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Abstract

The chromatic polynomials of ‘bracelets’ can be studied by means of a theory based on
representations of the symmetric group. This paper contains a detailed study of the theory
as it relates to one type of bracelet. The underlying theory is presented rather more
clearly than hitherto, and some surprising features are exhibited. The methods involve
an extension of the standard theory of distance-regular graphs, and they lead to several
plausible conjectures.



Chromatic Polynonials of Some Families of Graphs:

I: Theorems and Conjectures

1 Introduction

The study of chromatic polynomials is partly motivated by the following simple observa-
tion: if P(G;z) is the chromatic polynomial of a graph G, then the roots of P(G;z) =0
provide useful information about the chromatic number of GG. In this context, a number
of interesting facts about the real roots have been established, such as the results of Tutte
[13] on the ‘golden root’ and a number of results about ‘zero-free intervals’ [14]. Work on
the complex roots started in 1972 [2], and progressed slowly until recently. At one time
it was thought that roots with negative real parts might never occur, but Sokal [12] has
shown that this is quite false. His examples are theta-graphs, which might be thought to
be atypical in some respects, but roots with negative real parts have also been shown to
occur in other families of graphs, such as the ‘generalized dodecahedra’.

Here we shall focus on the chromatic polynomials of families known as bracelets, for which
a theory based on representations of symmetric groups has been developed [4,5,6]. This
theory leads to results that are well-adapted to the application of a theorem of Beraha-
Kahane-Weiss [1], and it implies that the complex roots of a family of bracelets lie close
to certain curves.

The paper contains a detailed study of the theory as it relates to one type of bracelet. The
justification for dealing at length with this case is twofold. First, the underlying theory is
still being developed: focussing on a particular case allows it to be presented rather more
clearly than hitherto, and suggests several improvements. Secondly, this particular case
exhibits some very surprising features, which are as yet unexplained. The explanation will
almost certainly involve some deep algebraic relationships, and we shall begin to investigate
what these relationships might be. In doing so we encounter algebraic structures that may
well be of wider interest.

This paper is in two parts.

e In Sections 2-4 we set up the link between chromatic polynomials of bracelets and
representations of the symmetric group. The treatment is a slightly simplified version of
earlier ones, and makes the link clearer, as well as allowing some basic facts to be proved
directly.

e In Sections 5-10 we develop a mechanism for doing calculations based on this rela-
tionship. This involves an extension of the standard theory of distance-regular graphs,
obtained by generalizing the algebra of distance matrices.

In a sequel we shall use these techniques to study the the complex curves formed by the
limit points of chromatic roots of families of bracelets.



2 The bracelets B(r,n)

The graph B(r,n) is constructed by taking n copies of the complete graph K, and joining
each vertex v in the ith copy to the same vertex v in the (i+1)th copy (where, by convention
n+ 1 =1). We shall denote by B, the family of bracelets B(r,n) with n > 3.

The following formula for the chromatic polynomial of B(r,n) is a special case of a more
general result [5, Theorem 1]:

P(B(r,n);z) = Y ma(z) tr(N"(2))".

The sum is taken over all partitions m with 0 < |r| < r. Note that (unconventionally) the
partition of 0 with one part equal to 0 is included: we shall denote this partition by o.

The terms appearing in the formula are defined as follows. Define m,(z) = 1. When
7| = € > 1, let 1y > my > --- > my be the parts of m, together with the appropriate
number of zeros. Define

g=m+Ll—i (1<i</V).

and let d(m) be the degree of the representation of Sy associated with w. Then

me(2) = N0 ) ) -

It can be shown that m,(z) takes positive integer values when z = k > 2/ is a positive
integer; in fact it is the degree of the representation of S}, associated with the partition 7"
formed by adding a part of size k — ¢ to .

The matrix N7(z) is a square matrix of size

(Z) d(),

with entries that are polynomials in z with integer coefficients. When z is a sufficiently
large positive integer k, this matrix represents the action of a ‘compatibility operator’ on
a subspace of the space of all k-colourings of K. (see Sections 3 and 4). It is conjectured
that that, for the families B,, the eigenvalues of N7(z) are also polynomials in z with
integer coefficients. This conjecture is known to be true for all 7 when r < 6, and for all r
in the case of certain kinds of partition 7. If true in general, it would imply that the trace
of N™(z)™ always takes the simple form

/LIAl(Z)n + ,UJQ)\Z(Z)R +eeet Ms)\s(z)nv

where the \;(z) (1 < i < s) are polynomials and the u; (1 <i < s) are their multiplicities
as eigenvalues of N7(z). It would then follow from the general result stated above that
P(B(r,n); z) takes the form

Z(polynomial of degree |r|) x (sum of nth powers of polynomials of degree r — |r|).
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The main aim of this paper is to provide evidence that makes the conjecture plausible.

Example 2.1: the eigenvalues when r =4, { =3

There are three partitions 7 with |7| = 3: [3], [111] and [21]. In Section 9 we shall explain
how the eigenvalues relevant to B4 in all three cases can be obtained from a single 4 x 4
matrix. The results are as follows.

e The partition [3] is associated with the principal representation of Ss, which has degree 1,
so NIBl(2) is a 4 x 4 matrix. Its eigenvalues are 7 — z (multiplicity 1) and 3 — z (multiplicity
3).

e The partition [111] is associated with the alternating representation of S3, which has
degree 1, so NI"'(2) is a 4 x 4 matrix. Its eigenvalues are 1 — z (multiplicity 1) and 5 — 2
(multiplicity 3).

e The partition [21] is associated with a representation of S3 having degree 2, so N2 (2)
is an 8 x 8 matrix. Its eigenvalues are 6 — z (multiplicity 3), 4 — z (multiplicity 2), and
2 — z (multiplicity 3).

The polynomials m,(z) corresponding to these partitions 7 are given by the general for-
mula above, and so we can deduce that the chromatic polynomial of B(4,n) contains the
following terms:

éz(z —1)(z—=5) ((7 —2)"+3(3 — z)")
+gz—m@_m@—3mu_zw+3@—@ﬂ

2oz —2)(z = 4) (36— 2)" +2(4— )" +3(2— 2)").

The complete chromatic polynomial P(B(4,n);z) is given in [4]. o

3 The m-standard elements

Let Vj , denote the complex vector space with basis the set of all proper k-colourings of
K, (that is, injections from the set of r vertices to the set of k colours). Given S C V and
an injection £ from S into the set of colours, we define [S | £] to be the formal sum of all
k-colourings of K, that agree with £ on S. For the purposes of calculation it is useful to
have a more explicit notation: if S = {s1,s2,...,¢} and {(s;) = a;, we write

(S & = [s1,82,...,8¢0 ] a1,a9,...,a.

The original approach to calculating chromatic polynomials of bracelets [4] used the ele-
ments [S | £]. However it was subsequently discovered [5] that a modification, based on
constructions well-known in the theory of the symmetric group, provided a more elegant
mechanism. Here we shall develop the mechanism simply as a practical tool, with only
passing references to its links with the classical theory.

For the time being we consider a fixed partition m with |r| = ¢ and a fixed integer k
such that k& > 2¢. In this situation we have a partition of k, denoted by 7*, with parts
k—{,m,mo,...,m in weakly decreasing order.
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The vertex-set of K, will be denoted by V and given a fixed total ordering. A proper
k-colouring of K, is simply an injection from V into a set of k£ colours, ¢1,c¢2,...,ck. An
important part of our approach is a specific notation for the colours. This is based upon the
diagram associated with 7%, which comprises rows of cells of lengths equal to the parts of
7%, left-justified so that we can refer also to the columns. There are no cells corresponding
to parts that are 0. The rows will be labelled 0,1, 2, ..., and the columns 1,2,... . Thus,
when row 0 is omitted, we obtain the diagram for w. The sets of cells of these diagrams
will be denoted by [7*] and [r].

We shall identify the colours ci,cs,...,c, with the cells of the diagram for 7* in the
‘canonical’ order, that is:

(0,4) if1<i<k—¢

e = (Li=(k=10)) ifhk—l<i<k—{+m;
(2i—(k—Ll+4+m)) ifk—Cl+m <i<k—{+m + 7o;
and so on.

Define the row stabilizer R = R(w) and the column stabilizer C = C (%) as follows. Let
R; be the group of all permutations of the colours appearing in row 7, and C; the group
of all permutations of the colours appearing in column j. Then

R:R1XR2X"', C:CGC2x~-~.

