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Abstract

In the supermarket model there are n queues, each with a unit
rate server. Customers arrive in a Poisson process at rate An, where
0 < A < 1. Each customer chooses d > 2 queues uniformly at random,
and joins a shortest one.

It is known that the equilibrium distribution of a typical queue
length converges to a certain explicit limiting distribution as n — oo.
We quantify the rate of convergence by showing that the total vari-
ation distance between the equilibrium distribution and the limiting
distribution is essentially of order n~!; and we give a corresponding
result for systems starting from quite general initial conditions (not in
equilibrium). Further, we quantify the result that the systems exhibit
chaotic behaviour: we show that the total variation distance between
the joint law of a fixed set of queue lengths and the corresponding

product law is essentially of order at most n~".

1 Introduction

We consider the following well-known scenario, often referred to as the
‘supermarket model’ [16, 17, 20, 21, 22]. Let d be a fixed integer at least 2.
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Let n be a positive integer and suppose that there are n servers, each with
a separate queue. Customers arrive in a Poisson process at rate An, where
A € (0,1) is a constant. Upon arrival each customer chooses d servers
uniformly at random with replacement, and joins a shortest queue amongst
those chosen. If there is more than one chosen server with a shortest queue,
then the customer goes to the first such queue in her list of d. Service times
are independent unit mean exponentials, and customers are served
according to the first-come first-served discipline.

Recent work on the supermarket model includes [5, 6, 7, 14, 16, 17, 25].
The survey [22] gives several applications and related results. It is shown
in [5, 6] that the system exhibits propagation of chaos given a suitable
initial state, and in particular if it is in equilibrium. This means that the
paths of members of any fixed finite subset of queues are asymptotically
independent of one another, uniformly on bounded time intervals. This
result implies a law of large numbers for the time evolution of the
proportion of queues of different lengths, more precisely for the empirical
measure on path space [5, 6]. In particular for each fixed positive integer
ko, as n tends to infinity the proportion of queues with length at least kq at
time ¢ converges weakly to a function v,(kg), where v;(0) = 1 for all ¢ > 0
and (v(k) : k € N) is the unique solution to the system of differential
equations

PR, _ k= 1) = b))~ ) —wlb 1) ()
for k € N (see [25]). Here one assumes appropriate initial conditions
vo = (vo(k) : k € N) such that 1 > vy(1) > vo(2) > --- >0, and vy € [;.
Further, again for a fixed positive integer kg, as n tends to infinity, in the
equilibrium distribution the proportion of queues with length at least kg
converges in probability to A@°~1/(d=1) and thus the probability that a
given queue has length at least ko also converges to \(@°—1/(d=1),
Recent results in [16] include rapid mixing and two-point concentration for
the maximum queue length in equilibrium.

The main contribution of the present paper is to give quantitative versions
of the convergence results for the supermarket model mentioned above, and
to extend them to hold uniformly over all times. We rely in part on
combinatorial techniques developed in [15, 16].

For each time t > 0 and each j =1,...,n let X" (7) denote the number of
customers in queue j, always including the customer currently being served



if there is one. We shall keep the superscript ‘n’ in the notation in this
section, but then usually drop it in later sections. We make the standard
assumption of right-continuity of the sample paths. Let Xt(") be the
queue-lengths vector (Xt(")(l), e ,Xt(n) (n)) € Z1, where Z denotes the set
of all n-vectors with components taking non-negative integer values. Note
that the l;-norm || X; ||; of X; is the total number of customers present at
time ¢, and the [-norm || X; ||oc is the maximum queue length.

For a given positive integer n, the n-queue process (Xt(n)) is an ergodic
continuous-time Markov chain. Thus there is a unique stationary
distribution IT™ for the vector Xt(n); and, whatever the distribution of the
starting state, the distribution of the vector Xt(n) at time ¢ converges to
I1™ as t — oco. As already noted in [5, 6] (and easily verified), the
distribution II®™ is ezchangeable, that is invariant under permuting the
co-ordinates. We shall usually write Y;(") to denote the queue-lengths vector
in equilibrium: we drop the subscript ¢ when no explicit reference to a
particular time is needed.

The probability law of a random element X will be denoted by £(X). The
total variation distance between two probability distributions py and ps is
defined by dry (11, p2) = supy |1 (A) — po(A)| where the supremum is over
all measurable sets A in the underlying measurable space (see also the start
of Section 2). Also, given a vector v = (v(k) : k= 0,1,...) such that

1=v(0)>v(l)>v(2)>...>0 and v(k) — 0 as k — oo, (2)

let £, denote the law of a random variable V' taking non-negative integer

values, where Pr(V > k) = v(k) for each k = 0,1,2,.... In fact, throughout uew
this paper we shall work only with vectors v € [;.

Finally, throughout we use the asymptotic notations O(), (), o(),w() in a
standard way, to describe the behaviour of functions depending on the
number of servers n as n tends to infinity; for instance f(n) = Q(g(n))

means that, for some constants ¢ > 0 and ng, we have f(n) > cg(n) for all

n > ny.

We may now state four main results, two concerning approximating the
distribution of a single typical queue length and two concerning collections
of queues and chaos. These will be proved in the following sections, where

we also present some further results.



1.1 Single queues

We first consider the n-queue system in equilibrium, and investigate how
close the distribution of a typical queue length Y™ (1) is to the limiting
distribution. Let £, 4 denote the law £, where v(k) = A" =D/ for each
k=0,1,.... Note that Pr(Y ™ (1) > 1) = A = v(1). It is known (and was
mentioned earlier) that £(Y ™ (1)) tends to £y 4 as n — 0o: we now
quantify this convergence.

Theorem 1.1 For each positive integer n let Y™ be a queue-lengths n-vector
in equilibrium, and consider the length Y™ (1) of queue 1. Then

dp(L(Y (1)), Lra)
is of order n=! up to logarithmic factors.

In fact, we shall see that the above total variation distance is o(n~"In®n)
and is Q(n~'). Also, we shall deduce directly from Theorem 1.1, together
with a bound on the maximum queue length from [16] (given as (3) below),
the following:

Corollary 1.2 For each positive integer k, the difference between the kth
moment E[Y ™ (1)¥] and the kth moment of Ly 4 is of order n™* up to loga-
rithmic factors.

Now we drop the assumption that the system is in equilibrium, and
consider its behaviour from the beginning (that is, from time 0). We state
one theorem here, Theorem 1.3. More general though less digestible results
(Theorems 3.3 and 3.4) are stated and proved in Section 3, and Theorem 1.3

will follow easily from Theorem 3.4. We assume in Theorem 1.3 that the
initial queue lengths are iid and not too large; and see that the law of a
typical queue length is close to £,,, where v; = (vi(k) : k € N) is the
solution to the system (1) subject to the natural initial conditions.
Given a queue-lengths vector x, that is a vector with non-negative integer
co-ordinates, we let u(k,z) be the proportion of queues with length at
least k.

