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Abstract

Let T™ be the complete binary tree of height n, with root 1, as the maximum
element. For T a tree, define A(n;T) = {SCT":1,€ 5,5 =T} and C(n;T) =

{S CT™:S=T}|. We disprove a conjecture of Kubicki, Lehel and Morayne, which
A(n;Th) A(n;T2)
C(n;T1) — C(niTw)

show that A(n;T) is of the form Zé‘:o qj(n)27" where [ is the number of leaves of
T, and each g; is a polynomial. We provide an algorithm for calculating the two
leading terms of ¢; for any tree T. We investigate the asymptotic behaviour of the
ratio A(n;T)/C(n; T) and give examples of classes of pairs of trees T1,T» where it is
possible to compare A(n;T1)/C(n;T1) and A(n;T3)/C(n;T3). By calculating these
ratios for a particular class of pairs of trees, we show that the conjecture fails for
these trees, for all sufficiently large n. Kubicki, Lehel and Morayne have proved
the conjecture when 17,75 are restricted to being binary trees. We also look at
embeddings into other complete trees, and we show how the result can be viewed
as one of many possible correlation inequalities for embeddings of binary trees. We
also show that if we consider strict order-preserving maps of 71,75 into T (rather
than embeddings) then the corresponding correlation inequalities for these maps also
generalise to arbitrary trees.

claims that for any fixed n and arbitrary rooted trees 177 C T>. We

1 Introduction

We disprove a conjecture of Kubicki, Lehel and Morayne first stated in [2] concerning
embeddings of rooted trees into a complete binary tree. Here, we assume all trees to be



rooted, with the root being the unique maximum element. The complete binary tree T" of
height n is a ranked poset with n levels, having 277! leaves, where every element that is
not a leaf has 2 distinct lower covers. So there are 2"~ elements in level 4, i = 1,...,n.
The root (in level n) is labelled 1,,. For example, Figure 1 shows the Hasse diagram of T°.
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Figure 1: The complete binary tree, T°

For T a tree, define A(n;T) = |{S CT":1, € 5,8 =T} and B(n;T) = |{S
" @ 1, ¢ S,S = T}|. Define C(n;T) = |{S € T™ : S = T}, so that C(n;T)
A(n;T) + B(n;T). In [2], Kubicki, Lehel and Morayne proved that 4 < gEZ%; for
any fixed n and rooted binary trees 17,75, such that T, contains a sui)poset isoniorphic

to T1. They conjectured that the ratio A/B also increases with T' for arbitrary trees. In
A(nT) CD) _ BT) 4 1 gn
B(nT)’ A(mT) — A(miT) Y

can be rewritten as an equivalent statement about A(” T) So, the
ctar) < oot
such that T, contains a subposet 1som0rph1c to T;. The equivalent conjecture is that A/C
also increases with 7' for arbitrary trees. This was proved for chains in [5] and for stars
rooted at the centre in [4]. Informally, the conjecture claims that for larger trees there is a
greater proportion of embeddings that map the root of the tree to 1,,. This seems plausible;
when constructing an embedding from a tree T' to 1™, the higher we choose to map the
root of T', the more of T™ there is to map the rest of the tree T" into. The intuition is that
this extra space has more effect for a larger tree. Since a larger tree has more elements
to embed, there should be relatively more embeddings that map the root to 1,. So, we
expect the ratio A/C to be larger for T, than for 7). However, in Section 2 we show that
the conjecture is false. For some trees T7 C Ty the extra elements in T actually restrict
the embeddings into 7™, so that this “extra space” gained by mapping the root to 1, has
less effect for T, than for 77. It is the smaller tree that has relatively more embeddings
mapping the root to 1,, and so the ratio A/C is larger for T3 than for T5.

I

but since

this paper, we will use the ratio E" ; rather than

A(n;T)
C(n;T)

result above is equivalent to

statement about

for any fixed n and rooted blnary trees Ty, T3,

In fact, the conjecture fails even for ternary trees, as exhibited by the following example,
where T},T, are as in Figure 2. This is a counterexample to the conjecture for small n
(less than 6) and also for all n greater than 11. Intriguingly the inequality does hold for
n =06,...,11 for this pair of trees.
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Figure 2: Counterexample to the conjecture of Kubicki, Lehel and Morayne

In [3], Kubicki, Lehel and Morayne proved an asymptotic version of the inequality,
A(n;Tl) A(n;T2) An;T)
B(n;Ty) B(n;Tw) " B(n;T)

2UT) =11 where [(T) is the number of leaves of T Since [(T}) < l(Tz) the 1nequahty follows.

Working with (n T% the equivalent limit is lim,,_ ég ; -1/ 2UT)=1 " In Section 4,
we show that this limiting effect is misleading as regards the conJecture we can find many

examples T} C T5 where [(T7) = (T3), so that the asymptotic inequality holds with equality,
A(n;Th) > A(n;T2)
C(nTh) C(mTz)
pairs of trees T3, T, it is possible to show that A(n;T})/C(n;T}) is asymptotically larger
than A(n;Ty)/C(n;Ty), either by simply comparing the trees themselves, or by calculating
the leading terms of A(n;T) for each tree. Using this, we show that for a particular class
of ternary trees Ty C Ty, we have A(" Tl) C(” ?; for arbitrarily large n. This seemingly
destroys all hope of recovering a Weaker ut-true statement from the conjecture; even when
restricting 77,75 to being ternary trees we can find counterexamples to the conjecture for

arbitrarily large n.

that lim,,_, < lim,, oo They proved this by showing that lim,, ..

but for all sufficiently large n we have . Moreover, we show that for certain

In Section 5 we examine other generalisations to the binary case inequality. Let 77
be the complete p-ary tree of height n, a ranked poset with n levels, which has p"~!
leaves and every element that is not a leaf has p distinct lower covers. So, there are p™—*
elements in level 4, i = 1,...,n. Define A,(n;T) = {S C T} : 1, € S, = T}| and
Cp(n; T) = {S C T} : 1, € 5,5 = T}| as the obvious analogues to the complete binary
p(n T1) Ap nTg

Cp(niT1) — Cp(ns
Moreover, we prove the result using the FKG-inequality, which places the result in the

framework of correlation inequalities on distributive lattices. Using the FKG-inequality
we can find many other correlation inequalities for embeddings of binary trees. We also
show that if we look at strict order-preserving maps into 77, rather than embeddings, the
situation is simplified; here the corresponding correlation inequalities hold without any
need for T7,T5 to be binary. An example of this is the result that if 77 C T5 are arbitrary
trees, then the ratio of strict order-preserving maps that map the root of 77 to 1,, to those
that do not is smaller for 73 than it is for T5.

tree case. We prove that for any fixed n and binary rooted trees 77 C T5.