These groups are subgroups of the symmetric group Sym{cy,ca,...,cr}; it is often con-
venient to use ¢ instead of ¢;, in which case the symmetric group is denoted by S%. Note
that the colours in row 0 are not permuted by R, but they are permuted by C.

For any injection ¢ : S — [7*] define an element of V. by

[S1€] = > sign(g)[S | ghé].

geC,heR

By construction [7*], the set of colours, has a subset [r] of size . A w-standard tableau
is a bijection from the set {1,2,...,¢} to [r], such that the values are in increasing order
along each row and down each column. (Note that this bijection is the inverse of the usual
one.) We denote the m-standard tableaux by o1, 09,...,04: it is known that d = d() is
the degree of a representation of S, associated with .

Given S C V with |S| = ¢ = |x|, let the elements of S in the fixed order on V be
s1 < 89 < ... < sg. For any injection & : {1,2,...,¢} — [7¥] let €% : S — [7*] denote the
injection given by

(s;) =€) (1<j<o.

In particular, when ¢ is a m-standard tableau o; we refer to o as a w-standard injection
on S. We think of o7 as a partial k-colouring of K., with the property that the vertices
in S are assigned colours in a special way, related to the partition 7.

We shall define a 7-standard element of Vy, , as follows:
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[S1of]l = > signlg) [S | gho?].

geC heR

(This is the analogue of what is often called a polytabloid.) Clearly, the number of 7-
standard elements is (|:r|)d(7r). By analogy with the general theory [11, p.70] it can be
shown that they are linearly independent in Vj, ,.. It follows that they span a subspace ) of
dimension ( |;|)d(7r). In fact there are m (k) subspaces of V , isomorphic to ), where m,
is the polynomial defined in Section 2. These subspaces are obtained by choosing different
correspondences between the cells of 7% and the colours. For our purposes it suffices to
study just one of these subspaces, defined by the canonical correspondence described above.

Example 3.1: the m-standard elements when 7 = [21]

In this case [7*] has k — 3 cells in row 0, two cells in row 1, and one cell in row 2. Denoting
the colour ¢; by i, and identifying colours with the cells of [7*] in the canonical way, we
have the diagram

1 2 3 ... k-3
k—2 k-1

The stabilizers are:

R = Sym{k—-2,k—1}, C = Sym{l,k—2,k} x Sym{2,k — 1}.

There are two w-standard tableaux o1, 09, given by 01(1,2,3) = (k — 2,k — 1,k) and
02(1,2,3) = (k — 2,k,k — 1). Thus for each 3-subset S of V', there are two m-standard
injections. For example, if S = {s,t,u} with s <t < u, oy and o5 are given by

o7 (s) =k =2, o7 (t) =k —1, o (u) = k;
05(s)=k—2, 05(t) =k, o5(u) =k —1.

The subspace ) is spanned by the two 7-standard elements [[S | o7]] and [[S | 05]], where

HS ’ Uf“ = [[87t7u ‘ k—?,k—l,k]]
=[s,t,u|k—2,k—1,k| —[s,t,u| 1,k—1,k] —[s,t,u|k—2k—1,1]
—[s,t,u | kk—1,k—2]+ [s,t,u |k, k— 1,1+ [s,t,u| 1,k — 1,k —2]
—[s,t,u | k—2,2k] + [s,t,u| 1,2,k + [s, t,u | k —2,2,1]
+ [s,t,u |k, 2,k —2] — [s,t,u | k,2,1] — [s,t,u | 1,2,k — 2]
+ 12 other terms.

Each of the 12 terms displayed corresponds to taking h = id, with g being one of the 12
permutations in C; the remaining 12 terms are obtained by taking h = (k—2k—1). o
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4 Construction of the matrices N™

We say that two proper k-colourings «, 3 of K, are compatible if a(v) # [(v) for all
v € V. The compatibility matriz N is the matrix whose rows and columns correspond to
the colourings, with entries

N — { 1 if @ and 3 are compatible;
p 0 otherwise.

It is a standard result, easily proved, that the number of k-colourings of B(r,n) is the
trace of N".

In order to calculate this number we shall consider, for each partition 7= with |7| < r, the
action of NV on the space ) spanned by the 7-standard elements [[S | 07]]. These elements
are linear combinations of terms [S | gho?], and N is a linear operator, so we shall require
the general formula for the effect of N on [S | ], proved in [4, Theorem 2]:

NS =Y (1) g sup [T] 7).

T, T
The sum is taken over all pairs (T, 7) such that
(i) 7(T) C&(S) and (i) 7 agrees with { on SN T,

and the coefficients f,_|sur| correspond to the numbers denoted by c¢jsur| in [4]. These
numbers are defined, for given positive integers k,r and 0 <7 < r by

fi=F(i,k—r+1),
where, for non-negative integers a and all z € C,

Fla.) = Y (1 (5) (=)= (),
§=0
(More details will be given in Section 10.)

Example 4.1: the action of N on a n-standard element, 7 = [21]

Consider the partition m = [21], and a subset S = {s,t,u} of vertices, with s < ¢ < w in
the fixed ordering of V. In Example 3.1 we described the two standard elements associated
with 7, the first one being

[s,t,ulk=2,k=1K)] = [[S|o]]  (0=07)

This is the signed sum of 24 elements [S | gho], corresponding to the pairs (g, h) with
g € C, h € R. Since N is a linear operator, the effect of N on [[S | o]] can be obtained by
considering its effect on each of these 24 elements, using the formula given above.

From conditions (i) and (ii) it follows that a term [T" | gh7] occurs in N[S | gho] if and
only a term [T | 7] occurs in N[S | o]. For example, N (sign(g)[S | gho]) contains a term
obtained by taking T" to be {s} and 7 to be the restriction of ¢ to {s}. Since o(s) =k —2,
this term is



sign(g) [s | gh(k —2)].

By definition,taking the sum of these terms over the 24 pairs (g, h) gives [[T" | 7]]. In this
case we can work out the 24 terms individually, and it turns out that they cancel in pairs,
so that [[T" | 7]] = 0. The following theorem asserts that this will always happen when
T < |S]. o

Theorem 4.2 Let 7 be a partition, S a subset of the r-set V with |S| = |«|, and
o : S — [7*] a m-standard injection. Then N|[[S | o]] can be expressed as linear combination
of terms [[T" | 7]] with |T'| = |5].

Proof 1t follows from the definition of [[S | o]] that
N[[S|o]l = > sign(g) NIS | ghol.
geC,heR

The formula for the action of N tells us that a term [T"| 7] occurs in N[S | o] if and only
(i) 7(T) C o(S); and (ii) 7 and o agree on SN T. It follows that a term [T | ghT] occurs
in N[S | gho| under the same conditions. Hence

NS |oll= Y sign(g) Y _(-D)I5f,_sur [T | ght]
geC,heR T,r
= > (=1)I5f sur Y sign(g) [T | ght]
Tt gEC,hER
= Z(_l)‘SOT|fr—|SUT| [T | 7]]-

Now suppose that |T'| < |r|. Let 7 : T — [r*] be an injection satisfying conditions (i) and
(ii). Then 7(T) is a proper subset of [r], and for each h € R, h7(T) is also a proper subset
of [r].

Let ®;, be the pointwise stabilizer in C' of h7(T'), and let C; = ¢; P, (1 < i < m) be the
left cosets of @y, in C. If g is in C;, then [T | ght| = [T | g;h7]. Thus

(T =YY sign(g) [T | ghr]

heR geC

= > > > sign(g) [T | ght)

heR i=1 geC;
= Y DT | gihr] > sign(g).
heR i=1 g€l

Now h7(T) is a proper subset of [r], so there is a cell in [7] that is not in A7(T'). Suppose
!

(x,y) = ¢ is such a cell, and let (0,y) = ¢”. Then the transposition (¢’¢”) is in ®j. Thus
®;, contains equal numbers of odd and even permutations, as does each coset C;, and
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the sum of sign(g) over each coset is zero. We have proved that [[T | 7]] = 0 whenever
|T'| < |S|, and the result follows. o

We now establish a significant strengthening of Theorem 4.2. Not only can the terms
[T | 7]] be constrained so that |T'| = |S|, but 7 can be taken to be a m-standard injection.

Let o; be a given m-standard tableau. In the proof of Theorem 4.2 we obtained the formula

NS o5 = D> (=D f 5o (1T | 7],

T, T

where the sum is taken over injections 7 for which (i) 7(T') = 07 (S) = [x], and (i) 7 agrees
with 03-9 on SNT. We shall now specify these injections more clearly. Let the members of
S and T be s1 < s9 < -+ < spand t; < ty < --- < ty, and define a subset Q(ST) of S, as

follows:

Q(ST) = {a € S; | a(q) = p whenever s, = t,}.

