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Abstract

Bollobds, Brightwell and Leader [2] showed that there are at most 2(3)+e(m®) 9 gAT
functions on n variables, and conjectured that in fact almost every 2-SAT function is
unate: i.e., has a 2-SAT formula in which no variable’s positive and negative literals
both appear. We prove their conjecture, finding the number of 2-SAT functions on n
variables to be 2(3)'”1(1 + o(1)).

As a corollary of this, we also find the average number of satisfying assignments of a
2-SAT function on n variables. We also find the next largest class of 2-SAT functions,
and show that if k¥ = k(n) is any function with k(n) < nt for all sufficiently large
n, then the class of 2-SAT functions on n variables which cannot be made unate by

removing 25k variables is smaller than 9(3)+Fn=hn for all sufficiently large n.

1 Introduction

Given a collection of n Boolean variables x1, ..., x,, a satisfying assignment for a Boolean
function S on the n variables is an assignment of True/False to each variable such that
S(z1,...,x,) is True. A Boolean function is defined by its set of satisfying assignments.

Associated with a Boolean variable x is a positive literal x and a negative literal T. The
positive literal is True exactly when the variable is True; the negative literal is True exactly
when the variable is False.
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A k-clause is a collection of k literals, no two of which are associated with the same
variable. A k-clause is satisfied if and only if at least one of its literals is True. A k-SAT
formula is a collection of k-clauses, and the formula is satisfied if and only if all of its k-
clauses are satisfied. A Boolean function Sy whose satisfying assignments are exactly those
which satisfy a k-SAT formula F' is called a k-SAT function.

The aim of this paper is to asymptotically enumerate the 2-SAT functions on n variables.

We call a 2-SAT formula monotone if all of its clauses contain only positive literals, and
a 2-SAT function is called monotone if it is given by a monotone formula.

Given a 2-SAT formula F on n variables, and a subset R of those variables, we can define
a 2-SAT formula by replacing each positive literal associated to a variable in R with the
corresponding negative literal, and each negative literal associated to a variable in R with
the corresponding positive literal, in every clause of F'. We call this process relabelling the
literals, and say R is the set of variables that were relabelled. If S is a 2-SAT function, then
the same relabelling of the variables R on any formula F' which gives rise to S gives rise to
the same 2-SAT function, so we can say this is the 2-SAT function obtained by relabelling
the variables R. Its satisfying assignments are precisely the satisfying assignments of S with
the values of the variables in R reversed.

We say that any 2-SAT function which is the result of relabelling some variables on a
monotone function is unate.

Let G(n) be the number of 2-SAT functions on n variables. We will see that there are

9(5) monotone 2-SAT functions, and asymptotically 2(3)™" ynate 2-SAT functions, so that
certainly G(n) grows at at least this rate.

Bollobés, Brightwell and Leader [2] prove that G(n) = 2(3)“’("2), and conjecture that in
fact almost every 2-SAT function is unate. We modify and expand on their argument to
obtain a proof of their conjecture.

Theorem 1.1. For all sufficiently large n,
(1-27%) 20 < Gm) <2 (14 278) |
and almost every 2-SAT function is unate.
The proof of this theorem constitutes the bulk of this paper (Sections 1-7). In Section 8
we prove some refinements as follows.

We will find as a consequence of the proof of Theorem 1.1 the following.

Theorem 1.2. For sufficiently large n, the average number of satisfying assignments of a
2-SAT function on n variables is

5v/n
1oy (§)2r) = sttt

k=0

which is asymptotically equal to the average number of independent sets in a graph on n
points.



We are able to prove even more, identifying the next largest class of 2-SAT functions.

Theorem 1.3. For all sufficiently large n,

SORE (1 + () G) - 23> < G(n) < 20+ <1 +(5) @ +2‘ié%8>

It is well known that almost every triangle-free graph is bipartite (see Erdés, Kleitman and
Rothschild [5]). Promel, Schickinger and Steger [8] have shown that almost every triangle-
free graph which is not bipartite can be made bipartite by removing just one vertex; this
theorem gives the equivalent result for our problem. They showed further that almost every
triangle-free graph which is not bipartite and cannot be made so by removing one vertex can
be made bipartite by removing two vertices, and so on. We will establish an upper bound of

9(5)+1=kn 4 the number of 2-SAT functions which cannot be made unate by removing 25k
1

variables, where k = k(n) < ni, which is a first step towards proving the equivalent result

for our problem.

Suppose S7, Sy arise from the monotone 2-SAT formulae F}, F5. Suppose that there is a
clause (a1, as) in Fy which is not in F,. Then the assignment of True to every variable except
for those associated to literals aq, as, which are assigned False, is not a satisfying assignment
for Sy, but it is for S;. Hence two different monotone 2-SAT formulae always give rise to
different monotone 2-SAT functions.

Observe that if F' is a 2-SAT formula but not monotone, then there is a clause in it
with strictly less than two positive literals. Then we can assign True to every variable not
associated to a literal in that clause, and to the variables associated to literals in that clause
we assign whichever of True or False makes the clause not satisfied. This is an assignment
in which strictly more than n — 2 variables are assigned True. Hence any clause with no
negative literals must be satisfied, so it is a satisfying assignment for all monotone 2-SAT
functions. It follows that a monotone 2-SAT function arises from exactly one 2-SAT formula,

so there are exactly 92(3) monotone 2-SAT functions on 7 variables.

If S is a unate function and F' is a formula for S, then relabelling the same variables
on F' that were relabelled to obtain S from a monotone function must result in a monotone
formula, so that S has a unique formula and there are as many unate 2-SAT functions as there
are distinct relabellings of monotone 2-SAT formulae. Since two relabellings of a monotone
formula F' are distinct unless the relabellings differ only on variables whose positive literals
do not appear in F, certainly all relabellings of monotone formulae which mention all positive
literals are distinct, and a lower bound for the number of unate 2-SAT functions is:

on (2(3) _ ng("§1)> _ o(3)+n (1 B 27(n;1)+1ogn) — o(B)+n (1 = gomHorne)

In this paper all logarithms will be taken to base 2.

We certainly have:



G(n) = 26 (1-27%) |
for sufficiently large n, and we aim to prove an upper bound to match this.

Bollobés, Brightwell and Leader [2] observe that G(n) can also be interpreted as the
number of subsets of the n-cube that are the union of subcubes of codimension 2.

2 Preliminaries

In this section, we reduce the problem to that of counting a class of 2-SAT functions with
extra properties. This entire section is essentially identical to the equivalent part of [2],
repeated here for convenience.

The 2-SAT function with no satisfying assignment is called the trivial function.

Given a 2-SAT function, define its spine to be the set of literals which are true in all
satisfying assignments; obviously any non-trivial function cannot have both z and ¥ in its
spine; we will refer to the variable x being in the spine of the function.

Suppose that for some pair of literals u, v, in every satisfying assignment v <= wv.
Then we say that the literals are associated; clearly u, v are associated if and only if w, v are
associated. Then we can say that the corresponding variables are associated, and trivially
this is an equivalence relation.

We call a 2-SAT function elementary if it has no variables in its spine and no associated
pairs of variables. Let there be H(n) elementary 2-SAT functions on n variables.

Given any non-trivial 2-SAT function S on n variables, we can reduce it to an elementary
2-SAT function by ignoring all variables in the spine of S and all but the lowest numbered
in each equivalence class of associated variables, then compressing the labels to obtain an
elementary function on n— [ variables (I > 0). This reduction is at worst (7)(2n—2{+2)"to-
1, since for each of the [ variables removed ((7) choices of label) we can choose to associate
its positive literal to any of the 2n — 2] remaining literals, or to put either its positive or
negative literal in the spine. Thus

H(n) <Gn) <1+ Zn: H(n—1) (’Z) (2n — 21 + 2)'

where the 1 is counting the trivial function.
Since every unate function is certainly elementary, we have 2% < g (n). H(n) is

obviously monotone increasing, and we will prove that H(n) < 9(5)+n (1+ 2721) for all
sufficiently large n. This will be enough to prove Theorem 1.1.

Proof. Let N be sufficiently large that for alln > N, H(n) < 9(3)+n (1+2721).



Then we have

n

Gn) <1+ nivﬂ(n —1) (7) 2n—20+2)+ Y H(N) (7) (2n — 2 + 2)'

=0 l=n—N+1

< 32t (1427 (7) (2n — 21+ 2)' + NH(N)2"(2n)"

n—N
< ()4 <1 ey (1) en-2spia szl l>“<’2‘>) + NH(N)z e

< 2B+ (14 27%)
for sufficiently large n. O

We define a bijection between the elementary 2-SAT functions on n variables and a par-
ticular class of partial orders on 2n points: given any formula F' giving rise to an elementary
2-SAT function Sg, let Pi(F') be the relation on the 2n points {z1, ..., z,,T1,...,T,} given
by a < b if the clause (@, b) appears in F.

Suppose that there were a sequence a; < as < ... < a, < aj in P;(F'). Suppose we have
a satisfying assignment for Sp with a; True. Then as (@i, az) must contain a True literal,
ay is also True in any such assignment. Suppose we have a satisfying assignment for Sg
with a; False. Then as (@,,a;) must contain a True literal, a, must also be False, and by
induction a; must be False for each 1 < ¢ < r in any such assignment. But then a; and
as are associated, contradicting Sz being elementary. So no such sequence exists. Then let
P(F) be the transitive closure of P;(F'); we see that this is a partial order.