Let us introduce some notation. For a tree T', an embedding ¢ is a map from 7T to T"
such that ¢(x) > ¢(y) in 7™ if and only if x > y in T". That is, T" and ¢(7T") are isomorphic
as labelled trees. For a tree T' with root 17, define Ar(n) to be the number of embeddings
¢ of T into T™ with ¢(1r) = 1, and define Cp(n) to be the total number of embeddings
of T" into T™.



As explained in [2], since A(n;T) and C(n;T) count the number of subposets of
T™ isomorphic to T as unlabelled trees, whereas Ar(n) and Cr(n) count the number
of subposets of T" isomorphic to T" as labelled trees, we have Ar(n) = |G|A(n;T) and
Cr(n) =|G|C(n;T), where G is the group of symmetries of the (unlabelled) tree T'. Since
the ratio A/C' is unaffected we can work with either labelled or unlabelled trees. We shall
use labelled trees, and think of the labelled subposets of 7" as embeddings.

2 Recurrence relations

We can use the regular structure of 7" to find recurrence relations for Ar(n) and Cr(n).
Let t1,t5 be the 2 lower covers of 1, in 7™. Write 17" for the set of all elements that are
lower than or equal to ¢; in 7™, and similarly for 75'. So, 17" and 73" are both copies of
T 1. For any embedding of a tree T into 7™ the root 17 of T is either mapped to 1,,, or
mapped into 77" or T3'. Counting these embeddings of 7" into 7™ gives

CT(n) — QCT(H — 1) = AT(H) (1)
So, once we have calculated Ar(n) we can solve a simple linear recurrence to find Cr(n).

We now show that Ar(n) also satisfies a linear recurrence relation. For any x € T we
write D[x] for the set of all elements in T' that are lower than or equal to x in 7. Let T" be
a tree and suppose the root 17 has r lower covers x1,...,z,. For any subset L C [r]| write
Ty, for the tree formed by removing the subtrees Dlx;] for all j € L. (Here, L¢ = [r]\ L.)
Notice that Ty \ {1r} = D[xz;], Tjy = T and Ty = {1r}.

We will count the embeddings of T into T™ by considering the possible places to map
the elements xq,...,z,. In particular we are interested in the partition of {z1,..., .}
defined by which of the two subtrees 77,75 an element x; is mapped to.

Write A;L (n) for the number of embeddings of T}, into 7™ that map the root 11 of 17,
to 1, and map x; into 17, for each j € L. By the symmetry of 7™ this is the same as
the number of embeddings of 77, into 1™ that map 11 to 1, and map z; into T3, for each
jeL.

For a fixed set L C [r] we can count the number of embeddings ¢ of T" into T" with
¢(z;) in T for all i € L, and ¢(x;) in T for all i € L°. Since the two trees 17" and T3 are
below incomparable elements t; and 5, we have that the number of such embeddings that
also map 17 to 1, is exactly the product Az, (n)Az, . (n). So,

Ar(n) = ) Az, (n) Az, (n). (2)

LClr)

For L = ), we have Ty = {17} and A, (n) is equal to 1. For L a singleton, Ay (n) is
the number of embeddings of T, \ {17} = D[z;] into T7*, which itself is a copy of T"!. So
Az, (n) = Cppg,)(n—1). Finally, for |L| > 2, A7 (n) is the number of embeddings that map
17 to 1,, and map z; to an element of 77" for all j € L. Since |L| > 2 any such embedding
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¢ cannot map any of the x; to t;. So, for each embedding ¢ we can construct a new
embedding ¢ of T into T™ by defining 1(17) = t; and () = ¢(x) for all z € Ty \ {1r}.
Now, 9 is an embedding into 77" which maps 11 to 1, the root of T7". Since 17" is a copy of
T"~! the number of these embeddings 1 is Ay, (n — 1). Since each ¢ corresponds uniquely
to a ¢, and vice-versa, we must have Az (n) = Ag, (n —1). To summarise,

1 L=10
A, (n) = Cp,(n—1) L ={j} (3)
Ar, (n—1)  otherwise

fori=1,2.

It will also be useful to have another expression for A7, (n) when L = {j}. We have that
Az (n) is the number of embeddings of T}, into 7" that map 1 to 1, and map x; to an
element in 77". By symmetry of 7™ it is also the number of embeddings of 77, into 7™ that
map 17 to 1, and map z; to an element in 73'. Since, every embedding of 7" into 7™ that
maps 17 to 1, must map z; to an element in either 77" or T3 we have 247 (n) = Ar, (n)

Az, () = A2 (4)
for L = {j}.

We can use equations (1)—(4) to find Ar(n) and Cr(n) inductively. Recall that for a
tree T', the number of leaves of T is denoted by (7).

Theorem 1. For any tree T', the number of embeddings of T into T™ is of the form
UT)
Cr(n) = Zgj(n)yn,
=0

where each g; is a polynomial.

For T the 1-element tree, the number of these embeddings that map the root of T to 1,
Ar(n), is equal to 1. Otherwise, for T with |T| > 1, the number is of the form

I(T)

Ar(n) = q;(n)2",
§=0
where each q; is a polynomial.

The following lemma on recurrence relations will be useful. The result is standard and
the proof is omitted.

Lemma 2. Suppose [ is some fized positive integer. Then the solution to the equation
l
Yn — 2yn—1 = Z fj (n)2]n7 Y1 = 07 (5)
§=0
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where each f; is a polynomzial, is

l
Yn = Zgj(n)2]n
=0

where each g; is a polynomial. Furthermore, for j # 1, the polynomial g; is the unique
polynomial satisfying the identity

gi(n) = 2g;(n = 1) = f;(n),

and g, satisfies the identity
91(n) = g1(n — 1) = fi(n),

where the constant term of gy is given by

]

Proof of Theorem 1. We include the case of T' being a 1-element set for completeness.
In this case, we see immediately that there are 2" — 1 embeddings of T into T", which is
exactly the number of elements in 7. Also, only one of these embeddings maps the root
of T to 1,,. So, Ar(n) =1 as claimed, and Cr(n) = 2" — 1 is of the required form.

For |T'| > 2, we simultaneously prove that Ap(n) and Cp(n) are of the required form by
induction on the size of 7. We shall make use of Lemma 2 to solve recurrence relations for
Ar(n) and Cp(n). We use induction to show that the recurrence is of the form of equation
(5), and since we will only be considering trees with |7’ > 2 we have the initial conditions
Ar(1) =0,Cr(1) =0 as in (5).