Theorem 1.3 There is a constant € > 0 such that the following holds. Let
the random variable X take non-negative values, and suppose that E[eX/?] is

finite. For each positive integer n, let (Xt(") ) be an n-queue process where the
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random initial queue lengths Xén)(l), . ,Xén) (n) are iid and stochastically
at most X. Let v\ = (v (k) : k = 0,1,2,...) be the unique solution to
the system (1) subject to the initial conditions v\ (k) = Elu(k, X\™)] for
k=01,....

Then the law of Xt(n) 1s exchangeable for each t > 0, and

sup dr(L(X (1)), £ ) = O(n™°).

>0 Ut

1.2 Collections of queues

The above results concern the distribution of a single queue length. We
now consider collections of queues and propagation of chaos. The term
“propagation of chaos” comes from statistical physics [12], and the original
motivation was the evolution of particles in physical systems. The subject
has since then received considerable attention culminating in the work of
Sznitman [23].

Our results below establish chaoticity for the supermarket model. As
before, we first discuss the equilibrium distribution. We see that for fixed r
the total variation distance between the joint law of r queue lengths and
the product law is at most O(n™!), up to logarithmic factors. More
precisely and more generally we have:

Theorem 1.4 For each positive integer n, let Y™ be a queue-lengths n-
vector in equilibrium. Then, uniformly over all positive integers r < n, the
total variation distance between the joint law of Y™ (1),..., Y™ (r) and the
product law L(Y™(1))®" is at most O(n~'In*n(2Inlnn)"); and the total
variation distance between the joint law of Y™ (1),...,Y ™) (r) and the lim-
iting product law L5 is at most O(n™' In* n(2Inlnn)"*1).

Note that since the distribution of Y™ is exchangeable, for any distinct
indices ji,. .., the joint distribution of Y™ (j,),...,Y™(j,) is the same
as that of Y™ (1),..., Y™ (r). Also, if d were 1 we would have ‘exact’
independence of all queues in equilibrium. Further, note that the above
result can yield a bound less than 1 only if » < Inn/Inlnlnn; but as long
as 7 = o(Inn/Inlnlnn) the bound is O(n~'*°M). We shall mention in
Section 4 how this result relates to Sznitman’s treatment of chaos in [23] —
see in particular the inequalities (19) and (20) below.



Now we drop the assumption that the system is in equilibrium, and
consider its behaviour from time 0. We state one theorem here,
Theorem 1.5. More general though less digestible results (Theorems 4.1
and 4.2) are stated and proved in Section 4, and Theorem 1.5 will follow
easily from Theorem 4.2. As with Theorem 1.3 earlier, we assume in
Theorem 1.5 that the initial queue lengths are iid and not too large: now
we see that the joint law of r queue lengths is close to the product law, that

is we have chaotic behaviour, uniformly for all times.
Given an n-queue process (Xt(")) and a positive integer r < n, let Eg
denote the joint law of X{™(1),..., X™(r), and let £™" denote the

product law E(Xt(")(l))@” of r independent copies of Xt(n)(l).

Tl’?T)

Theorem 1.5 Let the random variable X take non-negative values, and sup-
pose that the moment generating function E[e®X] is finite for some sq > 0.
For each integer n > r, let (Xt(")) be an n-queue process where the random
initial queue lengths Xén)(l), . ,Xé") (n) are iid and stochastically at most
X. Then the law of Xt(") 1s exchangeable for each t > 0, and uniformly over
positive integers r < n

sup dpy (EEW), flﬁ”’”) =0 (Tfl(ln n)rﬁ) .

t>0

We remark also that an O(n~!) upper bound on the total variation distance
between the law of a finite r-tuple of queues and the product law is known
on fixed time intervals for iid initial queue lengths - see [6], Theorem 3.5.
However, the bound in [6] grows exponentially in time, and does not extend
to the equilibrium case. We are not aware of any earlier equilibrium bounds
or time-uniform bounds like those given in Theorems 1.4, 1.5, 4.1 and 4.2.
Finally, let us mention at this point that connections between rapid mixing,
concentration of measure and chaoticity have been observed earlier in
various other contexts. The reader is referred to [11, 13, 23, 24] and
references therein for more information.

2 Preliminaries

This section contains some definitions and some results from [16] needed in
our proofs. We start with two lemmas which show that the supermarket
model is rapidly mixing. Lemma 2.1 upper bounds the total variation
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distance and Lemma 2.2 upper bounds the Wasserstein distance between
L(X;) and the equilibrium distribution IT.

Let us first recall two equivalent definitions of the total variation distance
drv (1, f12) between two probability distributions p1 and ps on Z7, and two
corresponding definitions of the Wasserstein distance dy (p1, f12). We have
dry (g1, p2) = inf Pr(X #Y), and dyw(p1, p2) = inf E[|| X — Y'||1], where in
each case the infimum is over all couplings of X and Y where £(X) = 1y
and [,(Y) = 9. Also,

dryv(p, p2) = = sup |/¢ dpy — /(b dps|

2| loo<1

where the supremum is over measurable functions ¢ with ||¢||< 1, and

dw(p1, p2) = sup | [ f dpy — /f dpia|,
feF

where the supremum is over the set F; of Lipschitz functions f on Z7 with
Lipschitz constant 1; that is, such that

[f(2) = f@)l <llz =yl forall z,yeZl.

The total variation distance between the corresponding laws on Z} is
always at most the Wasserstein distance: to see this, note for example that
Losr <IX =Y
Recall that 0 < A < 1 and d € N are fixed.

Lemma 2.1 For each constant ¢ > 0 there exists a constant n > 0 such that
the following holds for each positive integer n. For each time t > 0 let

Ons = Pr(| X" 1> en) + Pr(| X§" o> nt).

Then
Ao (LX), TI) < e ™ + 27 + 6,

Lemma 2.2 For each constant ¢ > =5 there erists a constant n > 0 such

that the following holds for each posztwe integer n. Let M™ denote the
stationary mazimum queue length. C’onszder any distribution of the initial
queue-lengths vector X ) such that I X ||1 has finite mean. For each time
t >0 let

Ons = 2E[| X" 1 1 |+ 2en Pr(|| X§" [lo> nt).

XSl >en
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Then
dW(E(Xt(n)), ) < ne™™ + 2enPr(M™ > nt) + 2" + 6,

We now introduce the natural coupling of n-queue processes (X;) with
different initial states. Arrival times form a Poisson process at rate An, and
there is a corresponding sequence of uniform choices of lists of d queues.
Potential departure times form a Poisson process at rate n, and there is a
corresponding sequence of uniform selections of a queue: potential
departures from empty queues are ignored. These four processes are
independent. Denote the arrival time process by T, the choices process by
D, the potential departure time process by T and the selection process by
D.