The relation P(F) must satisfy u < v <= ¥ < 1, since a sequence of clauses giving the
first relation also gives the second. It cannot have w < u for any wu, since if v is False in a
satisfying assignment for S, the sequence of clauses certifying u < u certify u True, which
is a contradiction, so that u is in the spine of Sp.

A satisfying assignment for Sg is an up-set in P(F') containing exactly one of each pair of
literals. Furthermore, suppose u £ v in P(F'), then let U be the smallest up-set containing
both u and v; there is no z with u < x and v < 7, as this implies x < v so u < v, so that U
contains at most one of each pair of literals. There is no y with y < v, ¥ < v, for this implies
v <y <wv. So we can add in to U one literal at a time to obtain an up-set containing exactly
one of each pair of literals, which is a satisfying assignment for Sr with u and v true. Thus
u < vin P(F) if and only if v = v is True in every satisfying assignment for Sg. So
P(F) depends only on the function Sr and not on the specific formula F giving S, and the
satisfying assignments of Sg can be found given P(F'). Thus there is a 1-1 correspondence
between elementary 2-SAT functions on n variables {z,...,z,} and partial orders on 2n
points {x1,...,2,,T1,...,T,} such that u < v <= T < @ and there is no u with u < u.
We will write P(S) for the partial order corresponding to the elementary function S.



3 Reduction to diagrams

At this point we depart from the method of proof in [2]; we develop a line-and-arrow repre-
sentation, which turns out to be more amenable to detailed analysis than the coloured graph
representation studied in [2].

The trivial function is not elementary, so that every elementary function must have
a satisfying assignment. For each elementary 2-SAT function S, pick an elementary 2-SAT
function M (S) obtained by relabelling the literals such that z1, ..., z, all True is a satisfying
assignment of M (.S). Since there are only 2" ways to relabel the literals, the restriction of M
to the elementary 2-SAT functions on n variables is at worst 2"-to-1. Observe that whatever
elementary S was chosen, P(M(S)) cannot have x; < T, for any ¢, j, as this is equivalent to
xr; = T, in every satisfying assignment of M (.S), contradicting all True being a satisfying
assignment. Furthermore, M(S) is unate if and only if S is unate.

Call a 2-SAT function nonnegative if it is elementary and all True is a satisfying assign-
ment. Then M maps from the class of elementary 2-SAT functions to the nonnegative 2-SAT
functions.

Given a nonnegative 2-SAT function .S on n variables {1, ..., z,}, we construct a diagram
D(S), which will be a graph on n points {z1, ..., z,} in which some edges are directed (which
we call arrows) and some are not (which we call lines). The directed edges will form a partial
order, the partial order within D, and we will use equivalently ‘a < b’ and ‘there is an arrow
from a to b’. We do this as follows. First take P(S), the partial order on 2n points associated
with S. Then whenever z; < x; in P(S), we put z; < z; in D(S). Whenever 7; < z; is a
covering relation in P(S) we put a line z;z; in D(S). Observe that if Z; < x; so also T; < x;,
and that given D(S) we can certainly recover P(S) and hence S.

Observe that, in D(S), no pair of points a and b are joined by both a line and an arrow:
ab and a < b. For this would imply that in P(S) we had b < a < b. We also cannot find
each of the following forbidden structures, shown in Figure 1:

(1) a, b, c such that b < a,c¢ < a and there is a line bc.
(2) a, b, c such that a < b and there are lines ac, be.

(3) a, b, c,d such that a < b, ¢ < d and there are lines ac, bd.

1) &) ®3)
Figure 1: Forbidden structures

For if (1) existed, then in P(S), @ < b < ¢ < a. If (2) existed, then in P(S),c<a <b



so that € < b cannot be a covering relation. If (3) existed, then in P(S), b<a<c<dand
b < d cannot be a covering relation.

A walid diagram is any diagram in which no two points are joined by both an arrow and
a line, and which does not contain any of the three forbidden structures. Then certainly the
set of valid diagrams on n points contains the set of all diagrams D(S) for S a nonnegative
2-SAT function on n variables, and in fact it is not hard to see that every valid diagram D
is D(S) for some nonnegative 2-SAT function S.

We will bound both the number F(n) of valid diagrams on n points and the number of
valid diagrams on n points not corresponding to unate functions. This latter bound will be
small enough to give our result.

At this point it is worth observing that a monotone 2-SAT function is always a non-
negative function; it will correspond to a diagram in which there are no arrows, only lines
between points. A unate 2-SAT function, by contrast, is not usually nonnegative: we get
a unate function by relabelling the literals on a monotone function, and the result is only
nonnegative if there were no clauses consisting of any two of the relabelled literals. So we
expect to find that M is in some sense ‘nearly’ 2"-to-1 on the set of unate 2-SAT functions on
n variables, and we expect to find that most unate nonnegative 2-SAT functions correspond
to diagrams in which there is a large set of points within which no arrows are found, a small
set of points within which no lines or arrows are found, and between the small and large set
no lines are found and no arrows go from the large set to the small set. In fact, we will find
that there are a factor of 2(201) 8™ n ¢ many’ valid diagrams, but this is acceptable since
the number of valid diagrams corresponding to non-unate 2-SAT functions is exponentially
smaller than the number of those that correspond to unate 2-SAT functions, and we already
have an accurate count of the unate 2-SAT functions.

In the rest of this paper, all diagrams will consist of a top set T, containing all points
which are maximal in the partial order within the diagram, and a bottom set B, all other
points (see Figure 2).

Note that there are no arrows within 7', and that every member of B is below at least
one point of T

Figure 2: A general valid diagram and a diagram arising from a unate 2-SAT function

We will at times want to say that between a and b in a diagram there is no line or arrow
in either direction, when we will simply say that there is nothing between a and b; we will
also sometimes want to say that there is either a line or an arrow in one or the other direction

7



between a and b, when we will say there is something between a and b.

Lemma 3.1. A walid diagram corresponds to a nonnegative unate 2-SAT function if and
only if there are no lines between its top and bottom sets, and no lines or arrows within its
bottom set.

Proof. If S is a nonnegative unate 2-SAT function, then let R be a minimal set of variables
such that relabelling the variables R on S gives a monotone function. If a is a point in D(.S),
and a ¢ R, then there certainly is no clause (a@,b) in the 2-SAT formula for S, and so a
cannot be below any other point in D, i.e. a € T. If on the other hand a € R, then the
clause (a@,b) must appear in the formula for S (since R is minimal) and a € B. If there is
a line tb in D, with t € T,b € B, then the clause (¢,b) is in the formula for S, so that b,b
are both mentioned in the formula, which is impossible since S is unate. Similarly, if a < b
or ab is in D, with a,b € B, then b,b are in the formula for S which is impossible. Hence
D(S) is of the required form. Now suppose we are given a diagram D(S) of the required
form, corresponding to the nonnegative function S. Since there is no arrow a < b with a
line ac, we see that in P(S) every relation Z; < x; between positive and negative literals is
a covering relation, so relabelling the variables B on S gives an unate function. O

We observe that valid diagrams corresponding to nonnegative unate 2-SAT functions are
in 1 — 1 correspondence with graphs with a specified independent set B.

Suppose that we attempt to construct a valid diagram. We first choose the set B, then
we choose where to put lines within 7', then where to put lines between B and T', and where
to put arrows from B up to T. Then we can choose where to put lines and arrows within
B. But this last choice is already restricted. Suppose that we have two points a,b € B.
Then either there is, or there is not, a point in 7" above both a and b. In the former case,
we cannot put a line ab in without creating the forbidden structure (1) and hence an invalid
diagram. In the latter case, we cannot put an arrow from a to b, for there exists x € T with
b < x and hence if @ < b then a < x also; by symmetry, we cannot put an arrow from b
to a either. Thus between any two points in b we have either a choice of nothing or a line
between a and b, or a choice of nothing or an arrow in one or the other direction.

We can now put a crude upper bound on the number of valid diagrams on n points:

n—1
520 \IBI
simply by following the above construction, noting that there are |B|! ways to order the

points in B, so that there are at most that many ways to decide the directions of any arrows
we might choose in B.

We have now reduced the problem to examining a class of combinatorial structures which
are relatively easy to handle; the rest of the paper involves developing and applying tools to
handle these structures.

Since we want to find that there are about 2(2) valid diagrams, we must find a way of
dealing with the possibilities for lines and arrows between B and 7', and with the requirement



to order B. We will do this by dividing into two cases, when B is small and when it is not.
We will need only some simple approximations to deal with the first case, even though it
will turn out to be the large case. We will apply the Szemerédi Regularity Lemma followed
by an induction argument to dispose of the second case.

4 Some useful facts

The following will be used frequently to restrict choice, relying on the forbidden structure
(2) which says that if a point is comparable with one set of points and connected by lines to
another set, then there can exist no lines between these two sets.