Note that when |SNT| = b, the set Q(ST) is a coset of the stabilizer of b elements in Sy,
and so it contains (¢ — b)! permutations.

Lemma 4.3 An injection 7 : T — [r¥] satisfies conditions (i) and (ii) with respect to
Uf if and only if 7 = (0;a)T for some o € Q(ST).

Proof Let T = (0ja)T; then clearly, 7(T) C [r] = af(S). Suppose x € SNT, say

x =85, =t4. Since « is in Q(ST), a(q) = p and we have

7(2) = (0;0)" () = (050)" (tq) = 750(q) = 0;(p) = 05 () = 75 ().

Thus 7 satisfies conditions (i) and (ii). Conversely, suppose 7 satisfies the conditions. Then
we can define

oz(q):{p_1 %ftq:speSﬂT;
o; T(ty) ifty g SNT.

and a € Q(ST), 7 = (ojw)T, as required. o

As a result of Theorem 4.2 and Lemma 4.3 we know that N[5 | af ]] can be expressed as a
linear combination of terms [[T | 7]] with |T'| = |S| and 7 = (0;a)7, for some a € Q(ST).
That is,

NS o) = > (05T sum Y- 1T ] (0;0)7]],

IT|=|S| a€Q(ST)

where the inner sum contains (¢ — |SNT|)! terms. It remains to show that this expression
can be written as a linear combination of terms [[T | o1]], where o; (1 < i < d) are the
m-standard tableaux.

Young’s natural representation R™ is a representation of the symmetric group Sy by d x d
matrices, defined as follows. The theory associates with any bijection v : {1,2,...,¢} :—
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[7] an object {7}, so that « € Sy acts on these objects by taking {v} to {ya}. When ~ is
one of the d m-standard tableaux o, the associated object {0} is known as a polytabloid
(see Section 3). The key step in the theory [8 pp.114-124, 11 pp.70-74] is to establish that
{o;a} is a linear combination of {o;}:

{oja} = ) (R™(a));i {o:}.

(3

Since our m-standard elements are constructed by analogy with the polytabloids, it follows
that

(7| (0;0)"] = Y (R™());i [IT'| (o).

(2

These results can be summarized as follows.

Theorem 4.4 Let k and r be given integers, with k& > 2r. Let m be a partition with
|7| <r and d(m) = d, and let ) be the subspace of Vj , spanned by the elements [[S | o],
where |S| = |7| and 0 : S — [7*] is a 7-standard injection. Then ) is invariant under N.
Furthermore, the action of N on ) is represented by a matrix N™ that can be partitioned
into d x d submatrices N7, one for each pair (S,T) of |r|-subsets of the underlying r-set
V. These submatrices are given by the formula

Ngr = (_1)|SHT|fr—|SUT| Z R™ ().

a€eQ(ST)
o
Techniques for calculating Young’s natural representation are well-known, and from now
on we shall assume that the submatrices Ng, can be worked out using the formula given

above, as in the following example. However, it must be stressed that further work is
required before we can calculate the eigenvalues of N™.

Example 4.5: a submatrix of N?! when r =7

Let m = [21] and V = {wv1,v9,...,v7}, with the natural ordering. Since (g) = 35 and
d(m) = 2, the matrix N™ has size 70 x 70 and is partitioned into submatrices NZ of size
2 % 2.

For example, take S = {vo,v4,v7} and T = {v1,vs,v5}. The intersection of S and T
contains only one element vy, which comes first in S and second in 7. It follows that
Q(ST) consists of the two permutations in S3 which take 2 to 1, that is

o =(21), o =(321).
In [11 pp.39,75] we find

R[21](O/)

Il
VRS
=

—_
—_
[a—
~_
X
[\
=
—
Q\
—
Il
N
=
—
-
—_
~_



Thus
21 -1 -1 0 1 _ (k*—13k+43 0
Ngp = (=1) f7—5((0 1 )+(_1 -1 T\ k?2—-13k+43 0/

5 Generalized distance matrices
In this section we denote the ring of n x n matrices over a ring R by Mat(n,R). The
isomorphism

Mat(ny, Mat(na, R)) =~ Mat(nina, R)

obtained by taking the entries of an n; X n; matrix to be matrices size ny X ng will be
assumed.

We shall consider the ¢-subsets of the r-set V' as vertices of the Johnson graph J(r,{),
in which S,T are adjacent when |S NT| = ¢ — 1. In this graph the distance between
two f-subsets S and T is given by 9(S,T) = ¢ — |SNT|. It is well-known that, since
the graph J(r, /) is distance-regular, its spectral properties can be studied by using the
relevant distance matrices (see Example 5.1).

The main result obtained so far (Theorem 4.4) can be expressed in terms of a generalization
of the distance matrices of J(r,£), using coefficients in QSy, the rational group-ring of Sj.

For 0 < m < ¢ define
A™ e Mat ((2) , @Sg>

by setting A(®) = (id)I and, for m > 1,

Ag?%) — {(gl/m'> ZaeQ(ST) o if 8(57 T) =m;

otherwise.

For any partition = with |r| = ¢, we can extend Young’s natural representation to a
homomorphism of rings

R™ :QS; — Mat(d(m),Q),

which induces a homomorphism
R™ : Mat ((;),@Sg) — Mat ((2),Mat(d(7r),@)) ~ Mat ((;) d(w),@)
defined by
(RE(M))sr = R™(Msr).
In Theorem 4.4 we obtained a formula for N, involving the sum
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S R =R Y a)=R(mAL) = m!(RT(A™))sr,
aeQ(ST) a€Q(ST)

where m = 9(S,T). Thus, in the current framework, we can think of Theorem 4.4 as a
formula for the submatrix NZ in terms of RT(A(™))gp:

Ngp = (=) sy m! (RE(AT)sp (m=0(S,T)).

Since AgnTl) # 0 only when 0(S,T) = m we can present this result as a formula for the
matrix N™, arranged as a sum over m. Recalling that S and T are ¢-subsets of an r-set,
we have

S, T)=¢—|SNT|=|SUT|—¢,

and the range of values of |SUT| runs from ¢ to min(2¢,r). Thus the range of values of m
runs from 0 to min(¢,r — ¢), and we obtain

min (£,r—¢)
N™ = > (=1 frpmm! RE(AT),

m=0

Example 5.1: the principal representation By taking 7 to be the partition [¢] we
obtain the principal representation RP™ = R of S,. In this case d = 1 and RP"(w) =1
for all w € Sy. Since |Q(ST)| = m! when 9(S,T) = m, the matrices RY""(A("™) are simply
the ordinary distance matrices of the Johnson graph.

As a consequence of distance-regularity, each of these matrices with m > 1 can be expressed
as a polynomial v,,(A), where A = AW is the adjacency matriz [3]. This fact, together
with the general expression for N™ given above, means that NP™ itself is a polynomial
function of A. Thus its eigenvalues can be calculated, given the eigenvalues \; of A and
the polynomials v,,. In fact, the eigenvalues are:

r

Ai= W —1i)(r—¥¢—1i)—1i with multiplicity (:) — (z T

) (0<i<?),
and the polynomials v, are related to the Eberlein polynomials F,,. Details may be found
in [4]. o

In the Sections 6-9 we shall approach the problem of calculating the eigenvalues of N™ in
the following way. According to the formula displayed above, N™ = RT(X), where X is
the matrix

min (£,r—2)

S (1) g ml A

m=0

This is an integral linear combination of the (2) X (;) matrices A™) with entries in QS,.
We shall discover that the eigenvalues of these matrices are elements of QS, in a number
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of cases, and that the same is true for the eigenvalues of X. For each m with |7| = ¢ the
eigenvalues of N™ can then be obtained by applying R™.

6 Geodesic walks in J(r, /)

In this section we obtain a relationship between the generalized distance matrix A and
the mth power of the generalized adjacency matrix A = A1), We begin by obtaining an
explicit form for the entries of A.

When 9(S,T) = 1, Q(ST) consists of a single permutation agr, and Agr = agr. Define

0d(S,T) to be the position in S of the unique element of S that is not in 7. That is,
od(S,T)=a when S=(SNT)U{s.}.

With this notation, od(T,S) = b, where T'= (S NT) U {tp}.