Suppose that we are given a sequence of arrival times t with corresponding
queue choices d, and a sequence of potential departure times t with
corresponding selections d of a queue (where all these times are distinct).
For each possible initial queue-lengths vector z € Z! this yields a
deterministic queue-lengths process (x;) with xy = x: let us write
ry = s,(z;t,d, ¢, d). Then for cach z € Q", the process (s¢(z; T, D, T, f)))
has the distribution of a queue-lengths process with initial state x. The
following lemma from [16] shows that the coupling has certain desirable
properties. Part (c) is not stated explicitly in [16], but it follows easily from
part (b). Inequalities between vectors in the statement are understood to
hold component by component. ‘Adding a customer’ means adding an
arrival time and corresponding choice of queues.

Lemma 2.3 Fiz any 4-tuple t,d,f,(Nl as above, and for each x € Z write
sy(x) for s,(x;t,d,t,d). Then

(a) for each x,y € Q", both || si(x) — s4(y) |1 and || si(x) — s4(y) ||oo are
NoN-increasing.

() if 0 <t <t and si(x) < s:(y) then sp(x) < sp(y);

(c)if t',d, t',d’ is obtained from t d,t,d by adding some extra customers
then, for all t >0, sy(z;t/,d’,t/,d’) > sy(x;t,d, t,d).

Next, let us consider the equilibrium distribution, and note some upper
bounds on the total number of customers in the system and on the
maximum queue length established in [16].
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Lemma 2.4 (a) For any constant ¢ > ﬁ, there is a constant n > 0 such
that for each positive integer n, in equilibrium the queue-lengths process (Y;(n))
satisfies

Pr (HY;(n) 1> cn) <e

for each time t > 0.
(b) For each positive integer n, in equilibrium the mazimum queue-length
Mt(") satisfies

Pr (Mt(”) > j> < nN

for each positive integer j and each time t > 0.

We shall require an upper bound on the maximum length M of a queue
in equilibrium, from Section 7 of [16]. Let i* = i*(n) be the smallest integer
i such that A1 < n~1/2In’*n. Then ¢* = Inln n/Ind+ O(1); and with
probability tending to 1 as n — oo, if d = 2 then M is i* or i* + 1, and if
d > 3 then M™ is i* — 1 or i*. The bound we need is that if
r =r(n) = O(Inn) then

Pr(M(") 2 ’l* + 1 +T) — efQ(rlnn). (3)

Now we state some concentration of measure results for the queue-lengths
process (Xt(")). Let us begin with the equilibrium case, where we use the
notation Y ™. Recall that F; denotes the set of Lipschitz functions on A

with Lipschitz constant 1. (We suppress the dependence on n.)

Lemma 2.5 There is a constant ¢ > 0 such that the following holds. Let
n > 2 be an integer and consider the n-queue system in equilibrium. Then
for each f € Fi and each u > 0

Pr (|f(Y™) — B[f(Y™)]| > u) < ne-e/"?.

Let ¢(k,x) denote |{j : x(j) > k}|, the number of queues of length at least
k. Thus ¢(k,z) = nu(k,z). Tight concentration of measure estimates for
the random variables ¢(k,Y") may be obtained directly from the last lemma.

Lemma 2.6 Consider the stationary queue-lengths vector Y™, and for each
non-negative integer k let {(k) = E[¢(k,Y™)]. Then for any constant ¢ > 0,

Pr(sup [((k, Y™) — 6(k)| > cn2 In? n) = e 200°"),
k
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Also, there exists a constant ¢ > 0 such that

sup Pr([¢(k, Y ™) — ¢(k)| > cn? Inn) = o(n"?).
k

Furthermore, for each fized integer r > 2

sup [E[0(k, Y ™) — (k)| = O(n" ' In?n).
k

The first and third parts of this lemma form Lemma 4.2 in [16]: the second
part follows directly from the preceding lemma. We now present a
time-dependent result, which will be essential in the proof of Theorem 3.3.

Lemma 2.7 There is a constant ¢ > 0 such that the >followmg holds. Let
n > 2 be an integer, let f € Fy, let xg € Z7}, and let Xén = xg almost surely.
Then for all timest > 0 and all u > 0,

Pr(|f(X") = B (X)) > u) < n e (4)

We shall also use the following extension of Bernstein’s inequality, which
will follow easily for example from Theorem 3.8 of [19].

Lemma 2.8 Let f be a Lipschitz function on R™ with Lipschitz constant 1.
Let Z = (Zy,...,Zy,) where Zy,...,Z, are independent real-valued random
2

variables, such that Z; has variance at most o and range at most b, for each

j=1,...,n. Letv=3"  oF. Then for each u >0

Pr(|f(Z) — E[f(Z)]| > u) < 2exp (—Qj—bu) .

Proof. Given fixed numbers 2, ...,2;_; where 1 < j <mn, for each z let

g(Z) = E[f(Zl, e ,Zj_17Z, Zj_|_1, ey Zn)]

Then the function g is Lipschitz, so the random variable g(Z;) has variance
at most 0]2 and range at most b. Thus, in the terms of Theorem 3.8 of [19],
the ‘sum of variances’ is at most v, and the ‘maximum deviation’ is at
most b; and so we may use that theorem to deduce the result here. [

Let u; (k) = E[u(k, X;)], the expected proportion of queues of length at
least k at time ¢. Also let u(k) denote E[u(k,Y")], the expected proportion

10



of queues with at least k customers when the process is in equilibrium.
Then, whatever the initial distribution of X, for each positive integer k,
dUt<k)
dt

= A (Eu(k — 1, X)) — E[u(k, X)) — (w(k) —w(k+1));  (5)
and for Y in equilibrium
0=X(E[u(k —1,Y))] — E[u(k,Y)?]) — (uw(k) — u(k + 1)). (6)

In [16], this last fact is used to show that u(k) is close to A@ ~D/(=1: more
precisely, for some constant ¢ > 0, for each positive integer n

sup [u(k) — N =D/@D] < =1 n?p, (7)
k

3 Distribution of a single queue length

3.1 Equilibrium case

In this subsection we prove Theorem 1.1. Let us note that the equilibrium
distribution IT is exchangeable, and thus all queue lengths are identically
distributed.

We begin by showing that (a) in equilibrium the total variation distance
between the marginal distribution of a given queue length and the limiting
distribution £, 4 is small; and (b) without assuming that the system is in
equilibrium, a similar result holds after a logarithmic time, given a suitable
initial distribution. [In fact, the result (a) will follow easily from (b), since
by Lemma 2.4 and (3), if X, is in equilibrium and we set ¢g > A/(1 — A)
then the quantity ¢, in Proposition 3.1 below is o(n™1).] Part (a) includes
the upper bound part of Theorem 1.1 above.

Proposition 3.1
(a) The equilibrium length Y ™ (1) of queue 1 satisfies
dp (LY ™ (1)), Lrg) = O (n"'In®n Inlnn).
(b) For any constant ¢y > 0 there is a constant ¢ such that the following

holds. Let 6, = Pr(]| X((]n) li> con) + Pr(]| X(()n) lo> colnn). Then
uniformly over t > clnn

max dTV(E(Xt(n) (1), Lrd) < 6, +O(n ' In*n Inlnn).