Let V be a set of points, and I be an index set. Suppose that there exist for each ¢ €
sets S;, L; C V, with S; N L; = (). Call the set

U{{a,b} ta € Li,be S}
i€l
the forbidden set (for (S;, L;)ier)-

Lemma 4.1. Suppose that there is a constant [ such that for each v, L; > 1. Let S = U;cS;.
Then the forbidden set has size at least %S‘

Proof. Observe that for each s € S, at least [ members of the forbidden set contain s. But

as a given member of the forbidden set can contain at most two elements of s, this counts

each member at most twice, and the forbidden set has size at least @ O
We will usually refer to the S; as the small sets and the L; as the large sets.

When we use this, the set I will be some points in the top or bottom of a diagram,
the sets L; and \S; will be points in the other layer connected to ¢ by arrows or lines (in no
particular order), and the forbidden structure (2) will dictate that there are no lines between
pairs in the forbidden set. This places two restrictions on the available choices: firstly we
have to choose the S; within S, and secondly we will be unable to choose lines between at
least %S‘ pairs.

Some simple bounds will also be useful.

Whenever k£ < 2, we have Zf:o (?) < 2(’;), since
n\y i+1 k n < 1 M
i) n—i n—k+1\k 2 k

In [7], Kleitman and Rothschild show that the number of partial orders on n points is

when ¢ < 3.

n2
asymptotically 2°T TO("1e™) (this result is sharpened and the proof simplified by Brightwell,

Promel and Steger in [4]). Hence there exists J such that for all n > J, there are fewer than
n2— n
2% 10" partial orders on n points. We use J for this number throughout.



5 Counting the case we expect to be large

In this section, we discuss the case |B| < 155. Note that we expect to find many valid dia-
grams in this case, as it covers all the diagrams corresponding to monotone 2-SAT functions
and the vast majority of those corresponding to nonnegative unate functions.

+log?n

Theorem 5.1. For all sufficiently large n, there are at most 2(3) valid diagrams on n

points with |B| < and at most 2(3)=% of these do not correspond to unate functions.

100’

Furthermore, there are at most 2(75)_2”

valid diagrams on n points with 3na < |B| < 155 -
Proof. For any valid diagram and any point € B, let I'y,.(z) = {t € T : t > x} be the
arrow neighbours of x. Let T'j,e(x) = {t € T : xt is a line} be the line neighbours of x. Note
that there might be points in B connected to x by arrows or lines, but we do not include
them in these sets.

Let P C B be the set of points € B with both |['g..(7)] < {5 and |Tie(z)| < 5. Let
I=B-P.

Now for each point i € I, at least one of | (7)], |[Tiine(z)| is at least {5. We apply
Lemma 4.1, with this I, with V =T, with L; the larger of T',,..(7) and T} (i ) and with S;

the smaller. Then [ > {4, and we have S = U;erS;.

Figure 3: A typical valid diagram with |B| < 155

Let D(B, P, S) be the number of valid diagrams with sets B, P, S (see Figure 3). Then

the number of valid diagrams with |B| < 175 is

2 ) (o) G e 0

We will attempt to construct valid diagrams, obtaining an upper bound by counting the
number of choices at each stage, as follows:

First, we choose the sets B, P,S. Then we choose for each point in P its arrow and line
neighbours. Note that Z;EO (‘?') < 2(|T‘) and when n is sufficiently large,

(2(@)) < 4(10e)5 < 2/Tl272r

10



which approximation will be used to bound the number of choices for lines and arrows
connecting to points in P. We choose for each point in I whether its large set is its arrow
or line neighbours, then we choose its large and small sets.

n|S|

We choose where to put lines within 7; from Lemma 4.1 there is a set of size at least =

in which we cannot choose to put lines.

We choose a total order for B, which will orient any arrows we choose to put in B. For
any pair in B® we can choose to put either nothing or something, but we have no choice
over whether ‘something’ is a line or an arrow one way or the other.

This gives us the following upper bound on D(B, P, S).

2|P|
D(B,P,S) < (2(‘{')) 2|1|2|1||T75\3|I||S\2(‘§‘)—%‘?"B“Q(‘?‘)
10

< 2(3)2*%2*%+\1H5|bg%2|I||B“ (2)
Observe that since |I| < |B], so |I|log3 < i < 2. Then 9-"3 +1IIslleg 3 < 1 50 in the

sum (1) giving an upper bound on the number of diagrams, the only terms which multiply the

2(3) term by an amount greater than 1 are the choices for B, P, S, 2/l and |B|!. Together
with the sum - over at most n® summands - this means that an upper bound for the number
of valid diagrams will be n323"D(B, P, S), taking the worst case for D(B, P, S). We split
the proof into cases, of which only the last will be large:

(i) |P| > 84ni.
(i) | P| < 84ni and |S| > 100n.

(iii) |P| < 84nt, |S| < 100nT and |B| > 3n2.

(iv) |B| < 3n2 and at least one of || > 0, |P| > 0 holds.

(v) |S] = |P| =0, |B| < 3n% and there is a line within B.

(vi) |S| = |P| =0, 5y/n < |B|] < 3n and there is no line within B.

(vii) |S| = |P| = 0, |B] < 5y/n, there is no line within B and there are at least two
arrows within B.

(viii) |S| = |P| =0, |B| < 5y/n, there is no line within B and there is exactly one arrow
within B.

(ix) |S| = |P| = 0, |B| < 5y/n and there are no lines or arrows within B. Following
Lemma 3.1, we see that these diagrams correspond to unate 2-SAT functions.

Case (i):
Pl a3 .
27 <2 , so that using (2) we can see that

5
4

D(B,P, S) < 2(3)2_%2|I||B|! < 2(2)*310gn73n73n

11



»J>-|U‘

for sufficiently large n, so that in this case (1) is bounded above by 9(5)-3 A
Case(ii):
_n 5
[I]1log 3 < i so "o +IlIS]log § < 9—4n , so that (2) gives us
n 2 n 5
D(B, P,S) < 2(2) =4 9 B|1 < 2(3)-3logn—n-3n1
5
for sufficiently large n, so that in this case (1) is bounded above by o(3)-3n1 A

Case (iii):

Since |P| < 84n1, so || > 2n2, and there must be cither n2 points in [ all of whose

arrow sets are their large sets, or that many points all of whose arrow sets are their small
19

sets. In the first case, there are at least {zn2 arrows going up from I to the less than n

points in T, so one of these points must be the target of at least —n20 arrows. In the second

case, recall that every point in B must be below at least one pomt in T, so that all of the

19
given n2 points must be below points in S, and one point in S must be above at least T\L;(Ij

of them. Let C' be a maximal set of points in B such that there is one point t € T' with t > ¢
for all c € C.

Then |C| > min(Z=

1

Qo

1

oo

n® a3 5
> min( 22—, 2= ) = 2=,
T) (55 100nz> 100

S

\“l
\“l
[

1

[e=]
n
o

Now we see that within C® we can find no lines, since structure (1) is forbidden.
Therefore the structure within C' is simply a partial order, and we recall that for |C] > J,

\\2\\

there are at most 2 partial orders on |C| points. As a result, in this case, when we
choose lines and arrows within B, we find that there are at most

NEOE (‘C‘>|B\' 3lc2=s(0| _ o8- ‘C‘2|B\'

possible choices.

Observe that g > 50000 Consider constructing a diagram in this case: given B, P, S
we choose lines and arrows from P to T, from [ to T'— S and to .S, within 7" and finally
within B. We see that we have in in this case an upper bound

T 2" I |1||T—S] a1 o (111~ 28l 5 (151 1<
D(B,P,S)< (2" 9llglIT=sglrlslo ("))~ 2('2) =5~ | B!
10
n n% n 5
< 2(2)2—m2nn! < 2(2)73logn73n73n7xr

for n sufficiently large that both % > J and the above approximations hold. Then in this
n 5

case (1) is bounded above by 2(5)-sn A

ot
ot

At this point, note that we have the requlred upper bound 3.2(5)=3n% - 9(8)=2n7 o) the

number of valid diagrams with 3nm < |B| < 155 -

12



We also observe that we now know that |B|, |S|, |P| and |I| are now all much smaller
than n, so that for all sufficiently large n, n? (Igl) (‘IIB;D (||§D < 277 o|B|l < 2w, and

[I]log 2 < 1. We will use these bounds in the following cases.

Case (iv): Applying (2) gives us the bound

D(B, P, 8) < 2(3)2- 5" 2= 5" +ISligs 211 B!

[P|n \S\n

< 20()o- 5o ol Bt < 2(3) -3

0.9

for sufficiently large n, and (1) is bounded above by 2(2)7ﬁ for all sufficiently large n. A

Case (v):

Every point in B is below at least one point in 7" by definition, and since |S| = |P| =0
every point in B is in [ and has empty small set, hence every point in B has its large set its
set of arrow neighbours and has no line neighbours in 7. So there are no lines between B
and T'. This is of course also true for the following four cases.

