomplished in Section 7.2 — see Lemmas 7.2 and Lemma 7.3. The variance estimates impose
various restrictions on N and Ny ; in Section 7.3 we show that these are satisfied as long as
3V > logn, which establishes Proposition 2.2. The key to the proof is to choose N, N, and
{5,-}1-1;11 so as to ensure adequate concentration of measure.
The remainder of this subsection is devoted to establishing a bound on the cluster tail crucial to
the arguments in Sections 7.2 and Section 7.3. Recall that 2 = 2(n — 1) and suppose that
) = (n) satisfies Q@ — Q' = O(n/logn). Suppose further that ¢ = e(n) = Qp — 1 — 0 such that
V13(log V)3 « e < 1 for V = n? sufficiently large. Then, by Proposition 3.1, for all £ € N,
uniformly in n,

1 1
[Pa,(F > 0) = Pay(F > O] < C(pl2 = Q|+ — + 7). (7.5)
We shall use inequality (7.5) in the following lemma to identify the cluster tail distribution more

precisely.

Lemma 7.1 (Bound on the cluster tail). Set p = p. + 5. Let V-'3(logV)'? < e < 1, and
let ¢ € N satisfy £ < V23 and £ < eV/logn. Then there exists a constant C such that, for n

sufficiently large,
C

< ﬁ
Proof. By Proposition 4.1,
Pp(|C(vo)| = £) < Po,(F = 0).
Further, by Lemma 4.3, C' can be chosen large enough that
Py(|C(vo)| = 20) = Poy,(F > 20) + O(V™?),

where ' = Q — 3max{fn~!,Clogn}. Let £ = 'p — 1 and note that |e — '| < 5 (¢ +nlogn)

(after a suitable adjustment of C'). Since ¢ > V=3 = n=2/3 our assumptions on ¢ imply that
le — €’| < e/logn. By Propositions 3.1 and 3.2,

1 1

nel/2 + 6_3)

> Po,(F > 0)+O0(le — ') + O(7V?).

Pp(|C(vo)| € [¢,2¢]) (7.6)

Poyp(F > 20) > Pq,(F > 20) + O(|e — & +
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It follows that
P,(|C(vo)| =€) = B,(IC(vo)| = 20) < Ol — ') + O(¢1/?),
and we only need to show that e —¢'| is O(I"'/?). This is equivalent to showing that both % and

10% are O(I7%/2). The condition ¢ < V?/3 is equivalent to ng < 0712, The bound 105" < € 1/2
holds when ¢ < n?/(logn)?; as ¢ < V%3 = n*3  this is also true for n sufficiently large. |

7.2. Variance estimates. Lemmas 7.2 and 7.3 below contain variance estimates essential to our
proof of Proposition 2.2.

Lemma 7.2 (Variance of the number of vertices in moderate clusters). Set p = p. + &. Suppose

that V-3(log V)3 < ¢ < 1. Choose N such that N = o(/V) and N = o(e?V). Then
Var,(Z.y) = o((gV)?). (7.7)
Proof. First note that Var,(Z.y) = Var,(Z_y), where
Zoy=N=Z.x=>_I[|C(v)| <NJ.

We expand Var,(Z.y) as
Vary(Zoy) = Y [Po(|C(vo)| < N, |C(v1)] < N) = P,(|C(vo)| < N)?. (7.8)

We separate each term involving distinct vg and vy into two, according to whether or not
vy € C(vp). We can then write

Var,(Z.n) = Suyevy + Svgetvys (7.9)
where S"O‘_’Vl = S"O‘_’Vl( )7 SVO"/"VI = S"O"f’vl (N> and
Supn = O Pp(IC(vo)| < N, v1 € C(vp)), (7.10)
Soptos = D [Pp(!C(Vo)\ < N|C(vi)| < N,vi & C(vo)) = B(IC(vo)| < N)*. (7.11)
Vo,V1

It is easily seen that
Sugevs = VE, [|[C (o)l I[|C(vo)| < N]J, (7.12)

and we upper bound

N
E, [|C(vo)|I[|C(vo)| < N]] ZIP (1< |C(vo)| < N) g P,(|C(vo)| > 1)

- 1
gC;(e+\—/l), (7.13)

where the last inequality follows from Lemma 4.2. It follows that
Syyen; = O(VNe + VVN) = 0(e2V?), (7.14)
provided N = o(eV) and N = 0(¢?V?). When &3V >> 1 then eV < ¢*V?2, so only the first
constraint on N is binding, i.e. S = 0(£2V?) as long as N = o(eV).