J=1,..
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Let us note here that better bounds may be obtained in the simple case
d = 1. Here the n queues behave independently, and £(Y (1)) = £, 4 for
each n. The arrival rate at each queue is always A, regardless of the state of
all the other queues. Then it follows from the proof of Lemma 2.1 in [16]
(which is stated as Lemma 2.1 here) that we can drop the term
Pr(]| Xo|[1> con) in the mixing bound of that lemma, and so part (b) holds
with the bound 6, + O(n~!In®nInlnn) replaced by
Pr(|| Xo||oo> coInn) + O(n=%) for any constant K.
Proof of Proposition 3.1. Since the distribution of Y is exchangeable,
Pr(Y (1) > k) = u(k) for each non-negative integer k. Part (a) now follows
easily from (7), since

dTV(‘a(Y(l))a E)\,d) = 5 Z ‘U(l{) — u(]g + 1) _ )\1+d+---+dk*1 + )\1+d+..,+dk
k=1
ko+1
<D fulk) = A gl 4 1) 4 AR
k=1

for any positive integer ko. But if kg > Inlnn/Ind + ¢, where
¢=—Inln(1/))/Ind then A\+d+-+d" < p=1 and so also
u(ko +1) = O(n~*In*n).
For part (b) note that

dTV<£(Xt(j>)’ Ek,d) dTV(‘C(Xt<]))7 ‘C(Y(j))) + dTV('C(Y<]))7 E)\,d)
d

(LX), L(Y)) + doy (LY (1)), Lx.a)-

IA A

Thus, by part (a) and by Lemma 2.1, there exists a constant n = n(cy) such
that for each time t > n~lcylnn

max dry (L(X¢(5)), Lag) < 0 +ne™™ +2e7™ + O(n" ' In’n Inlnn),
J

and the result follows with ¢; = max{2, ¢y} n7'.

We now show that the O (n‘l In’n Inln n) upper bound on the total
variation distance between the equilibrium distribution of a given queue
length and £, 4 in Proposition 3.1 (a) is fairly close to optimal. The next

lemma will complete the proof of Theorem 1.1.
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Lemma 3.2 For an n-queue system in equilibrium, the expected proportion
u(2) of queues of length at least 2 satisfies u(2) > X + Q(n~1). Hence

dr (LY (1)), Lrg) = Q (n71).

Proof. Let F; = ((1,Y;) be the number of non-empty queues at time ¢, and
write F' for F;. We shall show that the variance of F'is Q(n), and from that
we shall complete the proof quickly.

Recall that we model departures by a Poisson process at rate n (giving
potential departure times) together with an independent selection process
that picks a uniformly random queue at each event time of this process. If
the queue selected is nonempty, then the customer currently in service
departs; otherwise nothing happens.

Let Z be the number of arrivals in [0, 1]. By the last part of Lemma 2.3 we
have the monotonicity result that for all non-negative integers x and z,

Pr(F <z|Z=2)>Pr(F <z|Z=2z2+1). (8)

Let the integer x = x(n) be a conditional median of F' given that Z = |An].
(It is not hard to see that 2 = An + O((nInn)2) but we do not use this
here.) Since Pr(F < z|Z = [An]) > L we have by (8) that

Pr(F<z) > Pr(F<z|Z<n)Pr(Z < )
> Pr(F <z|Z = | ])Pr(Z < In)
1
> 1 +o(1)

We shall find a constant & > 0 such that Pr(F > z + dn2) > 4 +o(1),
which will show that the variance of F is Q(n) as required.
Let A be the event that Z > An + (An)2. Then, by the central limit
theorem, Pr(A) > £ + o(1). We shall need to condition on A.

If Z < An then all the customers arriving during [0, 1] will be called basic.
Otherwise, we split the Z arriving customers at random into [An| basic
customers plus the Z — [An| extra customers. Let F Dbe the corresponding
number of non-empty queues at time 1 when just the basic customers are
counted. (That is, we pretend that the extra customers never arrive.) Then

Pr(F > z|A) = Pr(F > z|Z = | \n]) >

N —
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Call a queue shunned if it is empty at time 0, none of the basic customers
has it on their list of d choices (so it stays empty throughout the interval
[0, 1] if we ignore any extra customers), and further there are no potential
departures from it in this period. We shall see that with high probability
there are linearly many such queues. Let S be the number of shunned
queues. Let 0 < n < (1 — X)e~(*9 We now prove that

), (9)

Choose 0 < o < 1 — X and 0 < 3 < ae™* such that 0 < n < 8/e. Let B be
the event that the number n — Fj of queues empty at time 0 is at least an.
Since the system is in equilibrium and the arrival rate is An, we hawe1
E[Fy] = u(1)n = An. Using Lemma 2.5, we deduce that Pr(B) = e~ %),
Let @ consist of the first [an] A (n — Fy) empty queues at time 0, and let R
be the set of queues j € @) such that no basic customer has j in their list.
Then

Nl

Pr(S < nn) = ¢ 4»

1
E[|R| | B] > [an](1 — =) ~ ae .
n

By the independent bounded differences inequality (see for example [18]),
Pr(|R| < fn | B) = e ™. Let R be the set of the first [3n] A |R| queues
in R. For each queue in R’, independently there is no attempted service
completion during [0, 1] with probability e~!. Then, since n < 3/e,
conditional on |R| > Bn with probability 1 — e~ at least nn of the
queues in R’ have no attempted service completion during [0, 1], and so are
shunned. Putting the above together yields (9), since

Pr(S <nn) <Pr(S <nn||R| > pn)+Pr(|R| < n | B) + Pr(B).

Let H (for ‘hit’) be the number of shunned queues which are the first choice
of some extra customer. Our next aim is to show (10), which says that
when the event A occurs usually H is large.

Let C be the set of extra customers whose first choice is a shunned queue.
Let z = L%n()\n)%j. Let C' consist of the first [C| A z customers in C. Let Z

denote a binomial random variable with parameters | (An)z | and 7. Then

Pr(|C'|<z|S>mm,A) =Pr(|C|<z|S>nnA) <Pr(Z<z) = o Qn?).

Now if no shunned queue is first choice for more than two customers in C’,
then H > |C'| — H', where H' is the number of shunned queues which are
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first choice for two customers in C'. But, given A and S = s, E[H'] < (3)/s,
and the probability that some shunned queue is first choice for more than
two customers in C’ is at most (3)/s%. So, setting 6 = %nk%, it follows from

the above, using Markov’s inequality, that

Pr(H > én? | S>mnn,A)=1-— O(n_%)

and so

Pr(H > 0n? | A) =1—0(n"2). (10)

Next, we claim that F > F + H. To see this, start with the basic
customers, and for each of the H ‘hit’ shunned queues throw in the first
(extra) customer to hit it. With these customers we have exactly F + H

non-empty queues at time 1. If we now throw in any remaining extra
customers, then by Lemma 2.3 (c) we have F > F 4 H as claimed. Now

1 ~ 1 ]_
Pr(F<xz+on2 |A)<Pr(F<z|A)+Pr(H<on2| A< 5—1—0(1).
Hence,

1
Pr(F > 2+ 6n2) > Pr(F > 2 + 6nz|A)Pr(4) > o o).

which shows that the variance of F' is 2(n). Thus we have completed the
first part of the proof.