There is a line ab within B; there are ('B |) ways to choose this line. Then L, and Lb both

have size at least {5, and do not intersect. Hence L, X Ly is a set of size at least ﬁ within

T, and any line in it would cause the forbidden structure (3) to exist. So we have

D(B,P,S) < (|§|>23T|2(T) 52(2)|B|1 < 2(5) -0t

.::-Icn

for sufficiently large n, so that in this case (1) is bounded above by o(5)-n A
Case (vi):
Since B contains no lines the diagram structure within B is simply a partial order. Since
= |BIy_1B1
|B| > 5/n, whenever n > J? we can say that there are at most 2 UL _ o(5) -5 ways

to choose arrows within B. Then given B, P, S we can construct dlagrams in this case by
choosing the arrows from I = B to T', the partial order within B, and the lines within 7'.
This gives us the bound

0.9

D(B, P,S) < 2BITI('3)- BES(T) < o(3)-5n < 9(3)-n-—n
for sufficiently large n, so that in this case (1) is bounded above by 2(2)—. A

Case (vii):

There are four possibilities for the two arrows that are guaranteed to exist in B: either
a<b<cora<ba<cora>ba>c ora<bc<d Observe that if a < b, then
Lorr(b) C Tyrr(a), so that in each of these four cases we have restrictions on the choices of
arrows going from these points upwards; 4171, 571, 571 and 9171 choices, respectively. This

13



. . _ _ 8 _ 8

means that the choice for arrows between B and T is 2/BIITI=IT1 olBITI=[Tllog 5 ol BIITI-Tllog 5
16 .

2IBIITI=ITllog 5 regpectively; so we get

D(B, P, S) < 4,2(3)*\T|log%|B|! < 2(3),3%,#.9
for sufficiently large n, so that in this case (1) is bounded above by o(3)-% A

Case (viii):

Suppose the arrow in B is a < b. Then T'y,..(b) C T's-(a), so that there are only 37l
choices for the arrow neighbours of a, b in T'. Then we obtain the bound
1B\ o (171 4(1BI-2)[1| o T m)—TIn_p0o
D(B.P,S)<2( ", 2(B)HIBI=2ITIZITN < o(3)~55—n
for sufficiently large n, so that in this case (1) is bounded above by 92(5)-% | A

Case (ix):

We bound directly the number of valid diagrams in this case: we choose B, lines within
T and arrows from B to T. This gives us the bound

2 (|g|>2(3)‘(5> < o)+

|B|<5y/n

for sufficiently large n, since the largest term in the above sum occurs when 21%” < |B| <

n 9lo 2n
log n, so that the largest term is at most 9(3)+log® -5 A

Adding up the bounds on each case, we see that, for all sufficiently large n, Case (ix)

(;L)-i—log2 n n

dominates and there are at most 2 valid diagrams on n points with |B| < .

Adding up the bounds on Cases (i)-(viii), we see that, for all sufficiently large n, Case (iv)

dominates and there are at most 2(3)~% valid diagrams on n points with |B| < &5 which

do not correspond to unate 2-SAT functions. U

6 Counting the case we expect to be small

In this section, we apply (a version of) the Szemerédi Regularity Lemma to restrict the
possible partial orders, in much the same way as it is applied in [2], then use an induction
argument to show that there really are very few valid diagrams with [B| > 5. We will need
a theorem of Fiiredi.

Theorem 6.1. Let G be a graph on n vertices. Then the proper square of G, the graph G?
on V(G) with ab € E(G?) if and only if ac,bc € E(G) for some ¢, has at least |E(G)| — [ %]
edges.

14



A proof of this is found in Fiiredi [6]; see also [2].

Lemma 6.2. When |B| > 55, for any fized 0, there exists N such that for alln > N, there
5

are at most 2(721)72"Z

valid diagrams containing a point x such that |{y : y < x}| > dn.
Proof. Note that if there is a point with dn points below it, then there is a point in 7" with
on points below it.

There are two cases to consider:

(1) 7] < &n.

(2) |T| > Zn.

Case (1): We count the number of diagrams with |7 < %n and a point in 7" having at
least dn points below it as follows. Choose a top set. Choose lines within the top set, and
arrows and lines from the top set to the bottom set such that there exists a point x in the
top set above at least dn points in the bottom set. Let C' be some set of dn points below .
Now choose arrows and lines within B® — C® . Within C® we can choose only arrows, so
that the structure on C'is simply a partial order. This gives an upper bound on the number
of diagrams in this case:

> (|;|>2<5>3|BHT2<5>—<5£>2W|B\!
T

2 2 2
< 2(721) 2n2% log %76 =—+nlogn+n-+logn

5

< 2(721)*3"ZI

for all n sufficiently large that both the above approximations hold and én > J.

Case (2): Since both |T] > %n, |B| > 10~%n, we will be able to apply a version of the
Szemerédi Regularity Lemma to count the number of valid diagrams in this case as follows.

Given a valid diagram, draw a coloured graph G on n vertices corresponding to the points
of the diagram as follows. Whenever a point in B is below a point in 7', connect them with
a red edge in the coloured graph. Whenever two points are connected by lines, or two points
in B are connected by arrows, connect them with a blue edge in the coloured graph.

Observe that if two vertices in T' are connected by a blue edge, so no vertex in B is
connected to one by a red edge and to the other by a blue edge since this would be the
forbidden structure (2) (see Figure 4).

If two vertices a,b in B are connected by a blue edge, so there cannot be three vertices
in T, x,y, z, with za,zb red edges, ya a red edge but yb not (it does not matter whether
yb is a blue edge or not an edge at all), zb a red edge but za not (again za could be a blue
edge or not an edge at all). This is because if the edge ab corresponds to a line, then a, b, z
corresponds to the forbidden structure (1), while if it corresponds to an arrow from a to b

15



there would also have to be an arrow from a to z since the partial order is transitive, and
vice versa. Since this coloured graph encodes all the information contained in the original
diagram except the choice of T" and the order on B, there are at most 2"n! times as many
valid diagrams in this case as coloured graphs not containing either of these two structures.

y X z
\ VA 14
\ 7 N\ 4
\ Y} N /!

\ / N Vi
\ ’ \ Vi
\\ 7 \ V4

Y AN/
Ay} \/
a b

Figure 4: Forbidden coloured subgraphs
Dotted lines are red; solid lines are blue.

Suppose 0 < € < ﬁ. If A,B C V(G), then let the red-density of the pair A, B,
d,.(A, B), be the number of red edges between A and B divided by |A||B], and define the
blue-density dy(A, B) similarly. Call such a pair e-uniform if for every A’ C A, B" C B with

|4’ > €|A|,|B'| > €|Bl, so |dy(A, B) — dy(A", B')| < € and |d,(A, B) — d.(A', B')| < e.

Let V(G) be partitioned into m sets Xy, ..., X, Y1, ..., Y,—; where all the X; are subsets
of T' and all the Y; are subsets of B. Suppose that each part has size ¢ > (1 — 2¢) ™, except
for X; and Y; which each have size at most en. Call a pair (X;,Y;) rich if it is e-uniform,
d.(X;,Y;) > 2¢3 and dy(Xi,Y;) > 2¢3. Call any pair which is not e-uniform bad, and any
e-uniform pair with both d,(U,V) < 2e3 and dy(U, V) < 23 sparse. Call the remaining
pairs normal.

The following two constructions are standard arguments (see for example [2]) whose proof
we omit.

Suppose that (X;, X;) is a normal pair, and there exists Y, such that both (X;,Y}) and
(X;,Ys) are rich. Then there is a vertex y in Y}, connected to a vertex a in X; by a red edge
and to a vertex b in X; by a blue edge, with ab a blue edge. This is the forbidden coloured
graph (), so that if Y}, is such that (X;,Y}), (X;,Ys) are rich pairs then (X;, X;) must be
either a sparse or a bad pair.

Suppose that (Y;,Y;) is a normal pair, so dy(Y;,Y;) > 263, and there exists X}, such that
both (Xj,Y;), (X,Y;) are rich. Then we can find vertices a € Y;,b € Y}, z,y, 2 € X}, forming
the forbidden coloured graph (). Again, if X} is such that (Xj,Y;) and (Xj,Y;) are rich

pairs, then (Y;,Y;) must be either a sparse or a bad pair.

Now draw a graph H on m vertices corresponding to the parts of V(G). Draw an edge
between two vertices in V(H) if and only if they correspond to a rich pair. Then H is
bipartite with the X; making one part and the Y; the other. Hence the graph H? has edges
only between vertices X;, X; or Y;,Y;. No edge of H? can correspond to a normal pair in
G, so all these edges correspond to bad or sparse pairs in G. We now apply the theorem of

Fiiredi (as in [2]): if there are r edges in H, there are at least r — [ 2] edges in H?, hence at
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least that many bad or sparse pairs must be in G.

But it follows from the Szemerédi Regularity Lemma on 2-coloured graphs (proof follow-
ing the usual method as in e.g. Bollobds [1]) that in fact every 2-coloured graph has such a
partition, for some % < m < K, where K depends on € but not on n, with all the parts of

size ¢ < = except for X;,Y; which have size at most en, and with at most em? bad pairs.
We will find that choosing € small enough that 623 log —|— 116e < = Wlll work.

Consider the number of possibilities for a coloured graph not containing either of the
structures («) or (). We must choose T, and the parts Xi,..., X, Y1,..., Y, . We must
choose which pairs are to be rich, sparse, bad and normal. We must allow 37" possibilities
for the edges within every rich or bad pair. We must allow 32" possibilities for the edges

2
with one end in either X; or Y;. We must allow 3™% possibilities for the edges within parts.