For |T'| = 2 the only tree is the 2-element chain, which has one leaf. Label the root 17
and the leaf 2. Since 17 has only one lower cover, r = 1 in equation (2) and the subtrees
of interest are Ty1y =T and Ty = {1r}. Using equations (2) and (3) we have

Ar(n) = A, (n) Az, (n) + A, (0)Ag (n) = 2C(ay)(n — 1)

But we have shown earlier that C{,y(n) = 2" — 1. Therefore Ap(n) = 2" — 2 which is of
the required form (where I[(T) = 1, go(n) = —2 and ¢;(n) = 1).

In fact, we can see immediately that Ap(n) = 2" — 2, since this is exactly the number
of places to embed z; in T™ (anywhere except at 1,,, where x is embedded). Using (1) and
Lemma 2 we have that Cr(n) = (n —2)2" + 2 which is of the required form (g;(n) =n—2
and go(n) = 2).

Suppose the result is true for all 7" with |T'| < k and let T" be any tree with |T'| = k.
There are two cases to consider, depending on whether the root of T" has exactly one lower
cover. If the root has exactly one lower cover, 1, equation (2) reduces, in a similar way to
the base case, to

AT(n) = QCD[xl}(n — 1).

6



Applying the inductive hypothesis to D[z1], a tree with {(D[z1]) = I(T') leaves, we have
that

Cplzy)(n Z gj(n)2’"

where g¢; are polynomials. Therefore, Ay(n) = 223-:0 gi(n — 1)20=1 = z]( 0 qj(n)27m
where ¢; are polynomials.

If the root of T" has r > 1 lower covers x1, ..., z, then we can write equation (2) as
Ar(n) = Az, (W) Az, () + Ap (A7, () + 3 Ag (n)Az,, (n)
LC|r]
L#0,[r]

which can be rearranged to

Ar(n) = 2Ar(n —1) = > Ap (n)Ag,.(n). (6)
LC|r]
L#0D,[r]

We use equations (3) and (4) in order to apply the inductive hypothesis. Terms in the sum
where L is not a singleton or complement of a singleton are of the form Az, (n—1)Ar, . (n—1).
Terms where L is a singleton, but L¢ is not are of the form Ag, (n)Ar,.(n — 1)/2, terms
where L is not a singleton, but L€ is are of the form Az, (n —1)Ar,.(n)/2 and terms where
both L and L are singletons (this will only be for r = 2) are of the form Ay, (n)Ar,.(n)/4.

By our inductive hypothesis we have Ap, (n) = > (Té) ¢j(n)27™ for polynomials g;. This

means that the right hand side of equation (6) is of the form Zéfg hj(n)27™ for polynomials
h;. That is, Ap(n) satisfies a recurrence relation and applying Lemma 2 gives the result
for Ar(n). Finally, we use (1) and Lemma 2 which gives the result for Cr(n). O

Note that the proof of Theorem 1 actually shows how to find the polynomials ¢; and
g; in the expressions for Ar(n) and Cr(n). However, for a particular tree T', in order to
calculate Ar(n) and Cr(n) we need to calculate Ar, (n) for all subtrees 7. For small
trees the calculations are still relatively simple. We use the algorithm given in the proof of
Theorem 1 to find explicit expressions for the two trees T;,T5 in Figure 2.

To find these expressions we need to also calculate Ag and Cg for subtrees S of 77 and

T,. Define the subtrees S = %, Sy = I, Sy = {\, Sy = /\, Sy = )\ In order to

find Ap, we need to calculate Ag,, Ag,, As,, As,, and to find Ag, we need to calculate Cg,.
For Ap, we also need to calculate Ag, and to find this we need to calculate Cg,. These
calculations are left as an exercise for the reader. We have

Ag (n) = (n — 14/3)8" + (=3n? + 24n — 34)4™ + (n*/3 — 8n* 4 65n/3 + 44/3)2" + 24

Ar,(n) = (2n/3 — 20/9)8" + (—n® + 8n* — 30n + 58)4"
+ (—=2n%/3 + 2n* — 40n/3 — 430/9)2" — 8



and, using (1), we have

Cr,(n) = (4n/3 — 20/3)8" + (—6n” + 60n — 134)4™
+ (n*/12 — 5n®/2 4 83n?/12 + 145n /6 + 494/3)2" — 24

Cr,(n) = (8n/9 — 88/27)8" + (—2n® + 22n> — 110n + 250)4"
+ (—n*/6 +n?/3 — 35n? /6 — 487n /9 — 6878/27)2" + 8

So, A, (4)/Cr,(4) = 99/101 > 67/69 = Ag,(4)/Cr,(4), a counterexample to the con-
jecture of Kubicki, Lehel and Morayne. We also have

Az (5) 2635 1783 Ar,(5)
Cr,(5) 2837 7 1921  Cp(5)

but
Ar,(6) 44147 31055 A, (6)

= < = )
Cr, (6) 49821 34897 Cr,(6)
So, for n = 4,5 these trees give a counterexample, but not for n = 6. In fact, for n =

6,...,11 the conjectured inequality holds, but for larger n it does not. Asymptotically, we
have

ATl (n) . (n — 14/3)8” + O<4n) B 3 1 » 5 » B
Cr(n) ~ (n3—20/38 s 0@ 11" T to)
and
Ag,(n)  (2n/3-20/9)8"+0(4™) 3 1 | 11 _,
Cn(n)  Bn/9—8s/2n8 +o@ny 4 1" Tt o(n?),

so Ar, /Cr, is asymptotically larger than Ag,/Cr,.

This asymptotic difference is very subtle. Here, the ratios Ap, /Cr,, Az, /Cr, differ only
in the n=2 terms and terms of lower order. We will show, in Section 4, that for any 7} C Th
which have Ap, /Cp, asymptotically larger than Ag,/Cr, the ratios differ only in the n=2
terms and terms of lower order.