By expanding £(1,Y)? = [¢(1) + (£(1,Y) — £(1))]* we find

0 <BlLY)) () =Y (d)E[w(LY) )y

S
s=2

If d > 3, then by the second bound in Lemma 2.6 we can upper bound

1> ()i y) = i) = ot )
Also, E[(£(1,Y) — £(1))?] = Var(F) = Q(n), and so it follows that
E[((1,Y)9] —¢(1)¢ = Q(nd1), that is E[u(1,Y)Y] — X4 = Q(n™!). But
by (6) with £ = 1 (since u(1) = A, as we noted before),

AE[u(1,Y)Y] —u(2) =0,
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and so
Aoy (L(Y (1)), Lrg) > u(2) = X = A(E[u(1, Y)Y — ) = Q (n_l) ,
as required. |

Proof of Corollary 1.2. Let k be a fixed positive integer. Let X denote
the random variable Y™ (1), and let the random variable Z have
distribution £y 4. Let my = [2Inlnn/Ind|. Then E[Z* 45, ] = e~ 200 ),
We need a similar bound for E[X*Ixs,,,].

By the bound (3), Pr[X > m;] = e~ %nn nln) - Also by Lemma 2.4 (b),
for any positive integer m

E[X x> m] < E[(M™) s, <n ) 55N

jzm

For m sufficiently large we have j)\/2 < 1 for all j > m, and then the last
bound is at most

nZ)\j/Z = nA™2 /(1= )\7).

j=>m

Now let ms = [4Inn/In +]. Then for n sufficiently large
E[X* I x5m,] < e 00 Pytting the above together we have

E[X*xsm, ]| < miPr[X > my] + E[XFIxs,,,] < e MntO0),
Hence

[E[X*] - E[Z"]] midey (X, Z) + B[X "Lzm,] + E[Z T z2m,]

e~ Inn+O(Ilnlnn)

IA A

3.2 Non-equilibrium case

Here we aim to prove Theorem 1.3, where we still consider a single queue
length but we no longer assume that the system is in equilibrium. We shall
first prove a rather general result, namely Theorem 3.3; and then deduce
Theorem 3.4, from which Theorem 1.3 will follow easily. We consider the
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behaviour of the system from time 0, starting from general exchangeable
initial conditions.

Theorem 3.3 below shows that uniformly over all ¢ > 0 the law of a typical
queue length at time ¢ is close to L,,, where v, = (vy(k) : k=0,1,2,...) is
the unique solution to the system (1) of differential equations subject to the
natural initial conditions. The upper bound on the total variation distance
involves three quantities 0, v, and s, defined in terms of the initial
distribution for XO"). Here 0,, concerns the total number of customers and
the maximum queue length, 7, concerns concentration of measure, and s,
concerns how close the proportions of queues of length at least k are to the
equilibrium proportions.

Theorem 3.3 Let 0 > 1. There exists a constant co > 0 such that for any
sufficiently large constant ¢y and any constant ¢y there is a constant € > 0
for which the following holds.

Assume that the law of Xén) is exchangeable (and thus the law of Xt(n) 18
exchangeable for allt > 0). Define

o0 =n "B X5 [l T |+ Pr(| X\ ||so> 2¢Inn);

XS >con

and
Yo = SUP Pr(|f(X{") — E[f(X")]| = (einlnn)'/?),

where the supremum is over all non-negative Lipschitz functions f on Z7
bounded above by n.

Let vt(n) = (vt(n)(k:) :k=0,1,2,...) be the unique solution to the system (1)
subject to the initial conditions vé")(k‘) = E[u(k, Xén))] fork=0,1,.... Also
let s, > 0 be given by s2 = Zk>1(v((]n)(k) — N@=D/=Dy20k - Thep,

sup dq (L(X™M (1)), Lw)<e (n"+n"%s, + 6, +n7) .
t>0 t

It is known [25] that the vector vﬁ”) satisfies (2) for each ¢t > 0, and so L
t

is well-defined. Note that the above result is uniform over all positive
integers n, all exchangeable initial distributions of Xén), and all times ¢ > 0.

We shall prove Theorem 3.3 shortly, but first let us give a corresponding
result for a particular form of initial conditions, which we describe in three
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steps. For each n, we start with an initial vector x which is not ‘too
extreme’ ; then we allow small independent perturbations Z;, where we
quantify ‘small’ by bounding the moment generating function; and finally
we perform an independent uniform random permutation of the n
co-ordinates, in order to ensure exchangeability. If say # = 0 and the Z; are
identically distributed (and non-negative) then we may avoid the last
‘permuting’ step in forming Xén) , as that last step is simply to ensure that

the distribution of X" is exchangeable.

Theorem 3.4 For any constant cy > 0 there is a constant € > 0 such that
the following holds.

Let 3 > 0. Suppose the initial state X(gn) 18 obtained as follows. Take an
integer n-vector x satisfying || z ||1< con and || x ||oo< elnn. Let the ‘per-
turbations” Zy, ..., Z, be independent random variables each taking integer
values, each with variance at most 3 and each satisfying EleZi/¥] < 3. De-
note Z = (2, ..., Z,) where Z; = (x(j) + Z;)*. Finally let Xo(n) be obtained
from Z by performing an independent uniform random permutation of the n
co-ordinates.

Define vt(n) as in Theorem 3.3 above. Then for each t > 0, the law of Xt(n) 18
exchangeable and

sup do (L(X ™ (1)), £ ) = O(n™9).

>0 Yt
Note that if we set x to be the zero vector above then we obtain the simpler
result we stated earlier as Theorem 1.3. It remains here to prove
Theorems 3.3 and 3.4.
Proof of Theorem 3.3. We aim to prove that there is a constant ¢y > 0

such that for any constant ¢; large enough and any constant ¢, there is a
constant € > 0 such that we have

sup H Ut — V¢ ||oo: O(n_€+n_023n+5n+n7n)’ (11)
t>0

uniformly over the possible distributions for X(gn). Here u; refers to the
vector uy(k),k = 0,1,..., where as before u;(k) = E[u(k, X})].
To see that the theorem will follow from (11), consider a state x with
| 2 ||eo< m. Couple (X;) where X, = = with (X;) where X, = 0 in the way
described in the previous section. By Lemma 2.3, we always have
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| X; — X; ||loo< m. Hence always u(k +m, X;) < u(k, X;), and so
Efu(k +m, X;)] < Efu(k, X;)] < u(k) (where the last inequality again uses
Lemma 2.3). Thus, dropping the condition that Xy = z, for any
non-negative integers m and k, we have
Efu(k +m, Xy)| | Xolleo< m] < u(k); and so

u(k +m) = Elu(k +m, X3)] < u(k) + Pr(]| Xo|lw> m).