2
Let n = 23 log o then within normal pairs there are at most 29 2( e%qQ) < 4*+1tng®
2 2
possibilities for the edges, and within sparse pairs there are at most (2 (2 q%q2)> < 92+2mg”

possibilities. There are r rich pairs, and at most em? bad pairs, hence there are s > r —
2

em” — [ %] sparse pairs. We divide this into two cases and evaluate the number of valid
diagrams corresponding to coloured graphs in each case:
First, if r > 5(3n + 11e)m?

We can count the possible graphs in this case simply by enumerating all the possibilities
to obtain an upper bound:

Z ( n m4m? 3@ (r+em?+3)+2en? o (q* + 1+ng> )(—2—7" 8)+(2+2nq%)s
T
|T|,m,r

2

< 5 rae (1)

|T‘7m77‘

2 2
24 5 (14ng?) (B —r—s)+ 5 2 fen? +1 2 ]q?+(2+2ng?)s

3 rq? 2 2 2
n,_nm? [ 2 1 03en? 4+ om24nn2+en?+ 5 4 2m24+2nn?
< 2"m"4 273 2 2 2
4
|T‘7m77‘

< nK32nKn4K22§27(377+116)n2 23K22(%610g 3+3n+%6)n2

2 2_ 2
< 2%210gn+n+(n+3) log K+5K<“—en

< Q(Q)fnfn log n73n%

for all sufficiently large n.
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n 5
It follows that for sufficiently large n, at most 92(5)=3n7 yalid diagrams give rise to these
coloured graphs.

Second, suppose r < 5(3n + 11e)m?.

Here we do not count graphs directly: instead we count diagrams, using the information
we now have about the arrows and lines between B and T to obtain an upper bound. We
still need to allow for choice of T, r, m, the partition, which pairs are to be rich, sparse, bad
and normal, and choices of arrows and lines between B and T corresponding to rich, bad

. . 1 || 1
and normal/sparse pairs. But now we can count the choices within 7" as o('2 ), and within
on 3562n2 —56n

B as 2(2) (%)% |B|! (since by assumption there is a point in 7" above dn > J points
in B). Let the number of valid diagrams on n points which correspond to coloured graphs
with less than 5(3n + 11€)m? rich pairs in a Szemerédi partition be D,(n), then

n 2,2 _55n
Difn) < 3 (I;\)m%m%(5)3"q2+35”22<q2+1+’7q2><t—1><m—t—1>2(3)(62)2735 | B!

|T],m,r

since there are at most (¢ — 1)(m —t — 1) pairs which are normal or sparse between B and T,
and the given upper bound for the number of ways to choose a normal pair is also an upper
bound for the number of ways to choose a normal or sparse pair. Simplifying:

(TL) < Z Qnmn4m22(@)3rq2+36n22(q2+1+77q2)(t—1)(m—t—1)2(‘5‘)7%|B|!

|T‘7m77‘

D

g

2 (n 2 2 2 2 §2n2
< nK3on 4K 2(2)25(377+116)TL log 3+3en? log 3+ K > +n? — 2= |

since ¢*(t — 1)(m —t — 1) < |T||B|, so

2_ 52n2

Dy(n) < nk?32n K23 o) g@ln+116an? 5=y

< nk32 K2R3 2 )
n 5
Again this is less than 2(5) =307 for all n sufficiently large that both the above approxi-
mations hold and dn > J.

n 5 n 5
It follows that for all sufficiently large n, there are at most 3.2(5) =31 9(8)=2nt Ga1iq

diagrams with [B| > 155 and with a point above more than én others. O

Suppose 6 = 107Y. Then observe that, if n > 10%, the number of partial orders where no
—9,,2

107°n
point has more than dn points below it is at most (2 (g;))n <27 (109%) < 279" <

23107, This will be all we need to prove the following theorem.
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5

Theorem 6.3. For all sufficiently large n, there are at most 2(5)="" yalid diagrams on n
points with |B| > 155-

Proof. Let 6 = 1072, Let N > 10% be large enough that both the conclusion of the previous

5
lemma holds with § = 107 and that for all k > %, we have at most 2(3)27 valid diagrams

on k points with 3k < |B| < &5, as provided by Theorem 5.1. Let Fy(n) be the number

of valid diagrams on n points with |B| > {55.

5
Let A = F4(N). We will prove by induction that for every n, Fs(n) < A2(5)==7% When
n < N, this is trivially true by the choice of A. Now suppose that n > N, and the induction
hypothesis holds for every k < n.
Given a valid diagram D on n points with |B| > 155, we can let P C T be the set of
points each of which is connected to at most % points in B by lines. Then we can apply
Lemma 4.1, with I =T — P and V = B. For each i € I, we let S; be the set of points below

i, and L; be the points in B connected to i by lines (see Figure 5). Then [ > %, and by

Lemma 4.1 we have a forbidden set of size at least %.

n_

Figure 5: A typical valid diagram with |B| > 15

We consider three cases:
(a) diagrams such that there is a point above at least dn others,

(b) diagrams such that there is no point above dn others, and |S| > %

)

(c) diagrams such that there is no point above on others, and |S| < @ .

n 5
Case (a): By the previous lemma, there are at most 2(2)=2n% gueh valid diagrams.

Case (b): We count the number of valid diagrams by choosing the partial order within
the diagram, then choosing the lines within the top set (now fixed by choice of the partial
order) and between the top and bottom sets (fixing P and S); then we choose the lines

within B, observing that there are at most ('g') — % < (‘f‘) — % < ('g') — 8.??)6 places

where we can choose to put lines within B, to obtain an upper bound:

19



|BI|S| 5

ozt o (BN HBITH(E) 155 o(3) -3 < 9(3) 20

since n > N > 10%.

Case (c): Since |S| < ‘B‘ ,|B— 5| > 2l Every point in B — S is under some point in 7,
and no point in B— .S is under any point 1n I, hence every point in B—.S is under some point

in P. But no point in P can be above more than dn points, so that |P| > é?yt > sos. Let
P’ C P be a set with |P'| = m Now observe that the diagram D’ on the k =n — 3555 < n

points TU B — P’, with a < b in D’ if and only if a < bin D, and ab a line in D’ if and only
if ab is a line in D, must be a valid diagram.

Since |B| > and the points P’ can be above at most |P’|(5n points of the top set of D',

D’ must have bottom set of size at least & — |P'|dn = 5% > 5. Since 5= > 3k20 either

D' is a valid diagram on k > § > 5 pomts with the size of its bottom set in (Sk‘ 2, 1’80] or

D’ is a valid diagram on k < n pomts with bottom set larger than ﬁ There are at most

100 ’

5
9(3) -2k possible diagrams in the first case by Theorem 5.1, and by the induction hypothesis
there are at most A2(3)=#- ki possible diagrams in the second case. So there are at most

2(2)_%4 —I—AQ(Q)_I’“_M < (A+1)2 9(5) k- i possibilities for D’. Now the following construction
includes every diagram in this case.

Choose a top set T, with 5= < |T'| < 2. Choose a set P’ of 200(5 points in 7. Choose
lines within P’ and from P’ to T P’. Choose at most dn points in B to be below each
point in P’. Choose at most 200 lines going from each point in P’ to B. Choose any valid
diagram with sufficiently large bottom set on B UT — P’. Hence an upper bound for the

number of valid diagrams in this case is:

ETl: (|T|) (loiol)z( 2095 )+ 55 (171 3505 (2(I£L|)2(|§0\)> 5003 ™ 1)2@_“%

2 B 200005 5
< n2209(5) 2205 ( o?g‘ ‘) (A+1)27F+

n |B| log(200e) _ |B| 2

< A2(2)21+logn+2”+ 500006 — 2005 —k—k4
|B] 5
<A2(g)21+logn+2n—m—k—k4

5 5 5
<AQ(’;)21+logn+2n7mfnfn1+(nfk)+<nzsz)
n 5 1 5 1
< AQ(Q)_2n_n4 9l+logn+t3n+ 3005 T 5005 ¥ ~ 100005

< Ag(3)-2n-ni

since n > 109 and § = 1079.

5 5
1 1

n 5 n
1 2.20) 2t go(B)mnT yapid diagrams with
Therefore the induction hypothesis holds for n.

Then there are at most AQ(S)*Q"*"

|B| > 100
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n 5
By induction, Fy(n) < A20)=nT for all . Tf s sufficiently large that 2" > A, then
we have Fy(n) < 9(5)—n

ot

, which completes the proof. O

7 Upper bound for H(n)

n
2

Collecting results, from Theorem 5.1 we have that there are at most 2(3)=% valid diagrams on

n points with |B| < 155 that do not correspond to unate 2-SAT functions, for all sufficiently

ny B
large n. From Theorem 6.3, we have that there are at most 2(3)=n" alid diagrams on n
points with |B| > 155, for all sufficiently large n.
Since each nonnegative 2-SAT function on n variables can be obtained by applying
M to at most 2" elementary functions on n variables, we have that there are at most
n n n 5
2" (2(2)_2_3 + 2(2)_”4) elementary 2-SAT functions which are not unate, for all sufficiently

large n.
There are at most 2(3)*™ unate 2-SAT functions. So we obtain an upper bound for H(n)
valid for all sufficiently large n:

n n § n n
H(n) <260 (14278 4 270) <200 (14 974)

for all sufficiently large n.