For small values of n there are two competing factors which determine whether the
conjectured inequality holds. Since Ay and Cr are related by (1), we have Ar(n)/Cr(n) =
1 —2C7p(n —1)/Cr(n). So, the conjectured inequality is equivalent to

CTz (TL _ 1) CT2 (n)
Cn(n—1) = Cn(n)

We can think of the ratio Cr,(n)/Cr (n) as the expected number of embeddings of T3 into
T™ that are an extension of a randomly chosen embedding of T} into T™. So, for n = 3,
each embedding of T} into 7% can only be extended one way (there is only one place in
T3 to which we can map the extra element of T3), therefore Cr,(3)/Cr, (3) = 1. For larger
values of n, some embeddings of T} into T™ have no extensions to an embedding of 75 into
T", others will have many extensions to an embedding of T into 7™. In this example,
as n increases there will tend to be a larger fraction of embeddings of T} into 7™ with no
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Figure 3: Counterexample to the conjecture of Kubicki, Lehel and Morayne

extension to an embedding of 75 into T™. However, those embeddings of 77 into 7™ that do
have extensions to embeddings of 75 into 7™ will tend to have more of them, as n increases.
These two competing effects determine whether the ratio Crp,(n)/Cr, (n) will increase or
decrease for an increase in n. In this example the two effects are quite equally balanced,
making it difficult to see intuitively why the inequality holds for some values of n and fails
for others.

The following example better illustrates the failure of the conjectured inequality, as in
this example one effect dominates the other. Let T} and T be as shown in Figure 3, where
k is some fixed integer. As we have explained, the conjecture claims that Cr,(n)/Cr, (n) is
increasing in n. However, we show that for these trees, the ratio is considerably larger for
small n than it is for large n, since for small n there is a higher proportion of embeddings
of T} that can be extended to an embedding of T5.

For any n with n > k + 1, an embedding of 75 into 7™ must map all the leaves
Z1,...,Toe—1 into the same half of 7™, and it must map all the leaves xor-1,1,..., Tox into
the same half of T™. This is a restriction imposed by the elements y; and y,. Embeddings
of T} into T™ do not have this restriction, and any embedding of 77 into T™, which does
not partition the leaves in the same way cannot be extended to an embedding of T5.

Now, for n = k + 1, the tree T*+! has 2* leaves, so all embeddings of 7} into T**! map
the leaves of T to the leaves of T**!. Therefore, we know that half the leaves of T} are
mapped into one half of T**! and the other half into the other half of 7%+, So whether
the embedding extends to an embedding of T, depends only on which particular set of 2¢~1
leaves are mapped into one of the halves of T**!. Since there are (2,3:) subsets of size
281 and two of these yield an extendible embedding (when we choose {z1,...,%ox1} or
{Zok-1,1,..., 21 }), each with one possible extension, the ratio Cp,(k + 1)/Crp (k + 1) is
equal to 2/ (2351)

For n > k 4+ 1, most mappings from 7} into T are embeddings, but only those which
partition the leaves as described above can be extended. Moreover, most of the embed-
dings that can be extended map the leaves x1, ..., z9r—1 into one half of 7", and the leaves
Tok-141, ..., T into the other half of 7™ (rather than the same half) and most of these
extendible embeddings have only one possible extension. So of the total number of embed-



dings of T} into T™ the fraction that are extendible is roughly 272" and most extendible
embeddings have just one possible extension. Therefore, Cr, (n)/Cr, (n) is roughly 1/22",
which is considerably smaller than Cr, (k +1)/Cr, (k +1) = 2/(,2.).

3 Asymptotic behaviour of Ay and Cp

We have shown that Arp(n) = Z;ZO ¢j(n)27™, where each ¢; is a polynomial. We wish
to examine the asymptotic behaviour of Ar(n) and so we need to calculate the leading
terms of the dominant polynomial ¢;(n). Throughout this section we use the symbol ~ to
mean “asymptotically equivalent to”; we write f(n) ~ g(n) if f(n)/g(n) tends to 1 as n
tends to infinity. We also use ~ in a shorthand for recurrence relations, writing for example
Yn —2Yn—1 ~ f(n) if Yy —2y,—1 = g(n) and g(n) ~ f(n). We shall make use of the following
lemma which gives the solutions to some particular recurrence relations.

Lemma 3. The recurrence relation
Yp — 2Yp_1 ~ (cmd + ﬁnd_l)Ql"

where d > 0 has solution

O a1 BoaN ) on .
(d+1n +(d+2>n>2 ifl=1

21 ad
d d=1\ oin
—211_1(om +<ﬁ——211_1)n )2 if 1 > 2.

The recurrence relation
In
Yn — 2yn—l ~ a2

has solution
an2™ ifl=1

Yn ~ (8)

2l—1

Proof. It is a simple exercise to check that equations (7) and (8) do give a particular
solution to the exact recurrence relations ¥, — 2y,_1 = (an?+ nd=1)2" and y,, — 2y, =
a2, Since the complementary solution to both recurrences is y,, = K2", this is dominated
by the particular solutions given, and so the asymptotic solution is as claimed. O
Theorem 4. The leading polynomial q;(n) in the expression Arp(n) = Zi(jg qj(n)2" has
degree d(T'), where d(T) = [{x € T : x not the root or a leaf, D]x] is a chain}|. The coef-
ficient ap of n“T) satisfies the following equations.
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If T is the 2-element chain, then ap = 1. Otherwise, if the root of T' has r lower covers,
then

( C;l();;} r=1andT a chain
21(;[)1_)% r=1 and T not a chain
ar = (9)
O‘T{l}aTle(T)i? =2
UT)-1 _ "=
> a1 OéT{j}OéT{j}CQl(T{j})*l + D ociLi<ry2 OTL O .-
L A(T)-1 _ 1 r=

Moreover, if d(T) > 0 the coefficient By of n™)=1 satisfies the following equations.

If T is the 3-element chain, then Br = —3. Otherwise, if the root of T has r lower
covers, then

(Bplyy _ d(T)ar
d(T) — 1 2

r=1andT a chain

/BD[Il] — d(T)OéTQZ(T)il

r =1 and T not a chain

2UT)-1 _ 1
br = (aT{l}ﬁT{z} + OtT{Q}ﬁT{l})QZ(T)*2 —d(T)ar _
UT)-1 _ 1 r=
Y ioilary, Brye + ory, Py, — ATy )ary, ory, )20
2UT)-1 _ 1
>o<izi<r2(Qry Brye + arye Bry, — d(T)ar ar,.) — d(T)ar g
\+ 2UT)-1 _ 1 r =

(10)
where Bs = 0 for any subtree S C T with d(S) = 0.

Proof. We proceed by induction on |T'|. For |T| = 2 we have already shown that T is
the 2-element chain and Arp(n) = 2" — 2. For this tree d(T) =0, [(T) =1, so ¢;(n) =1 a
polynomial of degree 0, with leading coefficient equal to 1. That is, ar = 1 as claimed.