We shall choose a (small) constant € > 0 later, and let m = [2¢lnn]. Note
that u(k) = o(n™!) if k = Q(Inn) by (3), and that Pr(]| Xo||ec> m) < 6,.
But now we may complete the argument as in the proof of Proposition 3.1
(a).
It remains to prove (11). First we deal with small t. We begin by showing
that there is a constant ¢ > 0 such that for each positive integer k, each
integer n > 2, each t > 0 and each w > 0,

Gw?2
Pr(|(k, X;)—nu (k)| > w) < ne” ntw +Pr(|E[l(k, X;)| Xo]—nu (k)| > w/2).
(12)
To prove this result, note that the left side above can be written as

> Pr(|t(k, X,) — nuy(k)| > w | Xo = 2) Pr(X, = z).

TELY

Let S = {z € Z7 : |[E[l(k, X})|Xo = 2] — nu(k)| < w/2}. Then by
Lemma 2.7, there is a constant ¢ such that for each z € S
Pr(|l(k, X;) — nu(k)| > w | Xo = 2)
< Pr(|l(k, X)) — E[l(k, X})| Xo = z]| > w/2| Xo =)

cw?

< ne nttw,

Also, the contribution from each = € Z7 \ S is at most Pr(X, = z), and
summing shows that the total contribution is at most

Pr(X, € 2\ S) = Pr(|E[((k, X,)|Xo] — nu, (k)| > w/2).

This completes the proof of (12).
Now the function E[/(k, X};)| X, = 2] is a Lipschitz function of x by
Lemma 2.3, and is non-negative and bounded above by n, so

Pr(|6(k, X;) — nuy(k)| > w) < ne” 50 + sup Pr(|(Xo) ~BIF(X)]| > w/2),
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where the supremum is over all non-negative Lipschitz functions f on Z7
bounded above by n. Hence, replacing w by nw,

_ cw3n cwn

sup Pr(|u(k, X;) —w (k)| > w) < ne” 2 +ne 2
keN

sup Pr(|f(Xo) — E[f(Xo)l| > nw/2),

since e Fre < e~ % + e~ 2 for a,b,c > 0. Now let ¢; > 2/¢ be a sufficiently

large constant and set w = 2 (c;n™'(1 4+ ¢)In n)%. Then by the last
inequality, we have, uniformly over ¢ > 0

sup Pr(ju(k, X;) — w (k)| > w)
keN

n e—+o())Inn —|—81}1p Pr(|f(Xo) — E[f(X0)]| > (cinlnn)

N|=

IN

)

IN

o(n™?) + Vu;
that is, uniformly over ¢t > 0

itelg Pr <]u(k‘,Xt) —w (k)| > (4en ™ (14 ¢) In n)%) <o(n ) 4+, (13)

Hence, arguing as in the proof of Lemma 4.2 in [16] (Lemma 2.6 above),
uniformly over ¢t > 0

ilelg{lE[U(kv X0 = w(k)]} = O(n™! (1 + 1) Inn + 7).

We shall use this result only for 0 <t <Inn. By (5) we have, uniformly
over 0 <t <lInn and over k,

duy(k)

e Mug(B — 1) —uy(k)Y) — (up(k) —uy(k +1)) + O(n " In®n + 7).

Now recall that v, is the unique solution to (1) subject to the initial
conditions vg(k) = ug(k) for each k. Also, 2Ad + 2 is a Lipschitz constant of
equation (1) under the infinity norm. More precisely, 2\d + 2 is a Lipschitz

constant of the operator A defined on the space of all vectors
v = (v(k) : k € N) with components in [0, 1] by

(Av) (k) = Mo(k — 1) —v(k)Y) — (v(k) — v(k +1)).

20



Equation (1) may be expressed succinctly in terms of A as

dvt

Wt g,
a7

Thus by Gronwall’s Lemma (see for instance [4]) there exists a constant
cz3 > 0 such that uniformly over 0 <t <Inn

| e — v ||so< cs(n ™t In®n + 7,) Inn A+

Let ¢, = ﬁ so0<er < m. Then there exists €, > 0 such that,

uniformly over ¢ with 0 < ¢ < &1 Inn, we have
| we — v ||oo= O(n"2 4+ ny,). (14)

For larger ¢ we introduce the equilibrium distribution into the argument.
Note that supy |us(k) — u(k)| < n~'dw(L(X;),II). Consider Lemma 2.2
with ¢ = max{c, %}, let n > 0 be as there, and suppose 2¢ < ne;. By (3),
there is a constant ¢; > 0 such that Pr(M > Inlnn/Ind + ¢4) = o(n™?).
Hence by Lemma 2.2, there is a €3 > 0 such that, uniformly over ¢t > ¢ Inn,

|luy — u||oo= 0(n"2 + 0y,).
Also, by inequality (7) there is a constant ¢5 such that for each n
sup [u(k) — A4 D/@D] < o~ In? p.
k
Let 5,(t) > 0 be given by s2(t) = 3o, (v{™ (k) — A@* =D/(@=1)20k. thyg

$,(0) = s,. We now use Theorem 2.12 in [7], which says that for some
constants v > 0 and Cy < 00,

sp(t)? < e ' Cys?.
Hence we deduce that there exists a constant ¢g > 0 such that for all ¢ > 0

sup [vy (k) — A@D/@D] < oot/ .
k

Combining the last three inequalities, we see that for some ¢4 > 0,
uniformly over ¢ > ¢ Inn, we have

| uy — vy ||so= O(n™ +n /%5, +6,).
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This result together with (14) completes the proof of (11) (with ¢o = €1/cg),
and thus of the whole result. |
Proof of Theorem 3.4. Clearly X, is exchangeable, and thus by
symmetry so is X; for each t > 0. Let us ignore the last step in
constructing the initial state, which involves the random permutation. Note
that this does not affect u; = (uy(k) : k =0,1,2,...), and similarly
vo(k) = Elu(k, Xo)] = E[u(k, Z)].

We shall choose a small constant € > 0 later, and assume that E[e%/¢] < 3.
By Markov’s inequality, for each n and each b > 0,

Pr(max Z; > b) < Ze_b/gE[ezf/E] < nfeb/e, (15)
j ,

J

Let us take b = b(n) = In*n, and let A = A(n) be the event that
max; Z; < b. Then by (15) we have Pr(4) = O(e~"™"). Given a function
f € Fisuch that 0 < f(x) < nforall x € Z7, let u = E[f(X,)] and let
i = E[f(Xo)|A]. Then uniformly over such f

2

7t — il = |7 — E[f (X)| A][Pr(A) < nPr(A) = O(c~""").