8 Improvements

We can now easily prove Theorem 1.2, restated here for convenience.

Theorem 1.2. For sufficiently large n, the average number of satisfying assignments of a
2-SAT function on n variables is

5v/n
oy 32 ()20 =t

k=0

which is asymptotically equal to the average number of independent sets in a graph on n
points.

Proof. The average number of satisfying assignments of a 2-SAT function on n variables is
equal to the number of pairs (F, A), where F' is a 2-SAT function on n variables and A is a
satisfying assignment of F', divided by the number of 2-SAT functions on n variables. Since
we know the latter, we only need to compute the former. First we find the number of such
pairs where F' is an elementary 2-SAT function on n variables:
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Observe that if (F, A) is a pair as above, with F' elementary, then we can let the set of
variables which are assigned False in A be X, and relabelling the variables X on F’ must give
a nonnegative 2-SAT function, which corresponds to an unique valid diagram D. Thus there
are as many pairs with I elementary as there are pairs (D, X)) where D is a valid diagram
and X a subset of the n variables. There are 2" possible X, so there are 2" F'(n) such pairs.
Following the logic in Section 2, the total number of pairs (F, A) where F' is any 2-SAT
function on n variables is (1 + 0(1))2"F(n). Now recall that when the valid diagrams were
split into several types, the largest was the class of diagrams in Case (ix) of Theorem 5.1.

There are .
03 ()2

k=0
diagrams in that case, so that there are

1 o023 (1)

k=0

pairs (F, A) where F' is a 2-SAT function on n variables and A is a satisfying assignment for
F. Hence the average number of satisfying assignments of a 2-SAT function on n variables

(o) (1)

k=0

1S

as required. This sum is part of a sum giving the average number of independent sets in
a graph on n points, and it is trivial to see that the sum is dominated by the terms with
k approximately logn, so that the average number of satisfying assignments of a 2-SAT
function on n points is asymptotically equal to the average number of independent sets in a
graph on n points and the approximation 9(3toM)log”n 45 yalid, O

We now make some improvements to Theorem 1.1. First, observe that in the proof of
this theorem, we could only bound above the class of non-unate 2-SAT functions by 9(3)+%5
because of the bound in Case (iv) of Theorem 5.1.

Given a 2-SAT function S, let F' be the unique maximal 2-SAT formula for S. If V is a
subset of the domain of S, we can define the formula F” which contains exactly the clauses
of F that do not contain literals associated to the variables in V. We say we can remove the
variables V' from S to get S', a 2-SAT function on n — |V| variables given by the formula
F’. Observe that if R is any subset of the domain of S, then relabelling the variables R on
S then removing the variables V' gives the same result as removing the variables V' from S
then relabelling the variables R.

If we can remove a set of k variables from a 2-SAT function S to obtain a unate 2-SAT
function, then we say that S is k-nearly-unate. If S is k-nearly-unate but not (k — 1)-nearly-
unate, we say that S is exactly k-nearly-unate.

Observe that if S is an elementary function, and the set V' of variables is removed from
S to give S’, then P(S’) is precisely the partial order on the 2n — 2|V| literals induced by

22



P(S). If also S is nonnegative, however, D(.S) is not in general the diagram given by simply
removing the points V' and lines and arrows meeting them from D(S). The arrows in D(S")
correspond to the arrows in D(.S) not meeting V. But if ab is a line in D(S), and a € V,
and ¢ > a, then ¢b may be a line in D(S") (if ¢ < b is a covering relation in P(S") ). If ab is
a line in D(S), and a,b € V, and a < ¢,b < d, then cd may be a line in D(S"). However, if
e, f are points in D(5’), then ef can only be a line if either it is a line in D(S) or one of the
two above situations occurs.

We will require the following simple lemma.

Lemma 8.1. Let G be any graph, and k any integer. Then we can find either a set K
consisting of at least g independent edges of G, or a set Z consisting of at most k vertices
of G which meets every edge of G.

Proof. Given a graph G, let E' be a maximal set of independent edges of G. Then either FE
has size at least %, or the set Z = [J E has size at most k. Z must meet every edge of G
since F is maximal. O

Theorem 8.2. For any k = k(n) such that k(n) < ni for all sufficiently large n, the set of

2-SAT functions on n variables which are not k-nearly-unate has size at most o(5)+n—45 for
all sufficiently large n.

Proof. We follow essentially the same logic as was used to prove Theorem 1.1.

We observe that for sufficiently large n, if k(n) = 0 then the conclusion certainly holds
for that n by Theorem 1.1, so in the remainder of the proof we shall assume k£ > 0.

First we show that for any such k, for sufficiently large n, the set Hy(n) of elementary

2-SAT functions on n variables which are not k-nearly-unate has size at most o(5)+n-5i

We let Dy(n) be the set of valid diagrams corresponding to the nonnegative 2-SAT
functions on n variables which are not k-nearly-unate.

1007
-
with |B| < 155. Theorem 6.3 tells us that the first part has size at most 2(8) =t for sufficiently

large n, so we only need to bound the second part.

As before, we divide D (n) into two parts: the diagrams with |B| > and the diagrams

We bound above the set of valid diagrams with |B| < 155 corresponding to 2-SAT func-

tions on n points which are not k-nearly-unate. For such a diagram, we define the sets
Lo (b), Tiine(b) for b € B, I, P, Sy, L, for a € I, S as in Theorem 5.1. We also define sets
S,, L, for some p € P, and the set S as follows. If p € P, and there is a € I with ap a line
in D and L, is the set of arrow neighbours of a, then let S, = T'o,r(p) — S, L, = Topr(a) — S.
Let S” be the union of the defined S;,. We now split the set of these valid diagrams into five
parts:

Case (i): |P| > 84ni.
Case (ii): |P| < 84ni and |S| > 100n3.
Case (iii): |P| < 84ni, |S| < 100ni and |B| > 3n.
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Case (iv): |P| < 84n1, |S| < 100n1, |B| < 3n% and |P| + |S| + || > k.

Case (v): |P| < 84n1, |S| < 100n1, |B| < 3n2 and |P|+|S| + 9’| < k.

By identical logic to that in Theorem 5.1, each of Cases (i), (ii), (iii) contains at most
2(3)73"% valid diagrams, for sufficiently large n.

We now provide a bound for Case (iv).

Observe that, if p € P is connected by a line to a € [, with L, the set of arrow
neighbours of a, then L) = I'y,.(a) =S cannot intersect S, since the structure (1) is forbidden.
Furthermore, there can be no lines between ) and L since structure (3) is forbidden. Now
L] > 5 — |S| > % for sufficiently large n. This means that by Lemma 4.1 there is a
forbidden set in T' of size %, which does not intersect the forbidden set between the sets
L; and S; (i € I) since no member of this new forbidden set has an end in S. So we can
construct any diagram in this case in the usual way: given B, P,S, choose the lines and
arrows from P to T, whether the members of [ have as their large set their set of line or
arrow neighbours, the lines and arrows from I to T'— S, the lines and arrows from I to S,
the lines and arrows within B, which fixes S’, and finally the lines within 7", taking account
of both the forbidden sets. This allows us to use in this case the bound

|P|n |B| S|n _|S"|n

D(B, P, S) < 21PITlg=5¢ olrlgltliT=sIglslg(3) | po('2) -5 - 1%

|P|+[S|+|S"Dn
22

< 2()2| B2~

0.9_ kn

< 2(721)7" 23

for sufficiently large n, so that in this case the number of valid diagrams is bounded above

by 2(3)_%. A

Finally we bound Case (v):

Given a diagram D in Case (v), we draw a graph G with V(G) = I. If a,b € I,
L, = Tyne(a), Ly = T4 (b), and either ab is a line or ab being a line would create one of
the forbidden structures (2), (3) (so that ab could potentially be a line in some diagram D’
obtained by removing variables), then we put ab € E(G). If a < bin D, L, = [';,.(a) and
Ly = Tiine(b), then we put ab € E(G). If a <bin D, L, = I'yr(a) and Ly, = T'y,..(b), then
we put ab € E(G). Otherwise we do not put ab € E(G).

We split this case into three sub-cases:

Subcase (a): There is a line ab in I, with both L, the set of arrow neighbours of a and
Ly the set of arrow neighbours of b.

In this case, there is a forbidden set of size at least % in T, and we can bound above
the number of valid diagrams in this case as in Case (v) of Theorem 5.1, obtaining a bound

B
2(5)=7 for sufficiently large n.
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Subcase (b): There is no line between any two points a,b € I with both L, the set of
arrow neighbours of a and L, the set of arrow neighbours of b. We cannot find any set of
qg=k—|P|—1|S| -9’ points in I such that every edge in E(G) touches the set.

In this case, by Lemma 8.1 there must be a set E of [2] edges in E(G), no two of which
meet at any point.