Suppose the result is true for all 7" with |T'| < k and let T be any tree with |T'| = k.
As in the proof of Theorem 1, there are two cases to consider, depending on whether the
root of T" has exactly one lower cover. If the root has exactly one lower cover, x;, we have
equation Ap(n) = 2Cpp,(n — 1). But by Theorem 1, and our inductive hypothesis, we
know that

AD[Il](n) ~ Q/D[xl}nd(D[xl])2l(D[xl])n.

11



If T is a chain, then [(T) = [(D[x1]) = 1 and d(T) = d(D]z;]) + 1 since the element z;
contributes to d(7) but not d(D]x;]). So, by Lemma 3,

ADlay] d(D[z1))+1on _ XDlz1] _d(T)on
Cpiz ~N— == 2",

So

_ ADlz1] d(T)on—1 __ Dlai] A(T)on

A =2 —1)~2 -1 2 =——(Mn-1 2",
Therefore ap = app,)/d(T), as claimed. If T is not a chain, then I(T') = I(D[z4]) > 1 and
d(T) = d(D]z,]) since the element x; does not contribute to either d(T") or d(D]z4]). So,
by Lemma 3,

21N d(T) ol(T
Colan (1) ~ Sy — Dl MM,
So
2Z(T)—1
Ar(n) =2Cppzy)(n — 1) ~ QWQD[M}(” — l)d(T)ZZ(T)(”_l)
_ 21(2‘)!2[;1] 1(n _ 1)dDUTIn,

Therefore ar = apy,)/(2/3)~1 — 1), as claimed.
If the root of T" has two lower covers z1, x5 then equations (6) and (4) give Ar(n) —
247(n — 1) = Az, (n) Az, (n)/2. So,
Ar(n) = 2A7(n — 1) ~ ag, n®T)2 o a  pdTe) 2 Te)n /9

= ary, oy, 20" /2

since d(Thy) +d(Ty2y) = d(T) and I(Ty) +1(Tr2y) = I(T). Since [(T) > 1 applying Lemma
3 gives

UT)—1

Ap(n) ~ S OT0 T iy
(2U1)=1 —1)2

and o is as claimed.
Finally, if the root of 7" has r > 3 lower covers zy, ..., z, we can write (6) as
1
AT(”) - 2AT(” - 1) = QZ §AT{J‘} )AT{ iye + 2 Z ATL ATLc( - 1)
J=1 2<|L|<r/2

Terms in the first sum are of the form

AT TG ngy (0 — 1)UL TG =) Xy Yye | d(T)QUTIn
J

AT UTYyjye)
and terms in the second sum are of the form
_ 1)dT)9lTr)(n-1) _ \dTre)gl(Tre) (1), 9 YTL YT pe | d(T)oU(T)n
2ar, (n — 1)*0E)270L Tpe(n — 1) e/ 200 2 QZ(T)L 2
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Applying Lemma 3 gives

ol(T)—1 T, 0y, ar, or
N ¢ ¢ pd(T)QU(T)n
AT(TL) —QZ(T)fl 1 Z 2ZJ(T{]}C; + Z 2=y l(T - 2
j=1 2<|L|<r/2
22:1 aT{j}aT{j}c 2=t 4 ZQ§|L|§T/2 AT ATy e d(T)ol(T)n
= n™’2 .
A(M)-1 _ 1

Therefore o is as claimed.

We omit the proof that (7 is as claimed, which can be shown by also considering the
coefficient of n#™)=12T)" in the above calculations. O

We have that for T a tree with |T| > 1, Az(n) ~ arnd@ 2" for ar some constant
that can be found. We can see that Ap(n) = Q(nd™)211In) ag follows. For any tree T', call
the elements counted by d(T") lower bead elements of T'. So, a lower bead element of T is an
element x such that D[z] is a chain, and z is not a leaf or the root. Call an element which
has more than one lower cover a branching element of T'. Call the remaining elements of T’
upper bead elements of T. These are elements x which have only one lower cover, but D[x]
is not a chain. Therefore, upper bead elements only occur on a chain above a branching
element. Note that, depending on the tree T', the root can be either a branching element
or an upper bead element.

So, if T is a chain, then 7" has a root and one leaf, joined by a chain of d(T") lower
bead elements. Otherwise, for I(T') > 1, the tree T has a root, the root and the branching
elements are joined by (possibly empty) chains of upper bead elements, and some branching
elements are joined by (possibly empty) chains of lower bead elements (of which there are
d(T)) to the (T leaves.

To see that Ap(n) = Q(nd™2U1)") first consider T a chain. We count the embeddings
that map the root of T' to 1, and the leaf of T' to some leaf of 7. We have 2"~ ! choices
for where to map the leaf. Once we have fixed the leaf of T™, this defines a path from 1,
to the leaf of T™. This gives a choice of n — 2 elements of 7™ into which we can map the
d(T) lower bead elements of T. So, asymptotically we have ©(n“™)) choices for where to
map the d(T') lower bead elements Therefore Ar(n) = Q(n¥™)2"), and since I(T) = 1 we
have that Ap(n) = Q(ndM211) for T a chain.

For T not a chain, so there exist branching elements of 7', let ¢ be some embedding
which maps the root of T to 1,,, and maps the branching elements of T" to as high a level
of T™ as possible. Consider, for large n, the number of embeddings of T into 7™ that
agree with this fixed ¢ on the root, branching elements and upper bead elements. Let us
only consider those embeddings which map the leaves of T to the leaves of T™. Let x be
a branching element. Since the elements ¢(z) will take up some constant number of the
levels of 7", ¢(x) will have some constant fraction ¢, of leaves of 7" below it. Now, as
explained above, each leaf y in T is joined to a branching element, x, say, by a chain of
lower bead elements. So, each leaf y can be mapped to c,, 2” ! leaves in T, and the total
number of choices for all the leaves is asymptotically @(21 ™). (The over-counting due to
the possibility that two leaves that are below the same branching point are mapped to the
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same leaf of T™ is negligible for large n.) It remains to choose where to map the lower bead
elements. However, in a similar way to the case where T is a chain, a lower bead element
on the chain between the branching point  and the leaf y must be mapped to an element
on the path between the images of x and y. Since x is mapped to a high level, and y to
a leaf, the path has asymptotically n — ¢/, elements, for some constant ¢,. Since there are
d(T) lower bead elements, we have asymptotically ©(n“™)) choices for where to map the

lower bead elements. So, the number of embeddings that agree with ¢ is asymptotically
Q(nAM2UT™) “and we have Ap(n) = Q(n™2UT™) for T not a chain.

By Lemma 3 we also have the asymptotic behaviour of C(n), given in the following
corollary.