Also, the variance of Z; given Z; < b is at most var(Z;)/Pr(Z; < b), which
is at most 20 for n sufficiently large that Pr(Z; < b) > 5. Thus given
Z; < b, the variance of Zj is also at most 20, and further Zj has range at
most %b, assuming that 2¢ < Inn. Hence, by Lemma 2.8, for each
sufficiently large integer n and each w > 0,

w2
Pr(|f(Xo) — fi| > w]|A) < 2e” mo+tw,

and so the quantity n-y, in Theorem 3.3 is O(n™!) provided the constant ¢
is large enough.
Note that E[Z;] < ¢f for each j. We shall choose 0 < ¢ <1 below. Let
¢ =max{co + B+ 1, 25} Then E[|| Xo |1 Ljxyp>en] = 0(1) since ¢ > ¢ + 3.
Now assume that 0 < ¢ <1 is such that the bound in Theorem 3.3 holds
with this value of € and with ¢y = ¢. Then by (15), with b = 2¢Inn,

Pr(|| Xo|lso> 26 Inn) < nBe 2" = O(n™).

Thus the quantity d,, in Theorem 3.3 is O(n™1).
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It remains to upper bound the term s,. Note that

2 k
s, < Zek((@éﬂ)(k)) + Zek)\Z(d —1)/(d=1)

k>1 k>1

The second of these terms certainly takes a finite value independent of n, so
it suffices to ensure that the first term is O(n°?/?) where the constant ¢, > 0

is from Theorem 3.3. Now o\ (k) < u(|k/2],z) + max; Pr(Z; > k/2), and
so 0 (k)" < 2u(|k/2), z) + 2max; Pr(Z; > k/2)2. Hence

SO k) < 23 0 (u([k/2), )
_ + 2 M maxPr(Z > ky2)

J
k>1

Using Markov’s inequality again, Pr(Z; > k/2) < Be™%/% and so the
second term is bounded by a constant uniformly in n, provided 6 < e/,
This is certainly true if € > 0 is small enough. As for the first term, if we

let kg = 2¢Inn + 2, we have

ST uk/2),0)” <Y 0 ullk/2],2))

E>1 1<k<ko
< ko 0% </

if € is sufficiently small. Combining the above estimates, we obtain the
required bound on s,,. [ |

4 Asymptotic chaos

4.1 Equilibrium case

In this subsection we prove Theorem 1.4 concerning chaoticity of the
queue-lengths process, where the system is stationary. This result quantifies
the chaoticity in terms of the total variation distance between the joint law

of the queue lengths and the corresponding product laws. In the proof we
first bound another natural measure of these distances, following the
treatment in [23] — see (19) and (20) below.
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Proof of Theorem 1.4. By Lemma 2.5, there exists a constant ¢ > 0 such
that

sup Pr (|f(Y) —Ef(Y)| > en'/?Inn) = o(n™?).
fern

Let F| be the set of functions f € F; with || f||c< n. By the last result,
uniformly over positive integers a,

sup E H|f8 —E[f,(V)]|| < (en?Inn)*+ o(an®"?).  (16)

fl ----- faefl s=1

Let G; denote the set of measurable real-valued functions ¢ on Z, with
| #||oo< 1. For any measurable real-valued function ¢ on Z, let ¢ be the
function on Z" defined by setting ¢(y) = %22;1 o(y;) for
Y= (Y1,...,Yn) € Z". Observe that

Zgzﬁ u(k,y) —u(k + 1,9)) —i—Z — 1)u(k,y).

k=0 k=1

Observe also that since the distribution of Y is exchangeable we have
E[¢(Y)] = E[¢(Y (1))]: let us call this mean value ¢.
Let f(y) = (n/2)o(y) = 5 31, é(y:). It is easy to see that if ¢ € G; then
f € Fi. Hence by (16), uniformly over positive integers a,

sup E H 105(Y) — &s|| < (2en™Y?Inn)?+o0(a2n™2) < (3en™ 2 Inn)?

d’l ----- ¢a€g1 s=1
. _ o an
for n sufficiently large. But, by writing ¢s(Y) as (¢s(Y) — ¢s) + ¢s, we see

that
E H Qb_s(Y - H Qgs
s=1 s=1
can be expanded as

E H(&s(y) - Qgs)] H Qgs'
se{l

scA 1 se{l,.., a}\A

2

AC{1,.a},A|>2
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Hence by (17), uniformly over all positive integers r < nz /Inn

sup |E (V)| — (53|
¢11--~7¢T‘€g1 SH1 8H1

< > E(]lem 4

AC{l,..rH]AI>2  Lsea
(r 1 >\ 3ec 1

< 3en"21nn)* < — rn" 2lnn)*

< ; (a>( cn”21nn)* < azz( - rn”21nn)

= O(r*n"'In%n). (18)

Now
E[[esM)| =n"E|]]D oY) =E|[]:(Y(s)| +O(*n ")
s=1 s=1 j=1 s=1

uniformly over r and all r-tuples ¢, ..., ¢, € Gy since when we expand the

middle expression there are at most r2n"~! terms for which the values of j
are not all distinct. Hence from (18), uniformly over all positive integers
r<mn,

sup  [E[[[¢s(Y(s))] = ][ & = O(*n " n*n). (19)

(For r > nz/Inn the result is trivial.) Further, by Proposition 3.1(a),

sup |¢ — Bz, ,(¢)] = O(n ' In’n Inlnn),
$€G1 '

where E, ,(¢) denotes the expectation with respect to the limiting
measure L) 4. Thus

SUP |H¢s HEEM (6s)| = O(rn™'In*n Inlnn)

uniformly over all positive integers r (again noting that the result is trivial
for large r). It follows that, uniformly over all positive integers r < n

sup |E[H QSS(Y(S))]—H Eg, ,(¢s)| = O(n~'In*n (r*+rlnlnn)). (20)
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Following Sznitman [23], the vector Y = (Y (1),...,Y(n)) is chaotic (in

total variation) since the left hand side of (19) tends to 0 as n — oo for
each fixed positive integer r. Thus (19) quantifies the chaoticity of the
equilibrium queue lengths Y in terms of this definition. Similarly, the

inequality (20) quantifies Y being £, 4-chaotic. Let us note that, up to
factors logarithmic in n, the bound in (20) is of the same order as the

time-dependent bound of Theorem 4.1 in [9] obtained for a related class of
models.

The results (19) and (20) yield bounds on the total variation distance
between the joint law of Y(1),...,Y (r) and the product law £(Y (1))®",
and between the joint law of Y'(1),...,Y(r) and the product law L5,
respectively, as follows. [In general, even for random variables Y (s) taking
values in Z, and r = 2, it does not follow that if the left hand side of (19)
tends to 0 as n — oo then the total variation distance between the joint law
of Y(1),...,Y(s) and the product law L£(Y(1))®" tends to 0.] Putting ¢ as
the indicator of the set {ks}, we obtain, uniformly over positive integers
r<n

Pr(AL_, (Y(s) = k) — [[Pr(Y(s) = k)| = O(r’n ' In’n) (21)

(22)
But by (3), there exists a constant ¢ > 0 such that

Pr(maxY(j) > Inlnn/Ind +¢) = O(n™1).
J
Hence in total variation distance, for any fixed € > 0, the joint law of
Y (1),...,Y(r) differs from the product law L£(Y'(1))®" by at most

O(n~'In*n ((1+¢)Inlnn/Ind)"), and by at most
O(n~'In*n ((1+¢)Inlnn/Ind)"**) from the law LS. u

4.2 Non-equilibrium case

We now no longer assume that the system is in equilibrium, and show that
under quite general exchangeable initial conditions, chaotic behaviour
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occurs in the system, uniformly for all times. We need to prove
Theorem 1.5. We first state two general results, Theorem 4.1 and 4.2, and
note that Theorem 1.5 will follow easily from the latter. We then prove
Theorem 4.1 and deduce Theorem 4.2.