Suppose we know for each point ¢ € I whether its large set is its set of arrow or line
neighbours. We have previously used the bound 2/l on the choices of lines and arrows
between I and any given ¢t € T'— S. But now observe that if ab € F, we have only 3 choices
for the lines and arrows from a, b to t; if ab is in E because a < b in D with both L, = T'jin.(a)
and Ly = T'jine(b), then we cannot choose to put lines from both a and b to ¢ since structure
(2) is forbidden, and so on. Since the edges in E are independent, we obtain a bound 2//1-932
on the number of choices of lines and arrows between I and t.

We can construct every diagram in this case as follows: Given B, P, S, we choose the [1]
edges in F, and whether they are to correspond to lines or arrows in one or the other direction
in D. We choose for each ¢ € I whether L; is to be the set of line or arrow neighbours of
1. We choose the lines and arrows from [ to T'— S, taking account of the above restriction,
and from I to S. We choose the lines and arrows from P to T, the lines and arrows within
B, and the lines within T, taking account of both the forbidden sets (note S” and the L} are
already chosen). This gives us the bound

n|S| _ n|s’|

14
D(B,P,S) < (3(‘9)) ’ olllo(1I=IT=5I34IT=5I3l11ISI o PITI9=5t o (F) | p1o(3) "2 22

_ (P[+IS|+18"hn _ k=|P|-|S|-|S'] 98n
22 2

4
Too 108 3

< (31B)?)" 21 B|12(3)2
< 2(3)_1;_731_710.9

for sufficiently large n, so that the number of diagrams in this subcase is bounded above by
n)_k_n

203

Subcase (c¢): There is no line between points a,b € I with both L, the set of arrow
neighbours of a and L the set of arrow neighbours of b. We can find a set Z of k — |P| —
|S| — |S’| points in I which meets every edge in F(G).

Let D’ be the diagram corresponding to the nonnegative 2-SAT function obtained by
removing the k variables V' = PUSUS U Z from the 2-SAT function corresponding to D.
Recall that the arrows in D’ correspond to the arrows in D not meeting V', but there may
be some lines in D’ which do not correspond to lines in D, but exist because the covering
relations have changed. We will continue to use T', B to refer to the top and bottom sets of
D, and will use 1", B’ for the top and bottom sets of D’.

Suppose a € I has L, = ['jjze(a), and a < b for some b € I. Then b has Ly = e (b),
otherwise S, D Ly, but |S,| < 100n7 < |Ly|. So either a or b must be in Z. It follows that
any point a € [ — Z with L, = ['jjpe(a) is maximal in D’.
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Suppose that a point b € [ — Z has L, = I'y,-(b), and in D’ there is a line db for some d.
Certainly db cannot have existed in D, as that would imply either a line between two points
whose large sets are their sets of arrow neighbours, d € S, d € Z or d € P. Furthermore,
d ¢ B, as that would imply either d € P or d € Z, so d € T. Recall that d ¢ V. There are
three possibilities.

First, there could be e € V', with de a line in D and e < b. But then e € I, since e has
at least | Ly| arrow neighbours in 7', and this would imply d € S.

Second, there could be f € V with f < d and fb a line in D. But then f ¢ I, since this
would either imply d € S or fb would be a line between two points in I with large sets their
sets of arrow neighbours. So f € P, and then we have d € S’.

Third, there could be a,c € V with a < b, ¢ < d, and ac a line in D. Since a < b, so a
has at least |Ly| arrow neighbours, and a € I. Since |S| < 100nt < |Ly|, so L, would be the
set of arrow neighbours of a. Then if ¢ € I, we would have either d € S or ac would be a
line between two points in I with large sets their sets of arrow neighbours. So ¢ € P, and
we have d € 5'.

Thus we see that we cannot have any point b € I — Z with L, = ['y,-(b) which meets a
line in D’.

Now the top set T" of D’ consists of T'— S — S’ together with those points in [ — Z whose
large set was their line set, while the bottom set B’ of D’ consists of those points in [ — Z
whose large set was their arrow set. Then there are no lines within B’. There are no arrows
within B’, since Z was removed. There are no lines between B’ and 7" as above. Now, by
Lemma 3.1, D’ corresponds to an unate 2-SAT function on n — k points, contradicting the
original diagram on n points being in Dy(n). Hence there are no diagrams in this subcase.A

Adding up the bounds from all the cases, we see that for any k = k(n) with k(n) < ni
for all sufficiently large n, we have

ot
NS

Dy(n)] < 3260731 4 99() -t 49 9() 5

n kn

< 2(2)75
+n,%¢ )

for all sufficiently large n, and |H(n)| < 2(2)

Since every 2-SAT function which is not k-nearly-unate can be reduced to an elementary
2-SAT function on n—I variables which is not (k—[)-nearly-unate if k£ > [, or to an elementary
2-SAT function on n — [ variables if k < [, we can follow the logic in Section 2 and bound
above the size of the set of 2-SAT functions on n variables which are not k-nearly-unate by

1+ i (’Z) (20 +2 — 20) Hy_i(n — 1) + Zn: (’Z) (2n+2—2)'H(n — 1)

I=k+1
F n —1 (k=) (n=1)
<14y (l) (2n + 2 — 21)i2("2 )=
=0
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n n n—I 2
) 2_9] 12( 2 )+n+log (n—1)
+ ) (l>( n+ ) :
I=k+1
which sum is, by the same logic as used to prove Theorem 1.1, dominated by the term

2(3)+”_§_2, hence is, for sufficiently large n, bounded above by 9(5)+n=55 O

Finally, we prove Theorem 1.3. We find the next largest class of 2-SAT functions after
the unate functions: we will see that this is a subset of the set of 1-nearly-unate 2-SAT
functions. Let W (n) be the set of 2-SAT functions which are not unate and which are given
by taking a monotone function and changing exactly one positive literal x in one clause of
its formula to the corresponding negative literal . Let V' (n) be the set of 2-SAT functions
given by relabelling variables on the elements of W (n).

Note that applying the above process to a monotone function results in a unate function
if and only if z is mentioned just once in the formula for the monotone function.

We can easily find the size of W (n). Observe that all elements of W (n) are nonnegative;
then they are in 1-1 correspondence with the diagrams on n points which have |T| =n — 1,
and z € B is linked to exactly one element y € T' by an arrow, and to at least one other
element of T' by a line. As structure (2) is forbidden, for every other z € T there cannot

be lines from z to both y and x. Therefore there are at most n(n — 1)2(n52)3”_2 such valid
diagrams. There are at least

o) () (7))

such valid diagrams in which every point has at least two lines connected to it.

Therefore

(3)2(3)2—%”—2) (1—0(27%))3"2(1—0(27%)) < |[W(n)| < (3)2(3)2—2@—2)3”—2

(Z)z(’%) G)H (1-0(278)) < [W(n) < (g)g(’;) G)H

for sufficiently large n.

Now |V (n)| < 2"|W(n)|, but also if R, R' are subsets of the n variables and w,w’ are
elements of W (n) corresponding to diagrams in which every point has at least two lines
connected to it, then the functions given by relabelling the variables R on w and R’ on w’
are distinct unless R = R/, w = w’. Thus

(Z)an @ (1-o0(27) < [V(n)] < (Z)Q(””‘ @ |

Now we improve the bounds from Theorem 5.1 to show that V(n) really is the next
largest class of 2-SAT functions after the unate functions. The following proof is essentially

SO
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a more precise, but much longer, replacement for the argument in Case (iv) of Theorem 5.1;
it was left to this point to make that theorem more easily understood.

We observe that three types of diagram correspond to functions in V' (n):

(p) the diagrams in which B contains no lines, there is a point z in B which is connected
to exactly one point in 7" by an arrow and to at least one other point in 7" by a line, any
arrows in B go to x, and all other points in B are connected to points in 7" by arrows only,

(q) the diagrams in which B contains no arrows or lines, there is a point = in B which
is connected to exactly one point in 7" by a line and to at least one other point in T by an
arrow, and all other points in B are connected to points in T" by arrows only,

(r) the diagrams in which B contains exactly one arrow and no lines, and there are no
lines between B and T'.

We restate Theorem 1.3 for convenience:

Theorem 1.3. For sufficiently large n,

n—2 n—2
9(3)+n (1 + (Z) (Z) - 2—3> < G(n) < 20)+ (1 n (Z) (Z) + 2—?533>
and the next largest class of 2-SAT functions after the unate 2-SAT functions is V(n).

Proof. We find that the bound in Theorem 6.3 is already good enough, as are the bounds
in Theorem 5.1 Cases (i), (ii), (iii), (v), (vi), (vii). We observe that the diagrams in Case
(viii) already correspond to 2-SAT functions in V(n) (in form (r) ), and that those in Case
(ix) correspond to the unate functions, which we have already enumerated with sufficient
accuracy. Hence we only need to improve the bounds given in Case (iv) of Theorem 5.1.

Case (iv) of Theorem 5.1 covered diagrams such that |P| < 84n1, |S| < 100n1, | B| < 3n=
and at least one of |P| > 0, |S| > 0 holds.

We now split this into several cases and analyse each.
(a) |P| < 84ni, 1 < |S| < 100n4, |B| < 3n3.
(b) S| <1,0<|P| < 84ni and |B| < 3n.

(¢) |S| =1, |P| =0, |B| < 3n2 and there are at least two points in B with non-empty
small set.

(d) |S| =1, |P| =0, |B| < 3n3, only one point b € B has |S,| = 1 and there is a line
within B.