Vo]
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To upper bound S, ..., note that, by [4, inequality (9.7)],
S <0 Y B [IC@IICWITICW)] < NCW)| < Novg ]|, (71)
{uv}

where the summation is over all edges {u, v} of H(2,n). We can estimate this similarly to S,
above, and find that

0Vl

Segir <Y Z P,(1 < IC(w)| < Nk < [C(V)] < Nv ¢ C(u))

(u,v) l1,l2=1

Sy Y P, (IC()]| = b, [O)] > b,V & Clu). (7.16)

uv)ll lo=1

Since v ¢ C(u), |C(u)| and |C(v)| are each independently of one another stochastically
dominated by the total progeny of a Bi(€2, p) Galton-Watson process. (To see this in more detail,
think of first constructing the cluster of u, and subsequently construct the cluster of v in the
smaller graph with |C'(u) removed.) Using Lemma 4.2, we then see that, since {2p is bounded
above as n — 00,

Svgpvy < CQPV iv: (5 + %> (5 * %>

l1,lo=1

< CV(eN +VN)* < O(Ve’N? + VN). (7.17)
Thus, as long as N = o(v/V) and N = o(?V),
Svoivi = 0((V)?), (7.18)
which completes the proof. [

Lemma 7.3 (Variance of the number of vertices in intermediate clusters). Set p = p.+g. Assume
that V~3(log V)3 < ¢ < 1, and take N € N such that N < V3 and N < eV/logn. Then

CV? /logny ;, N 1
Vary(Zoy — Zogy) < W< i V&V m). (7.19)
Proof. We have
Vary(Zoy — Zoaw) = Y Py(|C(vo)| € (N,2N],|C(v1)| € (N,2N]) — P,(|C(vo)| € (N,2N])*.

Vo,V1

Once again we split the sum according to whether or not v; € C'(vy), obtaining

Varp<ZZN - ZZQN) = SV0<—>V1 + Sv0<—/->v17 (720)
where
Sugs = D IP’p(|C(Vo)! € (N, 2N, vy € C(VO)), (7.21)

Vo,V1

S = > [P,,(;C(von, (C(v1)| € (N,2N], v, & C<VO)) - P,,(|C(v0)y e (N, 2N])2]. (7.22)

Vo,V1
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Just as in the proof of Lemma 7.2,

Suyen, = VI, [|C(v0)|I[|C(vo)| < N]] < CV(Ne + V'N). (7.23)
But
V2 slogny , N
VVN < —= = 7.24
e SETVE) (72
and so S,,.., is bounded by the right hand side of (7.19).

Dealing with S, .;,, requires more effort. Define
Dvovi ‘= Pp<|C'(V0)| € (N,2N],|C(v1)| € (N,2N],v; ¢ C(v0)> —IPp(|C'(V0)| € (N, 2N])2, (7.25)

so that
S"O“/"Vl = E :pVO’Vl'
Vo,V1

Now rewrite

pV07V1 o
P,(|C(vo)| € (N,2N]) IP>p(|0(vl)| € (N,2N],v1 & C(v)||C(vo)| € (N, 2N])

—P,(|C(v1)| € (N,2N]).

Recall that N(v,i) is the number of elements in the i-th horizontal line included in the cluster
until time nn?. The proof of Proposition 5.1 implies that there is some constant C' > 0 such that
wvhp every v such that |C(v)| € (N, 2N] satisfies

N(v,i) < C’[logn v %] (7.26)

(To see this, think of running the exploration process with stopping time 7" as in (4.1), where 7 is
defined by 2N = [nV'] (so in particular n < €). Since |C(v)| € (N, 2N], we have C(v) = Cr(v).)
Letting

Q’:Q—2C[logn\/%], (7.27)
we can lower bound
P,(|C(vo)| € (N,2N]) > P ,(F > N) — Po,(F > 2N) + O(V7?). (7.28)
Further, we can upper bound
P,(|C(v1)] € (N,2N],vi & C(vo)||C(vo)| € (N, 2N])
=P,(|C(v1)| > N,vi & C(vo)||C(vo)| € (N, 2N])
—P,(|C(v1)| > 2N, vi & C(vo)||C(vo)| € (N, 2N])

< Po,(F > N)—Pq,(F>2N)+0(V?). (7.29)

(Once again, to see this, think of first exploring the cluster of vy and, after that, the cluster of vy
in H(2,n) with the cluster of vy removed.)
Since N < V3 and N < eV/logn, we can use Lemma 7.1 to bound P,(|C(vo)| € (IV,2N]) and
obtain

C
Pvor < \/—N(IPQ,,,(F > N) = Pary(F = N) +Poy(F 2 2N) = Pary(F = 2N) ) + O(V?). (7.30)
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By (7.5), with e = pQ — 1 and & = p) — 1, for every £ € N,

1 1
Po (F > () — P (F > 0) < O<|5 —¢|+ = 4—3) (7.31)
Note that, by (7.27),
logny\ ;, N
I / — _
e —¢/| c{ . \/nz}, (7.32)

so that we always have —» = O(|e — €').
Consequently (with the value of C' adjusted between inequalities), for all vertex pairs v, vy,

Pros < \/C_ (le -1+ ]\1[3> (7.33)

Summing over vy, vy,

2

1
v0<74>v1 Z pVO,Vl = \/— <’€ - 6/’ V N3> (734)

Vo,V1

Since ¢ — &’ = O(loi ~ oV %), the result follows. |

7.3. Proof of Proposition 2.2. We are now ready to complete the proof of Proposition 2.2.
We will make essential use of Lemmas 7.2 and 7.3.
Let 6 >0, and, fore=1,...,1 —1, let