Corollary 5. For any tree T with [(T') = 1 the number of embeddings of T' into T" is
asymptotically

L ar d(T)+1gn
Cr(n) ~ gy 1"

and if d(T') > 0 then

Cr(n) ~ <d(;;%nd(ﬂ+l + <d€;) i O‘7T> nd(T)) on

For any tree with [(T') > 1 the number of embeddings of T into T™ is asymptotically

l(T)~1

~ d(T)on
2UT)-1 _ 1 2

CT(TL) arn

and if d(T) > 0 then

2UT)—1 J d(T)a
~—_— (T) _ VT ) d(T)=1 ) ol(T)n
Cr(n) T ] (aTn + (ﬁT ST 1 1) n ) 2

Proof. We have that Azp(n) ~ arn®™2U1" and if d(T) > 0 then Ar(n) ~ (arn®® +
BrndM=1)2UTIn Qo Cp(n) satisfies the recurrence relation (1) which is of the form in
Lemma 3. Applying Lemma 3 with o = a7 and [ = (B gives the result. m

This tells us that for a tree T not a chain, a typical embedding of T" into T™ maps the
leaves of T to the low levels of T™, the branching points and upper bead elements of T
to the high levels of 7", and the lower bead elements of T" will be mapped to elements
spread roughly evenly along the paths in 7™ defined by the images of branching elements
and leaves of T, as explained earlier. There are ©(ndT)2/(T)) of these embeddings.

For T a chain, a typical embedding maps the leaf of T" to a low level of 7™, and the
remaining elements of T" are mapped to elements spread roughly evenly on the path from
1,, to image of the leaf in T™. Here the root is not necessarily mapped to 1,,, and the root
can be thought of as a lower bead element, so there are d(7T") 4+ 1 elements to position on
this path. So, we get ©(n¥™)+127) of these embeddings.
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4 Asymptotics of the ratio Ap(n)/Cr(n)

In [3], Kubicki, Lehel and Morayne proved that lim,, BE” Tl; lim, . 7 Z;“’;, by show-

ing that lim,, ., A(n;T)/B(n; T) = 2"T)~1—1 (Proposition 2.3 in [3]). Here, using Theorem
4 and Corollary 5 we have

. Ap(n) 2Dt 1

lim =

n—o00 CT(n) 2UT)-1
which is equivalent to Proposition 2.3 in [3], since Br(n)/Ar(n) = Cr(n)/Ar(n) — 1.
This tells us that for trees Ti,Ty with I(T}) < [(T3) there exists some ng such that
Ar, (n)/Cr,(n) < Ar,(n)/Cr(n) for all n > ng. Here, we show that there exist trees
T, C Ty, with {(T7) = [(T,), with the inequality the other way round. That is, there is
an ng such that Ap (n)/Cr (n) > Ap,(n)/Cr,(n) for all n > ng. All such pairs T, T, are
counterexamples to the conjecture, for all n > ny.

Theorem 6. For any tree T" with [(T) > 1 and d(T") > 0, we have

d(T)
AT(”) —1_ 1 <1 _ @ + M + b—T> + 0(n_2) (11)

n n? n?

where 5 o(T)
T
b=y T (12)

For any tree T with [(T) > 1 and d(T) = 0, we have

’ézgg —1- ﬁ +0@2™). (13)

For any tree T with [(T) = 1, we have

Ar(n) _d(T)+1
e o™ (14)

Proof. Let T be a tree with [(T) > 1 and d(T') > 0. By (1) it is sufficient to work with
the ratio Cp(n — 1)/Cr(n). By Theorem 1 we have that Cp(n) = Zéfg ¢j(n)2’™ and by
Lemma 3 we have that

UT)—1 d ard(T) d(T)—1
@)~ giemT g (“T” = (‘*T‘m)”( | )

So,
CT(TL) _ QZ(T)naT(nd(T) + and(T)—l + cTnd(T)_2 + 0<nd(T)—2))
where
B 2l(T)71 _ 5T d(T)
ar = UT)-1 _ 1aT’ T = 04_T CQUT)-1 _ ]

15



and cp is an unspecified constant. Note that this equation is true for d > 2, and can be
made true for d = 1 by setting ¢y to 0. We have

CT(n _ 1) B 21(T)(n—1)aT((n _ 1)d(T) + bT(n _ 1)d(T)—1 + cT(n _ 1)d(T)—2 + O(Rd(T)—2))

C’T(n) QJ(T)naT(nd(T) + bpndM=1 4 cppdT)-2 4 O(nd(T)—z))
1 (1=1/m) D (1= 1 /) 4 G (1 - 1/n) )72 4 o(n72)
—9U(T) 1+ br/n+ cp/n?+o(n=2)
1 dr)  ("Y) br b -1)  er
= gm (“T*T*TT*@“W )

as required.
Now, suppose [(T)) > 1 and d(T") = 0. So, Cr(n) = 21(T)”aT(1 +0(27")) and
CT(n — 1)

Colm)— 2(T)'
which by (1) gives the required result.

1+0(2™)

If (T) = 1, then Az(n) = 2"az(n®™ + o(n¥™)) and Cr(n) = 2" (ndM+1 4
o(n®™+1)). So,

n d(T) d(T)
Ar(n) _ % ar(n®® +o(n!™))  d(T)+1 L+ o)
Cr(n) 2" gz (nDH 4 o(nd@H1)) n

Corollary 7. For any two trees Ty, Ts, if either
(Z) l(TI) > l<T2); or
(ZZ) l(Tl) = l(Tg) and d(Tl) > d(TQ), or
(iii) U(Th) = U(T3), d(Ty) = d(Ts) > 0 and ag, /Br, > ar, /0By,

then there exists an integer ng such that

ATI (Tl) AT2 (n)
Cr(n) ~ Cry(n)

for all n > ny.
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Proof. (i) If [(T7) > I(T,) then we can just compare the limits of the ratios Ap, (n)/Cr, (n)
and Ar,(n)/Cr,(n). By Theorem 6 (or from [3]) we have that
AT(n) 1

A ) T T T

Note that this also holds for trees 7" with {(T") = 1. Since the limit is increasing in [(T") the
result follows.

(ii) If {(Ty) = I(T») and d(T7) > d(T5) there are two cases to consider. If [(T7) = I(T,) =
1 then using equation (14) from Theorem 6 we have that

AT1 (TL) . d(Tl) + 1 1 AT2 (TL) - d(TQ) + 1 1

Crnn) - +o(n™) () - +o(n™")
and since d(T7) > d(T3) there exists an ng such that Ar (n)/Cr,(n) > Agp,(n)/Cr,(n) for
all n > nyg.