Lemma 6.1 If 9(S,T) =1, let a = 0d(S,T), b = 0d(T, S). The non-zero entries of the
generalized adjacency matrix A are given by

(aa+1la+2---b) ifa<b;
ast = ] id if a = b;
(aa—1a—2---b) ifa>Db.

Proof If a < b the members of S and T can be listed as follows, where each row is in
increasing order from left to right, and equal elements are in the same column.

S1 S22 ... Sqa Sa+1 Sa+2 - Sp Sp+1 .. Sy
t1 ty ... ta  tap1 ... ty_1 ty tyrr ... tg

It follows that 2(ST') contains only the cyclic permutation

agr=(aa+1la+2 ---b).
If a = b or a > b the obvious modifications apply. o

We note that this result is a significant restriction on the permutations in S, that can
occur as agr. In fact is it easy to see that only ¢? — 2/ + 2 permutations can occur in this
way.

It is a standard result that the entries of the mth power of the ordinary adjacency matrix
count the walks of length m in the graph. For the generalized adjacency matrix we have

(A™)sr =Y asu...ayzazr,

where the sum is taken over walks S,U,...,Y, Z, T of length m. When 0(S,T) = m, such
a walk is a geodesic, and E = SNT is a set of size £ —m, with the property that E is also
a subset of the intermediate sets U,...,Y, Z.

Given a geodesic walk G = S,U,...,Y, Z, T, let a(G) = asy . ..ayzazr. Write
S=FEUS, T=FEuUT, where |S'| = |T'| = m.

12



At each step of G, one element of S’ is removed and one element of 7" is inserted. So we
can define a bijection Bg : S’ — T’ by the rule

Bg(s") =t', when s’ is removed and t' inserted at the same step.
Lemma 6.2 Let G be a geodesic walk from S to T'. Then
(i) a(G) is in Q(ST);
(ii) a(G) is determined by f(g.

Proof (i) Suppose s, is in SNT, say s, = t, = e € E. Then for each of the intermediate
vertices on G we can write

€=Uy = = Yi(y) = 2i2)

where i(U) is the position of e in the order on U, and so on . By definition

ozZT(q) :i(Z), Ozyz(i(Z)) :i(Y), ceey asy(i(U)) = D.
Thus

a(G)(q) = asy . ..ayzazr(q) = p,

which means that a(G) is in Q(ST'), as claimed.

(ii) Suppose s, is in S”. Then Bg(s,) = t4, for some t, in 7”. We shall prove that in this
case a(G)(q) = p.

Suppose that s, is removed and ¢, inserted at the step from G to H on G. Then s, = g;
and t, = hj, say. Write a(G) as cyagmag, where aq and g are the appropriate composite
permutations. Then

Sp = 3i — al(i):p7 h]:tq — QQ(Q):j,
and agy(j) =i. Hence a(G)(q) = p, as claimed. o

The significance of the lemma is that «(G) does not depend on the order in which the
members of S’ are removed as we proceed along G. It depends only on g, which tells us
which pairs of elements (s',t') are removed/inserted at the same step. There are (m!)?
geodesic walks from S to T one class of size m! (corresponding to the the m! possible
orders) for each of the m! pairings. All the walks G in a given class have the same «(G).
So when 9(S,T) = m,

(A™)sT = Z a(G) = m! Z a = (m!)ZAg'%).
g a€Q(ST)

This result not only describes the relationship between A(™) and A™, it also provides an
alternative definition of A(™) in terms of the permutations agy and geodesic walks.

Theorem 6.3 Let S,T be (-subsets of an r-set, regarded as vertices of the Johnson
graph J(r,¢). Then, for m =1,2,... ¢,

13



Al — {1/(m!)2 Sga(G) ifo(S,T) =

0 otherwise,

where the sum }  is taken over geodesic walks from S to T'. Equivalently

Al — {1/(m!)2(Am>ST if 9(S,T) =m

0 otherwise.

Example 6.4: some geodesic walks in J(9,5) Let r =9, { =5, and consider the
geodesic walk G of length 4:

S = 13568 — 35678 — 36789 — 23679 — 24679 =T

Here the elements paired by fg are (1,7),(5,9),(8,2),(3,4). In terms of the order on S
and T, they are (s1,t4),(83,t5),(S5,t1), (S2,t2); we also have s4 = t3. According to the
lemma, we can deduce immediately that a(G) = (1534). The answer can be checked by
using the definition of a/(G):

(1234)(2345)(4321)id = (1534).

There are 4! geodesic walks from S to T" with the same pairing, but in a different order.
Each determines the same element of Q(ST'), for example, for the walk

13568 — 13689 — 14689 — 12469 — 24679,

we have
(345) id (432)(1234) = (1534).

%

In the following section we shall outline a strategy for calculating the eigenvalues of A,
based on evaluation of products like A A. Theorem 6.3 provides simple answer to part
of this problem. We have

(AD A)g Z AD Ayp = #ZZ a(G)ayr.
)2 4%

Here the first sum is over vertices U such that 9(S,U) =i and O(U,T') = 1, and the second
sum is over geodesic walks G from S to U. The conditions on U imply that the answer is
non-zero only when 9(S,T) =i — 1,4,i + 1. Thus we need to consider three sums

5= s Y a@aur (=i Liitl),
(a!) 55

14



where ¥; denotes the sum over the relevant pairs (U,G) when 0(S,T) = j. In particular,
Theorem 6.3 implies that 3;,; depends only on the distance 9(S,T) =i + 1, not the pair
(5, 7).

Theorem 6.5 Let S, T be vertices of J(r,¢) such that 9(S,7T)=i1+1 (1 <i</{—1).
Then

(ADA)gr = (i+1)2 A5
Proof Given S, T such that 0(S,T) =i+ 1, consider

where the sum is taken over the set of pairs (U, G), consisting of a vertex U such that
d(S,U) = i, 0(U,T) = 1, and a geodesic walk G from S to U. There is a bijective
correspondence between this set and the set of geodesic walks GT from S to T, where G+
is obtained by adding the edge UT to G. It follows that a(G") = a(G)ayr, so that

B = D 60 = (0 i 2 o0 = (A

7 Introduction to the algebra of distance matrices

The elementary theory of distance-regular graphs [3] is based on the relationship between
the ordinary distance matrices A, AW AR and the powers of the adjacency matrix
A = AWM This relationship arises from consideration of the matrix product A® A. Given
vertices s,t we have

(ADA)y =) AD Ay,

where the sum can be taken over vertices u such that d(s,u) = i and O(u,t) = 1, since
all other terms are zero by definition. These conditions imply that J(s,¢) must be one
of t — 1,4, or i + 1. Furthermore, if the numbers of vertices u satisfying the conditions is
bst, ast, Cst in these three cases, we have the equation

(AD Ay = by AU 4 g, 4% o, AUTD

When the graph is distance-regular the numbers by, ast, cs+ do not depend on the vertices
s,t, but only on d(s,t), and they can therefore be denoted by b;_1, a;, ¢;+1. These numbers
are known as the intersection numbers. For the Johnson graph J(r, /) they are

bi_lz(g—i+1)(T—£—i+1), ai:i(r—2i), Ci+1:(i—|—1)2.

The ordinary distance matrices form a basis for an algebra A, and the equations describing
the action of A by post-multiplication on the members of this basis can be regarded as
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defining a representation of A. In other words, the intersection numbers are the entries of
an intersection matriz B, which represents A. It follows that the minimal equations of A
and B are the same, and so the eigenvalues of A can be deduced from those of B. (The
case ¢ = 2 is discussed in Example 7.6 below.)

At the end of Section 6 we explained how part of the ordinary theory can be extended
to the generalized distance matrices for J(r,¢). Roughly speaking, we should like to find
elements &, n, x of QS, such that

(ADA)sp = €AGT" + nAGy + xAgr .

Theorem 6.5 asserts that y = (i+1)2, just as in the ordinary theory, where the intersection
number c; 1 is equal to (i + 1)2. Unfortunately, this is only part of the story: the other
coefficients are not so straightforward. In this section we shall deal with the cases i = 1
and ¢ = /£, where some progress can be made.