)
AR A (I =2)]*

The reasons for our choice for {8;}.Z} will become apparent shortly. For now let us note that

(Si:

(7.35)

I-1
> 6 <d/2. (7.36)
=1

Recall the definition of Zs, from (7.1) (the centred number of vertices in clusters of size at least
¢) and the decomposition in (7.4). We will prove that the right hand side of (7.4) is o(1) for
suitable N and N, ; the conditions that N and N,, must satisfy are as follows:

_ S (logn)? n \1/3
N=ofn), N=olV), N»=SS- N> (10gn) . (7.37)
v
N, <~ N, <V (7.38)
logn

Further Proposition 2.2 requires that Ny > 2. We first prove that the concentration bound in

Proposition 2.2 holds provided such N and N, do exist; we then verify that suitable choices of N

and N, can indeed be made so as to meet all the constraints, including the one that N, > ¢72.
By (7.37), N satisfies the hypotheses of Lemma 7.2; hence, using the Chebyshev inequality,

4Var,(Zy)

P Z>2N > 2) <
p(‘ san| > 0€V/ ) = (8eV)?

= o(1). (7.39)



RANDOM SUBGRAPHS OF THE 2D HAMMING GRAPH: THE SUPERCRITICAL PHASE 29

Since N; < Ny, our assumptions imply that N; < 15;71 and N; < V?/3 for each i. Therefore,

applying Lemma 7.3 (with N; = 271 V) and the Chebyshev inequality, we obtain
P,,(|Zz2i+1,v — Zoyin] > @-sv) < (0:8V) 2Vary (Zoyiiiy — Zoyiy)

< (5:2V)7 [% (loi Y % \/ %)] . (7.40)

It follows that under our assumptions

-1 CV2<logn\/ \/N3>

P, (|Zon, | > 0V < of +Z G (7.41)
Each term here is given by
cv: (VEVE) o (BVEVE) e

V/'N; EBE B \/Ni 62e?
By the last assumption in (7.37), for all 4, loin > w5 > ]\}3,
the maximum. It follows that we need to upper bound

I—1 cv? <logn V &)

so that the last term is never equal to

Py (| Zsn, | > 6V) < o(1) + Z CEGE (7.43)
Letting m be the smallest ¢ such that
logn _N;
< — 7.44
P (7.44)
we can write
1 Ccv?2{logn N; m -~
A 2 2 o1 .
— 0,eV)? \/ N; no; 52 o~ 072V
Using our definition of d; in (7.35) we can upper bound ZZ it 52 VL by
I-1 I-1
VN _ 16¢(2)° i—1)/2 2
S 2 <2 VNN 2001 — i)
i=m—+1 ? i=1
16
C( ! 21/2\/_Zk2 k2 < C2'PVN = CV/N,. (7.46)
Hence the second sum in (7.45) is at most
Z oY <oV (7.47)
0; 52V 52\/
i=m-+1
We want the right hand side of (7.47) to be o(1), which forces
Ny, = N; < £*V2, (7.48)

The bound in (7.48) holds, since Ny = o(eV) thanks to the assumption that 3V > 1 and the
first constraint in (7.38).
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On the other hand, the first sum in (7.45) can be upper bounded by

i C logn Clogn (1)
VN2 = N )

since N > log ") by the third bound in (7.37). This proves the required concentration bound,
assummg it is possible to find N and N, satisfying (7.37) and (7.38).
Finally, we demonstrate that, as long as €*V > logn and for n sufficiently large, suitable N and
Ny do exist. One can find a number N satisfying the constraints in (7.37) as long as

(logn)? (logn)?
n2e4 n2et

(7.49)

N 2y () (7.50)

, 2V >
logn

n > n>>(

logn
The third asymptotic bound is obvious. The second constraint is equivalent to €3V > logn,
which holds by assumption. This assumption also implies the validity of the first asymptotic

relation, which is equivalent to £* > (105—3)2. Further, the assumption 2V > logn implies that

2V > n?3 > (10 e )1/3, and so the fourth condition is true. Hence, an appropriate choice of N
is possible.
As for Ny, note that by construction Ny, > N. Therefore, to ensure that the conditions (7.38)
can be met we need
eV (logn)?

>
logn n2et

2/3 (logn)? eV no\1/3 2/3 5 (0 \1/3

’ Ve n2et logn = (logn) ’ v (logn) - (751
It is easy to see that the first three bounds are all implied by the assumption € > n=%/3; the

fourth bound is obvious. Hence one can choose N, satisfying (7.38). Moreover, since

3V > logn, we have eV/logn > 2 and V3 > ¢2, and so Ny can also satisfy the
requirement Ny > 2. This completes the proof of Proposition 2.2 and thus of Theorem 1.1.
We note that Proposition 2.2 is the key reason why are unable to go all the way down to the
critical window, i.e., have to assume that ¢ > V~/3(log V)!/3 in Theorem 1.1. It would be of
interest to extend the proof all the way down to the critical window, that is to all € > V~1/3,
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