(e) |S| =1, |P| =0, 5y/n < |B| < 3n2, only one point b € B has |S,| = 1 and there is
no line within B.

(f) |S| =1, |P| =0, |B| < 5y/n, only one point b € B has |Sy| = 1, there is no line within
B but there is an arrow within B.

(g) |S| =1, |P| =0, |B| < 5y/n, only one point b € B has |S,| = 1 and there are no lines
or arrows within B.
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Case (a):

As in Theorem 5.1, we will use the bounds |/|log3 < n®(\5) (|B|) (\T|> < 27" and

_n_
1000 |Bl/\|P|/ \|s]

2| B|! < 27 in the following cases.

We divide this into two sub-cases.

Subcase (1): |S| > 40.

We use (2) from Theorem 5.1 which gives us
D(B,P,S) < 2()2~ "o~ 5 < 9(3)-n—n®’
for all sufficiently large n, so that the sum (1) from Theorem 5.1 is bounded above by 2(3)-n,

Subcase (2): 2 < |S| < 40.

We observe that as there are at least two points in S, there are at most (420) pairs in
T® with both points in S, and the forbidden set has size at least 21 — 800, where [ is the
minimum of the |L;| for i € I. We can construct diagrams in this subcase, given B, P, S, by
choosing the lines and arrows from the points in P to T', choosing for each point in [ lines
and arrows to S and lines to T', using the fact that there are at most ('?‘) ways to choose
lines from the point 7 with |L;| = (|| ways to choose i), choosing lines and arrows within
B and finally lines within 7', taking account of the forbidden set. This gives us

D(B,P,S) < 2\P||T\27%3\S||I||[‘2(\I\71)|T\ <|€|)2(§)‘B|!2(§)_21+800

< 2(3)27%240\1\10g%27|T\ (|?|>22l+800|3‘! .
Now 2401og59800| B|1 < 97" for all sufficiently large n, so

D(B, P, S) < 2(3)2*%*% (7) 2n0‘9 < 2(3),%,n0.9
for all sufficiently large n, and the sum (1) is bounded above by o(3)-% A

Case (b):

We divide this into two subcases.

Subcase (1): There is a point p € P with |S,| > /n.

Given B, P, S, we can construct the valid diagrams in this case by choosing the lines and
arrows within B and between B and 7', and then choosing the lines within 7". But since
|L,| > |S,| there are at least n pairs in T which cannot be chosen as lines, and we can
bound above the number of possibilities by

29



D(B,P,S) <2 ( )|B|12\P||T\2 ‘P‘"2\1\2|I||T 5\3|1||5‘2(\T\) n
0.9

< 2(2)—n+(1+log§ \I\‘B|| < 2(3)—%—71

n
2,

for all sufficiently large n, so that in this subcase (1) is bounded above by 2(3)-

Subcase (2): Every point p € P has |S,| < /n.

2
Now instead of there being <2 (@)) ways to choose the arrows and lines from each point
10

in P, there are only 4(‘T|) ('\%) < 2% ways, for sufficiently large n. Hence we can bound
10
above the number of possibilities by

D(B, P,S) < 2(2)|B|12lPITlg=15" oltlglIT=513l11515(%)

< 2(3)_992‘(})30‘” < Q(n) Tog —n%°
for sufficiently large n, so that in this subcase (1) is bounded above by 2(2) =165 A
Case (c):

Let the two points in B with non-empty small set be a,b. Then the forbidden set has
size at least | = max(|Lg|,|Ls|). Observe that there are at most l('?‘) ways to choose the

large sets of each of a,b, and that
2
n
l 27
( (l)>

is maximised at [ = (v/2 — 1)n. We construct the diagrams in this case by choosing B, I, S,
the two points with non-empty small set, whether the large set of each point in B will be
its arrow neighbours or line neighbours, the small sets of all the points in B, then we choose
the large sets of both the points with non-empty small set, the large sets of the rest of the
points in B, the lines and arrows within B and finally the lines within 7. This allows us to
bound (1) in this case by

> () (7) (15") 2o (z('?')f 121715 1215

2
<22n0.92(721>119(%1< : n )) 9—(V2-1)n
n

for all sufficiently large n. A

Case (d):

We know that every point in B except b has only arrow neighbours in 7. If the line
in B does not touch b, or if L; is the set of arrow neighbours of b, then we will be able to
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write down exactly the same bound as in Case (v) of Theorem 5.1. If b has its large set its
line neighbours, and the line in B is ab for some a € B, then we find that there can be no
arrows from a to L; or S, since structures (2) and (1) are forbidden. If |L,| = [, then we
find a forbidden set of size [ in T. We can construct these diagrams by choosing a, b, arrows
from B —{a,b} to T, arrows from a to 7' — S and lines from b to T'— S, the arrow and line
connections within B, lines within 7" — S, and finally lines in 7. We can bound this above

by:
| B| _ |T| N T,
D(B,P,S) <Y 2 2(BI-2)T| 2T1=19(12) B)12('2)
.25 <325 l B
< 2(721)7%77&9

for all sufficiently large n, so that in this case (1) is bounded by 2(3)~% A
Case (e):

We use exactly the same argument as in Case (vi) of Theorem 5.1 and get the same
bound. A
Case (f):

Subcase (1): If b has L, the set of its arrow neighbours in 7', or there is an arrow in B that
does not go to or from b, then let the arrow be ¢ < d. We note that if d < ¢, then ¢ < t and
so there are at most 3/71 choices for arrows between {c,d} and T. We note that there is also
a forbidden set in T' of size at least {5 between L; and Sy, so that following the usual logic
the number of diagrams in this subcase is bounded above by:

Z (|g|> (|?|) 9 (|ff|) o('5)) |B|!2(|B|_2)‘T|3‘T|2(\€‘)7%

Bl

< o(3)-IThes 575~ 9(3)-%

Subcase (2): If b has Ly the set of its line neighbours, and the only arrows in B go to b, then
for every point a with a < b, L, is the set of arrow neighbours of a, since S, is empty. These
diagrams correspond to 2-SAT functions in V'(n), in the form (p).

Subcase (3): If b has L, the set of its line neighbours, and there is an arrow in B from b
to a, then every point in L, is above b, which contradicts |S,| = 1. Thus there are no valid

diagrams in this subcase. A
Case (g):
These diagrams correspond to 2-SAT functions in V(n), in forms (p) and (q). A

We have now improved the bounds on Case (iv) of Theorem 5.1, so that we may say that

for sufficiently large n there are at most 2(5) =10 valid diagrams which do not correspond
either to unate 2-SAT functions or to 2-SAT functions in V'(n).
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Following the same logic as was used to prove Theorem 1.1, we now obtain for sufficiently
large n an upper bound 9(5)+7=106 on the number of 2-SAT functions which are neither unate

nor in V' (n). O

9 Further thoughts

We could certainly continue to extract further classes of 2-SAT functions in decreasing size
order, either in the manner of Theorem 1.3 or by enumerating the large classes of k-nearly-
unate functions for suitable k and appealing to Theorem 8.2 to show that there are no larger
classes left uncounted.

It is obvious that Theorem 8.2 is not best possible: the constant % is certainly too small.
Also, we conjecture that in fact the result holds for any function k(n). However, observe that
the class of 2-SAT functions on n variables which consist of the first £ variables all having
their positive literals in the spine, and the remaining n — k£ variables forming a monotone

) ) ("3") (n)_;m+@ ) ) )
function, has size 2\ 2/ = 2\2 2. All functions in this class are exactly k-nearly-
unate, so that we do not expect a sharp upper bound on the number of non-k-nearly-unate
functions to be of a substantially different form to that given.

Promel, Schickinger and Steger [8] find that almost every triangle-free graph which is not
bipartite, and cannot be made bipartite by removing one vertex, can be made bipartite by
removing two vertices, and so on; Theorem 8.2 suggests that the corresponding result holds
for our problem. We conjecture that the class of 2-SAT functions on n variables which are
exactly k-nearly-unate is larger than the class of those which are exactly (k+ 1)-nearly-unate

by a factor of at least 2" for all sufficiently large n, all k, and some constant € > %

Our results only hold for a number n of variables greater than some (very large) number
N. It is worth considering whether we really needed to apply the Szemerédi Regularity
Lemma, which was responsible for causing N to be so large; to obtain our results we did
not make as much use of the lemma as in [2], where, (implicitly) the Regularity Lemma is
applied for an infinite sequence of €’s tending to zero, and we did not need the lemma at all
to deal with the large case. However, even if a method of avoiding it could be found, other
parts of the proof require N to be so large as to be useless for practical application.

This paper does not attempt to attack the problem posed in [2] of determining the
asymptotic behaviour of the number of k-SAT functions for k£ > 2; in [2], an upper bound

VD (7) g given, and the conjecture offered that the exponent should in fact be

(1) (1 + o(1)). Tt does not seem likely that the methods applied here will be of any use for
this more general problem; the first step of moving from 2-SAT functions to partial orders
has no obvious analogue in the case of 3-SAT or higher. The problem of determining the
asymptotic behaviour of the number of k-SAT functions on n variables in the case k > 7 is
also studied in a paper of Bollobds and Brightwell [3].
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