If ((T}) = I(T3) > 1 then using equation (11) from Theorem 6, and considering only
terms up to n~! we have

Ar, (n) 1 d(Ty) 1 An(n) 1 d(Ty) B
Cr,(n) =1 241 (1 o ) +o(n™), m =1- oU(T5)—1 (1 R ) +o(n™).

This is also true for d(73) = 0 by equation (13). Since ((T}) = I(T3) and d(Ty) > d(T3)
there exists an ng such that Ar, (n)/Cr,(n) > Ag,(n)/Cr,(n) for all n > ny.

(iii) If ((T1) = {(T3) and d(T}) = d(T3) > 0 and aq, /B, > an, /0O, we first note that
[(T1) cannot be equal to 1. (If {(T}) = I(Ty) = 1 then d(T7) = d(T3) implies that 77 and
T, are the same tree, the (d + 2)-element chain.) So we have [(T7) = [(T») > 1 and using
equation (11), we see that Ar (n)/Cr, (n) and Ag,(n)/Cr,(n) differ only in the n=2 term
and in terms of lower order. Therefore, it is enough to show that by, < bp,. But this follows
immediately from the inequality ar, /01, > az,/Br, and (12). O

Corollary 7 provides a simple method for comparing the asymptotics of the ratios
Ar,(n)/Cr,(n) and Ap,(n)/Cr,(n). Firstly, we compare the number of leaves of the two
trees, the tree with more leaves being the tree with the asymptotically larger ratio A/C. If
the trees have the same number of leaves, then we compare the values of d(73) and d(T5);
the tree with the larger d has the asymptotically larger ratio A/C. Both the number of
leaves, [(T'), and d(T') are very easily obtained from the Hasse diagram of the tree. If both
of these are the same for the two trees, then we need to compare the ratios ar, /B, and
ar,/Br,. The tree with the larger ratio /3 has the asymptotically larger ratio A/C. This
comparison involes rather more calculation, using the algorithm provided by Theorem 4.
These calculations can be simplified if the two trees have a very similar structure, for ex-
ample, as we will see later, if the trees are identical except for the addition of one element
to one of the trees.

Corollary 7 also guides our search for more counterexamples to the conjecture of Kubicki,
Lehel and Morayne. The counterexample given in Section 1 has two important properties,
namely that [(T}) = {(T») and d(7T}) = d(T3). That this is a necessary condition for a pair
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of trees to be an asymptotic counterexample follows from Corollary 7. Since we are only
considering trees T} C Ty we must have [(T7) < [(T;). But we are looking for trees T}, Ty
where the ratio A/C' is asymptotically larger for T than for T3, so we need to look at trees
with [(T7) = I(Ty). If Ty C Ty and the trees have the same number of leaves we must have
d(Ty) < d(T3). (Each element counted by d(77) must also be counted by d(713) otherwise
T> would have more leaves than T3.) So, to find our counterexamples we need to look at
trees with d(T}) = d(T3).

The following theorem gives an infinite family of pairs of trees which form counterexam-
ples. We do not claim, or believe, that this is the only way to construct counterexamples.
However, the construction is relatively simple, which makes the calculations much more
manageable. Also, there are many ternary tree pairs in this family, including the coun-
terexample given in Section 1, which shows that the conjecture does not just fail for trees
with high branching numbers.

Theorem 8. Let T be a tree whose root x has three lower covers x1,xs,x3, and let T' be
formed from T' by adding a new element y below x and above xy and x3 (see Figure 4). If
d(T) > 0 and d(Dly]) = 0, then there exists ng such that Ap(n)/Cr(n) > Ar(n)/Cr(n)
for all n > nyg.

€ T2 Zs3 € X2 I3

Figure 4: General counterexample for d(7') > 0,d(D[y]) =0

Proof. We have [(T") = [(T") and d(T") = d(T") > 0 so by Corollary 7 it is enough to show
that a0 > o fBr. We use equations (9) and (10) to express these a and 3 in terms of
some other ag and (g for common subtrees S of T" and 7". As before, for L C [3] write T},
for the subtree formed from 7" by removing the elements in D[z;] for each j € L¢. Write T’ 1
for the subtree formed from 7" by removing elements in D[y] and write T}, for the subtree
formed by removing elements in D[z1]. We have that T{1y = T}, and T{23, = Dl[y]. By the
assumption that d(Dy]) = 0 we have that d(T) = d(T") = d(Tn,2y) = d(T13y) = d(Thay),
and we denote this common value by d. We also have that d(T{sy) = d(Tsy) = d(Tyyy) =
d(DJy]) = 0. For ease of notation, we write [ for the common value I(T") = [(T"), write [,
for I(T{1y), L2 for I(T{1,2y), etc., and we use a similar notation for a and 8. For example,
writing oy for ary,, -
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Using equation (10) to find Sy and 7/, we have

_ 9301207 + (B3 — daga3)22 7! + (asfia — dagan2)2B 71 — dar

ay512l*2 — dovp
6T' - 21-1 _ 1

SO

oy 12172 — ap (0423512l1_1 + (B3 — dovor3)22 71 + (i3 f1a — da3a12)213_1)

ar P —or fr = ol-1 _

and using (9) to find ap and ag we have

193271 + 32271 + g2l

ar = oI-1 1
ooy 22
= o
This gives
« ; — Qg 2i=1 _ 1)2
( TﬁT 55[7;)2( ) _ (a2a132l2—1 + O[30(122l3_1) ﬁl
Yy
— a1 (a2 — donar)22 7" + (asfiy — dazen)257")
=227 ay (a3 — o Bis + dovans)
+ 25 g (@81 — Bz + dav o)
Finally, we have
_ fras27? — dagg 4 oqag2he?
Pz = olis—1 _ and o3 = Qhs-1 _ 1
SO
apa2h3=2 Bras2i372 — do
a3 — aafs + donang = 2;1;—1_1 L= o 3211371 1 B 1 dayoss
. dO(lOé132l1371
C 2l

and similarly
quOZlemil
a1 — a1 P19 +dovyovyg = ————

ola—1 _ 1
Therefore
ay21*2 lo—1 da1a132“3’1 lae1 da1a122ll2’1
OZTﬁT/ — OleﬁT = —(2l—1 — 1)2 |: 2 052—2l13_1 — 1 + 2 3 043—2112_1 — 1
2
. Oy (2l_2) dOél Qo(X13 Q3012
- (2171 _ 1)2 2lis—1 _ 1 = 92l2—1_ 1
. dOélel_2 Qa(X13 312
Sl [ 2hsml 1 2l

and since ag > 0 for all trees S, we have ar (G — apBr > 0 as required. O
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5 Embeddings and other mappings into the complete
p-ary tree

We have shown that the result of Kubicki, Lehel and Morayne, that

A(n; Ty)
C(n; Ty)

A(n; Ty)
C(n; Tz)

<

for binary trees T3, T such that T contains a subposet isomorphic to T}, does not extend
to arbitrary trees T7 C T,. Here, we look at generalisations of the result in other directions,
for example by looking at embeddings into the complete p-ary tree, for any p > 2. We
will also generalise the result to strict order-preserving maps of arbitrary trees into the
complete p-ary tree.