When i = 1 the product A A is just A2, and (A?)gr is the sum of terms asyayr taken
over vertices U such that 0(S,U) = O(U,T) = 1. There are three cases, depending on
whether 0(S,T) = 0,1 or 2, so we have to consider three sums Yg, X1, 39, where

%= asvapr  (j=0,1,2),
U

the sum being taken over those U for which 9(S,U) = 0(U,T) = 1 when 0(S,T) = j. The
immediate objective is to determine &, 7, x in QS, such that

Yo = SAE;O%, Yy = nAfgl%, Yo = XA592:/)1-

The first and third cases are straightforward. When 9(S,T) = 0, we have T' = S, and a
walk of length 2 is simply S, U, S, where U is one of the by = ¢(r — {) vertices adjacent to
S. Since asyays = id, ¥g is equal to £(r — £)id. Furthermore, A©®) = (id)I, so we have

E=Ll(r—4)id.
When 0(S,T') = 2, we have the situation of Theorem 6.5 with i = 1, and so

x = 4id.

When 0(S,T) = 1 the situation is more complicated, because there are two types of vertex
U that satisfy the conditions 9(S,U) = 0(U,T) = 1. First, for each of the r—¢—1 elements
x ¢ SUT there is a vertex U of the form

U=(SNT)U{zx}; werefer to thisas Type I.

Secondly, for each of the ¢ — 1 elements y € SN T, there is a vertex U of the form

U=((SNT)\y)U{sa, ts}; we refer to this as Type II.
Recall that od(S,T) = a and od(T, S) = b, where S\ (SNT) = {s,} and T\ (SNT) = {tp}.
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Lemma 7.1 Let S,U,T be a walk of length 2 such that 0(S,7) = 1. Then
(i) if U is of Type I, od(S,U) = 0d(S,T);
(ii) if U is of Type II, then od(S,U) = ¢, where y = s..
Proof  Suppose 0d(S,T) = a, so that S = (SNT)U{s,}. If U is of Type I we have
SNU=85NT,andso S=(SNU)U{s,} and 0d(S,U) = a.
If U is of Type II, we have S = (SNU) U{s.} and so od(S,U) = c. o

Lemma 7.2 Let S, T be vertices of J(r, ¢) such that 9(S,T) = 1 and od(S,T) = i. Then

(A*)sT = nasr, where n=(r—+~0—1)id+ Kk,
and k; € QS is defined by

ki= Y (if) (1<i<0).
J#i
Proof There are r — ¢ — 1 vertices U of Type I, and for these vertices SNT C U. Thus,
for any e € SNT, say e = s, = t4, we can also write e = u,.. It follows that

asvayr(q) = asy(r) = p,
and so asyayr = agr.

On the other hand, suppose U is of Type II. Then according to Lemma 7.1, 0od(S,U) = c,
where y = s. # s,. We shall show that in this case

asvour = Oagr,
where 6 is the transposition (ac). There are several cases, and we give the full proof only
in a couple of them.

Suppose a = b, t, < S4, and ¢ < a. The sets S,U, T can tabulated as follows, using the
same conventions as in the proof of Lemma 6.1.

S1 coe Se Se4+1 -+ Sa-—1 Sa Sa+1 PN Sy
Uy ... Ue oo Ug—2 Ug—1 Ugq Ug+1 .- Up
tr oo te tegr ... ta—1  ta tay1 ... tg

It follows that

asy =(cc+1---a-1), apr=(aa—-1--¢), asr=id,

and hence asyayr = (ac)agr in this case.

If a < ¢ < b we have

S1 ... Sq Sa+1 ce Sc Se+1 - Sp ... Sy
U ... Ug Ug4l - Ue  ov. Up—1 Up ... 1ty
t1 ... ta v teq te ooty Tty ...ty

It follows that
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OéSU:(CC+1-..b), ()éUT:(aCL—f—l...c—l), OgST:(aa+1...b)’

and asyayr = (ac)agr in this case also.
The other cases can be verified similarly. Since the £ —1 vertices U of Type II are obtained
by taking s. to be any one of the £ — 1 members of S, except s,, the result follows. o

It is convenient to express the foregoing results as a single matrix equation. Define the
matrix K = (kgr) in Mat ((}),QSe) by

O {Iii if 9(S,T) =1 and od(S,T) = i;
ST 0 otherwise.

Theorem 7.3 The generalized distance matrices A = (id)I, A = A, and A?) for
J(r,0) satisfy the equation

AWA = A% = 0(r — 0)id I+ (r —£ —1)id A+ K o A 4 4id A®,
where o denotes the pointwise product of matrices. o

We can use this equation to determine the eigenvalues arising from the alternating repre-
sentation of Sy, for all £ and r.

Example 7.4: the alternating representation
For ¢ > 2 the alternating representation R of Sy is defined by R (w) = sign(w). It
corresponds to the partition [1°], and clearly its dimension is d = 1.

IfO0(S,T)=1¢>2,Q(ST) is a coset of the stabilizer of |SNT'| elements in Sy, and contains
equal numbers of odd and even permutations. It follows from the definition that R2*(A(®))

is the zero matrix for all £ > 2. This observation can be used to determine the eigenvalues
of A, = R¥(A), as follows.

Let K, = R*(K). Applying R to the formula in Theorem 7.3 gives

(A =lr—OI+ (r—0—1)A, + K, 0 A,.

Each non-zero entry of K is one of the k;, the sum of ¢ — 1 transpositions, so the corre-
sponding entry of K, is —(¢ — 1), and K, 0 A, = —(¢ — 1)A,. Hence

(A2 =Lr—OI+(r—¢—1)A, — (£ - 1A,

¢
0(r — 01 + (r — 20) A,

Therefore the eigenvalues of A, are roots of the equation

N — (r =200\ —L(r—1{) =0,

that is » — £ and —/. Since the trace of A, is 0, their multiplicities u’, 4 satisfy
r
pr=0+p"(=0=0 p+p' = (E)
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that is,

o

In addition to the case ¢ = 1 covered above, the case i = ¢ can also be treated quite simply.
The key here is the fact that, when 9(S,T") = ¢, the sets S and T are disjoint. Hence, by
definition, Q(ST) is the whole group Sy, and

Ag:)p = %, where 0 = Z w.

wESy
Noting that o = o for all 7 € Sy, we can prove the following result.

Theorem 7.5 The generalized distance matrices for J(r, ) (r > 2¢) satisfy

(r—2041)

AOA = zv T A L op(r — 20)id AO.

Proof Given S, T we have

Y o g
(ADA)sr =Y Ay Aur = aouT =g
U U U

The sum is taken over the relevant set of vertices U, and since the diameter of J(r,¢) is ¢,
there are only two possible values of 9(S,7T") in this case, £ — 1 and /.

Suppose 9(S,T) = £ — 1. Then there are by_; = r — 2¢ + 1 vertices U that contribute to
the sum, and the sum is

o (r—20+1)c -1
(r—2€+1)a = (T) A.(S'T ),

since aAgfl) = o always. On the other hand, suppose 9(S,T) = ¢. Then there are
ag = 0(r — 20) vertices U that contribute to the sum, and it is

((r — 20) % = ((r—20)AY).

Example 7.6: algebra over QS; for J(r,2)

We shall show that the equations obtained in Theorems 7.3 and 7.5 completely cover the
case { = 2. This is because Sy contains just two permutations id and 6 = (12), and every
non-zero entry of the matrix K is equal to §. Hence K o A = 0 A.

When r = 3, J(3,2) is the complete graph on three vertices, with diameter 1. Hence A®)
vanishes and the equation (Theorem 7.3) for A? takes the simple form

A2 =2idI+ Ko A=2idI+0A.
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So the equation for the eigenvalues over QS5 is

A2 — 0\ —2id =0,

with roots A\ = 20 and A = —6#. Applying the principal and alternating representations
gives the eigenvalues 2, —1 and 1, —2 respectively.

When r > 4, the diameter of J(r,2) is 2 and the ordinary intersection matrix is [3, p.168]

0 1 0
B=|2r—4 r—2 4
0 r—3 2r—=8

The rows of B give the coefficients in the ordinary equations for A A. That is, the first
row corresponds to the trivial equation A A = AM and the second and third rows to
the equations

AMA = (2r —4)T + (r —2)A +4A?),
AP A= (r—3)A+ (2r —8)AP,

On eliminating A® we get a cubic equation for the (ordinary) adjacency matrix A, and
in fact this equation is just the characteristic equation of B.

For the generalized A2 = AW A with r > 4 and ¢ = 2, Theorem 7.3 gives the equation

AWA = (2r —4)id I + ((r — 3)id + 0) A + 4id A®.

This clearly corresponds to the second-row equation displayed above. The counterpart of
the third-row equation is given by Theorem 7.5:

1
AP A = §(T—3)(id+9)A—|—(2r—8)idA(2).

From these equations we can eliminate A®) and obtain a cubic equation for A. It is the
characteristic equation of the generalized intersection matrix

0 1 0
B=1|2r—4 (r—3)id+6 4 ,
0 (r—3)/2(id+6) 2r—8
which is
A+ asN® +a A+ ap =0,
where

ap = —(3r —11)id — 0, oy = (2r® — 18 + 34)id — 20, g = 2(2r — 4)(r — 4).