Given an n-queue process (Xt(n)) and a positive integer r < n, let Lﬁ”’”
denote the joint law of X™(1),..., X(™(r), and let £{™" denote the
product law of r independent copies of Xt(n)(l). The following result shows
that, as long as initially there are not too many customers in the system,
the maximum queue is not too long and the system has sufficient
concentration of measure, there will be chaotic behaviour uniformly for all
times.

Theorem 4.1 For each sufficiently large constant c¢; and each constant cg,
there is a constant ¢ such that the following holds.

Let n be a positive integer. Assume that the law of X(()") 15 exchangeable

(which implies that the law of Xt(n) is exchangeable for allt > 0). Let m > 0,
let

Onm = Pr(| X5 1> con) + Pr(|| X" o> m),
and let
Tn = SUP Pr(|f(X") — E[f(X§)]] > (einlnn)/?),

where the supremum is over all non-negative functions f € JF, bounded above
by n. Then for each positive integer r < n we have

sup dy (ﬁ,ﬁ"’”, Eﬁ"’”) < c[(n ' Inn)(m+Inn)+y,](mA+2InInn) +(r+1)8, m.

t>0

We shall see later that it is straightforward to deduce Theorem 1.4 from
Theorem 4.1. Theorem 4.2 below is a straightforward consequence of
Theorem 4.1 and shows that, in particular, there is chaotic behaviour

uniformly for all times ¢ > 0, when the initial state is obtained by
perturbing a “nice” queue-lengths vector by a set of ‘small’ independent
random variables.

Theorem 4.2 Let ¢y > 0, so > 0 and o > 0 be any constants. Then there
is a constant ¢ > 0 such that the following holds.

Suppose that the initial state Xén) is obtained as follows. Take v € ZI.
with || z ||1< con and let m =|| v || Let the ‘perturbations’ Zy, ..., Z, be
independent random variables each taking integer values, each with variance
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at most a and each satisfying E[e*%] < «. Let Z = (Z,...,%Z,) where
Zj = (z(j) + Z;)*. Finally let Xé") be obtained from Z by performing an
independent uniform random permutation of the n co-ordinates.

Then for eacht > 0, Xt(") 1s exchangeable, and for each positive integer r < n
we have we have

sup dy (L,S”””’, Eﬁ"’”) < cent(m+2Inn)"2
£>0

Note that Theorem 1.5 will follow from this last result on taking = as the
zero vector. It remains to prove Theorems 4.1 and 4.2.

Proof of Theorem 4.1. First we deal with small ¢. We start by arguing
in a similar way to the proofs of Theorems 3.3 and 1.4. As in the
inequality (13), there exists a constant ¢; > 0 such that uniformly over
t > 0, over n, and over all Lipschitz functions f of the load vector with
infinity norm bounded by n, we have

Pr(n ' f(X,) —E[n ' f(X)]| > (er(1 +t)n™* lnn)l/z) < o(n7%) + V.

With notation as in the proof of Theorem 1.4, since the distribution of Xt(")

is exchangeable, we have E[6(X™)] = E[¢(X™(1))]: let us call this mean
value (¢);. Uniformly over integers a and r with 2 < a < r,

E]I6.(X{™) = (do)il| <O((1+t)n " Inn) + 7,

Using the above bound and following the steps in the proof of Theorem 1.4,
we find that uniformly over r

s=1

=0 (rP[1+tn ' Inn+ry,)).

Let M®™ denote the maximum queue length in ec%uilibrium. Then, arguing
as in the proof of Theorem 3.3, given that || XO”) loo< m, we have by
Lemma 2.3 and (3) that
Pr(| X{" o> m + k) < Pr(M™ > k) = O(n")
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if k= |lnlnn/Ind] + ¢, for some suitable constant ¢,. Hence, uniformly
over t > 0, over n, over positive integers 2 < a < r, over m > 0 and over
exchangeable distributions for X(()"), we have

dry (cg""“), iﬁ”’”) = O ([(1+t)n ' nn+ ] (m + 2Innn)") + 8, (23)

The above takes care of all ¢ = O(m + Inn). More precisely, we use the
bound (23) for 0 <t < n~'(m+ 2Inn), where n > 0 is as in Lemma 2.1
with ¢ = ¢g.

To handle larger ¢t we introduce the equilibrium distribution. Let Y ()
denote a queue-lengths vector in equilibrium. Denote by M ™) the joint
law of Y™ (1),...,Y™(7); and denote by M) the product law of r
independent copies of Y™(1). Then for ¢ > n~!(m + 2Inn) we have by
Lemma 2.1 and Theorem 1.4 that

oy (L7, L)

Aoy (L7, M) + doy (M7, M) + dopy (M7, L1T)
Aoy (M, MET) 4 (1 4+ 1) dey (£(X4), L(Y))

O(n ' In*n(2Innn)") + (r + 1)6pm-

IA A CIA

This completes the proof of Theorem 4.1. [
Let us indicate briefly how to deduce Theorem 1.4 from Theorem 4.1. By
Lemma 2.4 and equation (3), if we choose a constant ¢y > 25 and
m =Inlnn/Ind + ¢ for a sufficiently large constant ¢ then the term 6, ,, in
Theorem 4.1 is O(n™!). Further, by Lemma 2.5, if the constant c; is
sufficiently large then the term +, is also O(n~!), and Theorem 1.4 follows.
Proof of Theorem 4.2. We fix sy > 0 and o > 0 such that E[e®%] < «
for each j. Let 8 = In(1 + «), so that 5 > 0. Note that

IXS = 11ZIh < el +Y 2
j=1

Pr (||X0||12 (co + i—ﬁ)n) < Pr(d_zf > %n)
0



< e WrE[en Xim 4]

n
= e_QB”HE[eSOZf] < e hm
j=1

Also,

n

2 2
Pr (HXoHoo> (m + —1nn)) < ZPr(Zj > —Inn)
S0 = S0

< e Eev%] =0(n™).
j=1

Further, arguing as in the proof of Theorem 3.4, by Lemma 2.8 the
constant ¢; can be chosen large enough so that the term ~, in Theorem 4.1
is O(n~1). Hence the result follows from Theorem 4.1 with this value of ¢y,

with ¢y replaced by ¢ + %3 and with m replaced by m + % Inn. We have

sup dry (L,S””“’, Zﬁ”’”) < centlnn(m+Inn)(m+Inn+2Inlnn)"
£>0

< ent(m+2Inn)"2
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