Rather surprisingly this equation factorizes over QS as (A — Ag)(A — A1)(A — A2), where
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)\0 = (27" - 6)7,d + 29, /\1 = (’I“ - 3)7,d - 0, )\2 = —2ud.
Applying RP™ we obtain the ordinary eigenvalues of .J(r,2):

N =2p — 4, N =4, A= 2,

Applying R* we have

At =2r—8, M'=r—2 A'=-2

Comparison with Example 7.4 shows that the ‘eigenvalue’ )\8” is spurious. This is not a
problem, because our analysis only claims that the eigenvalues satisfy the cubic equation,
not that all roots of the equation are eigenvalues. In fact it is clear that the anomaly arises
in this case because R¥*(A?)) is the zero matrix, and only the second-row equation is
relevant. o

8 The extended algebra of generalized distance matrices

The foregoing investigations show that the algebra A spanned by the ordinary distance
matrices for J(r,¢) does not generalize immediately. For example, the formula for A2
obtained in Theorem 7.3 contains an ‘extra’ term K o A, and only when ¢ = 2 can K o A be
written as a multiple of A, and the standard algebraic manipulations carried out (Example
7.6).

In this section we consider the possibility of constructing an algebra AT that contains
the generalized distance matrices. By analogy with the ordinary case, we hope to obtain
general formulae for the action of A by multiplication on a basis of A™. This would afford
a representation of A, analogous to the intersection matrix B in the ordinary case, enabling
the eigenvalues of A to be calculated.

Denote the matrix K o A by Z, so that when 0(S,T) =1

ZsT = RiQsT where S=(SNT)U{s;}.

The analysis of Z A, given in Theorem 8.1 below, suggests the following generalization of Z.

For m > 2 we define a matrix Z(™) as follows. The entries Zg;) are 0 unless (5, T) =m
when

m 1 m
ZéT) = %(ml + Kiy + - Iiim)Ang) where S=(SNT)U{siy,Sins---,8i, }

Invoking the the explicit definition of A™) we can write this more concisely as

24 = s () (S ),

where the first sum is taken over those ¢ for which s; ¢ SNT, and the second sum is taken
over « € Q(ST).
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In particular, when m = £, we have Z) = (2¢;/m!)A®) where

1
61:§(H1+/€2+"'+/€g)

is the formal sum of all 2-cycles in Sy. In other words, Z® is just a multiple of A®.
However Z() = Z and Z®), ..., Z=1 are ‘new’ objects. The following theorem shows
that they enter naturally into the algebra of generalized distance matrices.

Theorem 8.1 With the notation as above
ZA = 20r—0ci I+ (r—0—1)idZ + Ko Z+4idZ®?.

Proof We have

(ZA)st = Y _ksvasvaur,
U

where the sum is over vertices U such that S, U, T is a walk of length 2. We shall consider
the cases 9(S,T) =0, 1,2 in turn.

Suppose that 9(S,T) = 0, that is, T' = S. Then asyays = id for each of the ¢(r — ¢)
vertices U adjacent to S, so (ZA)sr =Y ;; ksu. The number of U for which od(S,U) =i
is r — £ for each i € {1,2,...,¢}, so ksy takes the value k; exactly r — ¢ times. Hence

(ZA)ss = (r—0)(k1+ -+ ke) =2(r —l)cq.
Suppose that 0(S,T) = 1. Then (ZA)gr can be split into two sums

ZF&SU@SU&UT + ZFJSUOéSUOéUT-
(1) (1)
Here the sums are taken over vertices U of Type I and II, respectively, as defined in Section

7. For Type I vertices od(S,U) = od(S,T), and according to Lemmas 7.1 and 7.2 we have
ksy = ksT, asyayr = agr. There are r — £ — 1 such vertices, so

Z = (r—4—1)ksrasy =(r—0—1)Zgr.
()

For Type II vertices, we have ksy = k., asyayr = (ac)agr, where ¢ = od(S,U) and
a = od(S,T). There is one such U for each of the £ — 1 values of ¢ # a, hence

Z = Z/«:C(ac) asr = Z(aC)Ha asT = "GECVST: (Ko Z)sr.

(II1) c#a cta

Finally, suppose 0(S,T') = 2, say S = (SNT)U{s;, s;}. There are four vertices U such that
0(S,U) =0(U,T) = 1. For two of them od(S,U) = i, and for the other two od(S,U) = j.
Let Q(ST) = {d/,a”}. According to the proof of Lemma 6.1, the four terms asyayr are
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equal o’ and o for the two vertices U with od(S,U) = i and similarly for the two vertices
U with od(S,U) = j. Hence

Z ksuasuaur = ki + ki + kjd + ki = (K + k) + ") = 4id Zé?%
U

Hence the formula is verified in all cases. o

There is a useful alternative form for the term K o Z. Define ¢; € QS to be the formal
sum of all 3-cycles in Sy that contain i, that is,

¢ = (izy),

T,y

and define F' € Mat ((Z);QSZ) by

Fop = {¢i if (S,T) =1 and od(S,T) = i;
T 0 otherwise.

Lemma 8.2 With the notation defined above,

KoZ=({—1)idA+ Fo A.

Proof If 0d(S,T) = i, we have (K o Z)st = k?agr. Now k; is the sum of the £ — 1
transpositions containing i, so expanding k? we obtain ¢—1 identity terms and (¢—1)(¢/—2)
terms of the form (ix)(iy) = (iyz), that is,

ki = (£ —1)id + ¢;.

The result follows.

9. Algebra over QS5 for J(r,3)
Denote the generators (12), (23) of S5 by g, h respectively, so that
gh = (123), hg=(321), ghg= hgh = (13).

It will turn out that all the coefficients in our equations are linear combinations of the
class sums

co = id; c1 =g+ h+ ghg; co = gh + hg.

The elements cg, c1, co form a basis for the centre of the group algebra, Z(QS3), and they
satisfy the equations

c% = 3cp + 3co; cg = 2¢cyp + c2;  c1cy = cocy = 2c;.
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(Generally, for any ¢ the class sums form a basis for Z(QJS/), and they satisfy relations of
the form

CiCj = CjC; = E AijkCk,
k

where the a;;;, are non-negative integers that can be obtained from the character table of
Se [9 pp.318-320].)

From now on we shall often write ¢y instead of id, and abbreviate gcg to ¢ (¢ € Q). With
this convention the equations obtained in Theorems 7.3 and 8.1 for ¢ = 3 are as follows:

A2=Br -9+ (r—4)A+KoA+ A®?,

ZA=2r—6)ci I+ (r—4)Z+KoZ+4Z3.

Recall that Z = K o A and, according to Lemma 8.2, Ko Z = 2A+ F o A, where Fsp = ¢;
when 9(S,T) =1 and od(S,T) = i. Furthermore, when ¢ = 3 we have ¢1 = ¢2 = ¢3 = ca,
so FFo A =cyA. Thus the equations reduce to

A2 =3r—9) I+ (r—4)A+Z + 449,

ZA=2r—6)ci I+ (2co + ) A+ (r—4)Z 4429,

Example 9.1: calculations for J(4,3)

When 7 = 4 the graph J(4, 3) is the complete graph K4 with diameter 1, so A and Z(?)
are both zero. The two basic equations reduce to

A2 = 3601 —|— Z, ZA = 201[ —|— (260 + CQ)A.

Eliminating Z we obtain

A3 — (560 + CQ)A —2c¢11 = 0.

(In fact, this equation can be proved directly by considering walks of length 3 in J(4,3) =
K4.) Thus the eigenvalues of A over QS5 satisfy the equation

/\3 — (560 + 02))\ - 201 =0.

We can use the relationships between the class sums to factorize this equation over Q.Ss.
First we note that there is a factor A — ¢;, and write the equation as

(A=) (A2 + e h — (2¢9 — 2¢2)) = 0.

The discriminant of the quadratic term is
2+ (8cy — 8cz) = 1lcg — Heg = (3co — o).
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Hence the three roots of the equation are

1, (1/2)(3¢g — 1 — c2), (1/2)(=3co — 1 + ¢2).

There are three irreducible representations of S3. The principal and alternating repre-
sentations are 1-dimensional, and correspond to the partitions [3] and [111]. The third
representation is 2-dimensional and corresponds to the partition [21]. It is given by [11,

p.75]
g = (30 ) ma= (),

and it is easy to check that under R[?!]

co— I, ¢1 — O, cy — —1I.

The images of the QS3-eigenvalues in the three cases are thus

3] : 3 -1 -2
[111]: -3 2 1
[21] : O 2I -2I.

Comparing these results with the general ones for the principal and alternating represen-
tations (Examples 5.1 and 7.4) we see that the algebraic manipulations have thrown up
one extraneous possibility in each case: in fact the eigenvalues are respectively 3, —1 and
1, —3, with multiplicities 1 and 3 in both cases.

In the case of R?Y all three possible eigenvalues 0,2, —2 occur, with multiplicities 2,3, 3.
Note that the total multiplicity is 8 because the representation is 2-dimensional and A, is
an 8 X 8 matrix. o

In order to describe what happens in the case ¢ = 3 when r > 4, we require equations for
the action of A (by right-multiplication) on the matrices A, Z(2), A®)_ These equations
are given in the following result.

Theorem 9.2 When r > 6, the matrices A?), Z(2), A®) for J(r,3) satisfy the equations
1
APDA=(r—A+ ST —)Z+(r - 4)A® 194,
1
ZPA=(r—4)(2c0+c1 +c)A+ 5(7“ —NZ+ (r—4)ZP 4 3¢,A®);
@y L (2) (3)
AYA = 6(7"—5)(Co+01 + o) A + (3r — 18) A,

Proof For the first two equations we use Theorem 6.3, and the fact that Z g} is a

multiple of Agl)], say KSUA(SZ&. Thus

(AP A)5r = 3 A awr = 1 3 (3 0(6))avr.
U

U g
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(Z(Q)A)ST = Z ZéZI}OJUT = Z KSUA,(S'2[)]aUT-
U U

In these equations, ), denotes a sum over vertices U such that 9(S,U) =2, (U, T) = 1,
and Zg denotes a sum ove geodesic walks G from S to U.

Throughout the following calculation we take S = {x,y, 2z}, and suppose that = = s;,y =
si, 2 = 8;, where h, 1, j is the permutation of 1,2, 3 that makes s; < s2 < s3.

When 0(S,T) = 1, we can take T' = {z,y, n}, which implies that od(S,T) = j. Then there
are by = 2(r —4) vertices U that contribute to the sum displayed above, r —4 of each of the
forms {n,z,*},{n,y, x}, where * is any symbol except z,y, z, n. For each such U there are
four geodesic walks G from S to U. Let Q(SU) = {w1,ws}, so that a(G) takes the values
w1,ws twice each. One of the geodesic walks is S,T,U, so we may take wy = agrary.
Furthermore, ws(wy)~! fixes f, where s is the common element of S and U. So we can
write wy = Twy, where 7 transposes the two members of {1,2,3}\ {f}.

When U = {n,z,*} the common member of S and U is z = s;,. Hence wy = (ij)ws.
Similarly, when U = {n,y, *}, wo = (hj)w;.

Since od(S,T) = j and wiayr = asraryayr = asr, we have
1
(A® A)sr = £ ((r = 0)(2id +2(i) Jwraur + (r — 4)(2id + 2(hj)Jwravr

1
= 5(7“ — 4)(22(1 + I‘Lj)OzST.

For Z(® A, we note that, for all U, y = s; and z = s; are the elements of S that are not in
U, and so according to the definition of Z(?), Kgy = %(KJZ + k;), independent of U. Thus

1
(ZP A)sr = 5(’% + 1) (AP A)sr

1 1 )
= 5(/{2 + /ij)ﬁ(r —4)(2id + kj)agsr

1
= 5(7" —4)(4co + 2¢1 + 2¢2 + Kj)agr.

When 0(S,T) = 2, we can take T' = {x,v,w}. The four geodesic walks from S to T are
defined by the four vertices

Pl = {.CC,’U,Z}, P2 - {xvyav}a Ql - {J?,y,U)}, Q2 - {.CE,’U,Z}.
The elements 61,602 of Q(ST') are thus

HZ‘ = asp,ap,T = 05Q;Q; T (Z = 1,2).

There are ag = 2(r — 4) vertices U that contribute to the sum

> (Y a@).

U g
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specifically r — 4 of each of the forms {z,v,*}, {x,w,*}, where * is any symbol except
Y, z,v,w. Writing Q(SU) = {w1(U),w2(U)} the sum is

20+ ) @) +wa(v)).
Usv Usw
When U = {x, v, *}, two of the four geodesic walks from S to U are S, P;,U and S, P,,U
so w;(U) = agp,ap,u, and

wi(U)ayr = asp,apvayr = asp,ap,r = ;.

When U = {z,w, *}, two of the four geodesic walks from S to U are S,Q1,U and S, Q2,U
so w;(U) = agg,aq,u, and the same result holds. Hence

(AP A)gr = iz <Za(g))OéUT

U g

'—E: —¥WQ »aUT
U

(r—4)(61 + 62)
— (r—4)A%).

N —

MIH

As in the previous case, for all U, y = s; and z = s; are the elements of S that are not in

U, and so Kgy = ("% + kj). For the same reason, Kgr = %(/@'l + ;). Hence
1
(2P A)sr = 5 (ki + k) (AP A)sr
1 2
= (ki 4 R)(r = 9)AG)
2
(r—4)28).

When 0(S,T) = 3, we can take T' = {u, v, w}.

For A® A we already have Theorem 6.4, which states that (A A)gr = 9A§’%. For Z(?) A
we have the equation

(ZP A)g Z KSUAS()JOéU%

where the sum is taken over the c¢3 =9 vertices U such that 0(S,U) =2 and (U, T) = 1.
There are three such vertices containing any one of the symbols z,y,z. For example,
when x € U, these vertices are {x,u,v}, {z,u,w},{x,v,w}, and for each of them K¢y =
+(k; + K;). Thus

1
Z KSUAEQUCVUT = 2(/% + Kj) Z Afc;UCYUT
Usz Usx
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For each of these three vertices there are four geodesic paths G from S to U, each of which
can be extended to a geodesic path G+ from S to T by the addition of the edge UT. Hence

Z Ag&aUT = Z (i Za(g)>OéUT = i Z Za(g+).

U>sx U>sx g Usz g+

For each of the three U, the four geodesic paths G from S to U give two distinct values of
a(G) and a(G™). The six resulting values of a(G™) are distinct, and comprise all elements
of S3. Hence

(ki + 1)~ (20).

1
Z KSUAng[}OéUT == 1

2
Usx

Thus the sum over all nine vertices U is

—

1 1
5 (Ui ) + (1) o () 50 = Sero = Ber AGY,

since Aggi)p =o0/6 for all S,T.

\V)

Finally, the equation for A®) A is a special case of Theorem 7.5. o

For the case ¢ = 3 we now have equations describing the action of A by right-multiplication
on the matrices I, A, Z, A® Z(2) AB) These equations provide a 6-dimensional represen-
tation of A. Putting s =r — 4 and

1
t=(r—4)(2co + c1 + ¢2), u:é(r—S)(co+cl+02),

the matrix is

0 1 0O 0 O 0
35 +3 s 1 4 0 0
B _ (2s+2)c; 2c9+c2 s 0 4 0
B 0 s s/2 s 0 9
0 t s/2 0 s 3¢
0 0 0 u 0 3s—6

10 The eigenvalues of N™ as polynomials

We now study the family of graphs B, = {B(r,n)}, for a given value of r. In Section 4 the
starting point was the basic result that, for a given number of colours k, the value of the
chromatic polynomial P(B(n,r);k) can be expressed as the trace of N, where the matrix
N has k(k —1)---(k —r + 1) rows and columns. This result essentially determines the
dependence of P(B(n,r);k) on n, by showing that it can be expressed as the sum of the
nth powers of the eigenvalues of N.

In order to deal with the dependence on k£ we showed that N can be decomposed into
matrices N™, representing its action on invariant subspaces, where there are m, (k) equiv-
alent representations corresponding to each partition m with |w| < r. This decomposition

28



has the practical advantage that the size of N™ is independent of k. However, the entries
of N™ do depend on k, and the foregoing analysis has described this dependence in detail.
As pointed out in Section 5, when |r| = ¢, N™ is the image under R of the matrix in
Mat((’lf),QSg) defined by

min(¢,r—2)
X = > (D" frpm(k)m! A,

m=0

where A(™) is a generalized distance matrix for .J(r,£). We aim to use this expression to
determine the eigenvalues of N7.

The matrix X is a function of r, k and ¢. Since we are regarding r as fixed, we shall write
X = Xy(k), noting that X,(k) depends on k only through the terms f._y_,,(k). As in
Section 4, given k and 0 < ¢ < r, these terms are defined by

filk) = F(i,k —r +1),
where
F(i,2) = ' (—1)j<zi) (z = 7)i-j-

J=0 J

Here () is the extended ‘falling factorial’ defined for w € C and non-negative integers ¢ by
(wyg =1, (wye=(w—L+ 1) {w)e—1 (£>1).
It is easy to verify that I’ satisfies the recurrence

F(0,2) =1, F(l,2z)=2z—-1,

Fli,2)=z-1D)F@i—-1,z—1)+ (i —-1)F(i—2,z—2).
Elementary algebra leads directly to the following result.

Lemma 10.1  Suppose r is given. Then the sequence f;(k) = F(i,k — r + i) is defined
for (0 <4 <r by the recurrence

fo(k) =1, fu(k) =k —r,
filk) =(k—r+i=1)fi-1(k) + (i = 1) fi—2(k) (2<i<r).

It follows that f;(k) is a monic polynomial of degree ¢ in k, with integer coefficients that
alternate in sign. The leading terms are

1 .
fi(k) = k' — 5@'(27~ —i+DET 4
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In order to calculate the eigenvalues of N™ for each m with || = ¢, we use the formula for
X (k) given above, followed by an application of RT. It turns out that (in some cases) the
only additional information required is the spectrum of A, = RT(A), where A = A is
the generalized adjacency matrix.

Example 10.2: the eigenvalues for 5,

The f-polynomials for r = 4 are
fO(k):la fl(k>:k_47 f2<k):k2_7k+137
fa(k) = k> — 9k + 29k — 34, fu(k) = k* — 10K3 + 41k* — 84k + 73,

and so in this case the matrices X, (k) are

Xo(k) = (k* — 10k% 4 41k? — 84k + 73) A

Xi(k) = —(k® — 9k + 29k — 34)A©) 4 (k% — 7k 4+ 13)AW);
Xo(k) = (K> =7k +13)A© — (k —4)AM 4243,

X3(k) = —(k—4)A© 4 A

X4(k) = AO,

In this set of equations A®, AM A denote matrices associated with J(r,¢), with ¢
taking the values 0,1, 2,3,4 in the respective equations. In order to obtain N™ we must
replace them with their images under RT, where ¢ = |r|. It is significant that when ¢ = 2
the matrix A is a polynomial function of A®) (see Example 7.6). This means that every
X¢(k) in the above list yields a polynomial function of k& and A, when RT is applied to
it, and the eigenvalues of X,(k) are the same polynomial functions of the eigenvalues of
A,. In the Appendix this observation is used to calculate all the eigenvalues for B4. The
eigenvalues for By and Bs are also given. o

In the cases r = 2, 3,4 it turns out that the eigenvalues inherit the alternating-coefficients
property of the f-polynomials. We conjecture that this is true for all » > 2. In other
words, each eigenvalue A(k) has the form

j:(kr—é _ bk’r—f—l T Ckr—E—Q . )’

where the coefficients b, c, . .. are positive integers.
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Appendix: Eigenvalues for B,., r = 2,3, 4.

We shall calculate the eigenvalues for By, using the methods developed in the paper.
Equations for the matrices Xy(k), £ = 0,1,2,3,4 are given in Section 10. In each equation
A AM AR denote matrices associated with .J(4, £) for the relevant value of £, and we
shall consider each value in turn. For each partition 7 with |7| = ¢ the polynomial obtained
by replacing A by A, = RT(A) will be denoted by X, (k, A.).

o (¢ =0. Here A is the 1x1 matrix (id). There is only one representation, corresponding
to the empty partition o, and X, (k, A,) is the 1 x 1 matrix (k* — 103 + 41k — 84k +73)1,
with the eigenvalue,

A\ = k* — 10k3 + 41k% — 84k + 73.

o ¢ =1. Here A® and A are the 4 x 4 matrices (id)I and (id)(J — I). There is only
one representation with ¢ = 1, the principal representation R[!, and the images under

RE] of A® and AM are I and A, = J — I. The eigenvalues of A, are 3 and —1, with
multiplicities 1 and 3 respectively. We have

Xy (k, Ay) = —(k* — 9k + 29k — 34)I + (k* — Tk + 13) A,
so the eigenvalues are
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Ao = —(k® — 9k? 4+ 29k — 34) + (3)(k* — Tk + 13)
= —k% + 12k* — 50k + 73;
A3 = — (k% — 9k? + 29k — 34) + (—1)(k* — Tk + 13)
= —k3 + 8k — 22k + 21;
with multiplicities 1 and 3 respectively.

o (=2 Here A = (id)I, AV = A, and A® are 6 x 6 matrices. In Example 7.6 we
showed that when ¢ = 2 A is a polynomial in A: putting 7 = 4 and = (12) € Ss, the
result is

A® = i(ﬁ — (id + 0)A — (4d)I).

(Of course, in this case it is easy to write down A" and A® and check the equation
directly.)

Here we have to consider the principal and alternating representations, corresponding to
the partitions [2], [11]. We have

X (k,Ay) = (K* =Tk +13)] — (k — 4) A, + %(Ai —2A, —4I)
= (K* =Tk +11)I — (k- 3)A, + %AE;
Xk, Ay) = (K =Tk +13)I — (k— 4)A. + %(Ai —4I)
= (K* =Tk +11) — (k — 4)A, + %AE.

The eigenvalues and multiplicities of A, were obtained for = = [2], [11] and all r in Example
7.6. Putting r = 4 we get

eigenvalue :

g, 40 -2 2 2
multiplicity : 1 3 ) ’

2

It follows that the eigenvalues of Xg(k, A,) are

M= (k% =Tk +11) — (4)(k — 3) + (4*)(1/2)
k? — 11k + 31;

s = (K* — Tk + 11);

g = (K2

— Tk +11) — (=2)(k — 3) + (=2)%(1/2)
— bk + T,

with multiplicities 1, 3,2 respectively.
The eigenvalues of X[11)(k, A.) are
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e = (K% = Tk +11) — (2)(k — 4) + 2%(1/2)

= k% — 9k + 21;
Mg = (k% =Tk +11) — (=2)(k — 4) + (=2)%(1/2)
= k% — 5k +5;

with multiplicities 3, 3 respectively.

e (= 3. There are three irreducible representations of S3, corresponding to the partitions
m = [3],[111], [21]. In each case

Xk, A) = —(k — 4)T + A,

The spectrum of A, in each of the three cases was obtained in Example 9.1:

eigenvalue : 3 —1 1 =3 2 0 -2
multiplicity : 13- 1 3 1] 1 3 [21] 3 2 3
Thus we get the following eigenvalues
[3] : )\9:—(]{—7), )\10:—(k—3),
[111] : )\11 :—(k'—l), )\12 :—<l{7—5),
[21] : )\13:—(1{?—6), /\14:—(]{3—4), )\15:—(]{7—2),

with multiplicities 1, 3, 1, 3, 3, 2, 3 respectively.

o (¢ =4. Here X4(k) = A is simply the 1 x 1 matrix (id), and X, (k, A,) = (1) for all
partitions 7 of 4. Hence for each such partition we have an eigenvalue 1, with multiplicity
1. Note that the coefficient of 1™ in the formula for P(B(4,n); k) is the sum of the m, (k)
for all partitions with |r| = 4.

The complete formula for P(B(4,n); k) can now be checked against the one obtained by
less systematic arguments in [4].

For reference, the f-polynomials and eigenvalues for r = 2,3 are also listed here. They
can be obtained easily by the methods used above. The numbering is chosen to conform

with a system that would apply to all » > 2, which is why there is no A\¢ when r = 3, for
example.

r=2

fo=1, fi=2-2, fo=2%>—-32+3.

M =22—-32+43, —Xy =2z —3, ~A\g =2z —1, Ay = 1.

fo=1, fi=2z-3, fo=22=52+1, fa =23 —62% + 14z — 13.
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A =22 — 622 + 142 — 13,
—Ay =22 —Tz+413, —\3 = 2% — 4z + 4,
Ay =2z — 5, As =2z —1,
A7 =z —4, Ag = 2 — 2.
o

On the basis of these results, it is not unreasonable to conjecture that the eigenvalues of
NT are polynomials in k£ with coefficients that are integers and alternate in sign, for all
partitions .
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