Recall that T} is the complete p-ary tree with root 1,, A,(n;T) = {S C 1T} : 1, €
5,8 =T} and By(n;T) = {S CT):1, ¢SS =T} Define Cp(n;T) to be the sum
A,(n;T) 4+ B,(n;T). Recall that in these definitions the isomorphisms are on unlabelled
trees.

Let Agf’)(n) be the number of embeddings of 7" into T} that map the root 17 of T" to
1, and let ngp ) (n) be the number of embeddings that do not map the root to 1,. Let
C}p) (n) = Agf’) (n) + Bé?) (n) be the total number of embeddings of 7" into T7'. As before,
we have Ag?)(n) = |G|A,(n; T, Bé?)(n) = |G|By(n;T) and C’;p)(n) = |G|Cy(n; T) where G
is the group of symmetries of the (unlabelled) tree T

We prove the result that

AF)(n) _ AR (n)

C¥(n) ~ CF(n)
for binary trees 7,75 such that T, contains a subposet isomorphic to 7T;. We do so by
defining an appropriate distributive lattice and then applying the FKG-inequality. The
FKG-inequality is a powerful corollary of the Four Functions Theorem by Ahlswede and
Daykin. See, for example, [1] for a background to the FKG-inequality and examples of
its use in probabilistic combinatorics. We state a form of the inequality that we will use
repeatedly.

Theorem 9 (Fortuin, Kasteleyn, Ginibre (1971)). If (F,<) is a finite distributive
lattice and if o, B are both increasing (or both decreasing) non-negative functions on F and
w is a non-negative function on F such that p(f)u(g) < pu(fV g)u(f Ag) for all f,g € F,

then
ST ulHalh) D uHBU) <3 u(h) D u)alHB) (15)

fer feF feF feFr

A function p on a lattice F is said to be log-supermodular if

pw(fu(g) < p(f Vv g)u(fAg) forall f,ge F. (16)
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The power of this result means that Theorem 12 can be viewed as just one of many
correlation inequalities for embeddings of binary trees into complete trees. We define an
appropriate distributive lattice F and log-supermodular function p so that > rer ()
equals the number of embeddings into T)}. Then we have the FKG-inequality (15) for any
pair of increasing functions «a, 3. As we will see, the definition of the lattice F means that
the indicator functions of events like “the root of T' is mapped to 1,,” or “element z € T
is mapped to a high level of T'” will be increasing on F. The FKG-inequality then tells
us that events like this are positively correlated, i.e., the probability that one event occurs
increases if we condition on the other event occurring.

We only need consider the case where T} = Ty \ {m}, since we can reduce to this case
by the following lemmas. Lemma 10 is obvious, and the proof of Lemma 11 can be found
in [2].

Lemma 10. Given a binary tree, the following types of operation produce another binary
tree with one element fewer.

(a) Removing a leaf,
(b) Removing the lower cover of an element that has exactly one lower cover.

]

Note that if an element has exactly one lower cover and the lower cover is also a leaf,
removing this leaf can be considered as an operation of both types. Also, note that we can
think of operation (b) as contracting the edge between the element and its lower cover,
that is, identifying them in the new tree.

Lemma 11. If Ty and Ty are binary trees and Ty contains a subposet isomorphic to Ti,
then there is a sequence of operations of type (a) and (b) leading from Ty to an isomorphic
copy of T1 through binary trees. O

Theorem 12. If T7 and Ty are binary trees such that Ty contains a subposet isomorphic
to Ty, then
AR (n) _ AF)(n)

CP(n) ~ ¥ (n)

(17)

Proof. From Lemma 11 it is enough to show (17) for the particular cases where 77 is
isomorphic to the subposet T3 \ {m} produced from 75 by exactly one operation of either
type (a) or (b). For ease of notation we identify 77 with the subposet T3 \ {m}.

Firstly, we define a distributive lattice. Write [n] for the chain on the n-element set
{1,2,...,n} with the natural ordering. For any binary tree T', write Fr = F(n;T) for the
lattice of strict order-preserving maps from 7" to [n]. So f € Fr is a function from T to [n]
such that > y in T implies f(z) > f(y) in [n]. The ordering on Fr is f > ¢ if and only
if f(z) > g(z) for all x € T. The join, f V g, is the pointwise maximum of f and g, and
the meet, f A g, is the pointwise minimum of f and g. It is relatively simple to check that
Fr is a distributive lattice.
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We call a function in Fr a level function. If we have an embedding ¢ of T" into T}, we
can construct a function f by setting f(x) equal to the level of ¢(z) in T}'. Since ¢ is an
embedding, = > y in T implies that the level of ¢(x) is greater than the level of ¢(y), and
so f(x) > f(y). Therefore, f is a level function and we say that ¢ corresponds to f. In
fact, we can do this for any strict order-preserving map ¢ from 7' to T'. For each level
function f € Fr we can count the number of embeddings from 7" to T7* that correspond to
f. This defines a function p from Fr to Ry: u(f) = pua(f)pe(f) where py, po are defined
as

i (f) = pn—f(lT) H pf(:c)—f(y)7

x>y, an edge in T’

p(f) = J[ @ —pretieiGi-fw),

yeT,
y has 2 lower
covers, z1, 22

Here, p;(f) counts the number of strict order-preserving maps from 7' to T that correspond
to the level function f. However, a strict order-preserving map from 7' to 77" need not
be an embedding of 7" into T7'. The term us(f) is exactly the fraction of those strict
order-preserving maps from 7' to T} corresponding to the level function f that are also
embeddings of T into T3'. To see that u(f) and pa(f) are as claimed, suppose we are
constructing a strict order-preserving map ¢ that corresponds to f, by choosing the element
¢(z) from level f(z), for each x from the root, 17, downwards. We have p"~/(!7) choices for
¢(17), and then for each edge z > y in T', once we have chosen ¢(x) we have p/ (@~ choices
for ¢(y). This gives a total of p; (f) strict order-preserving maps. Since we have ¢(z) > ¢(y)
for all z > y in T', the map ¢ is an embedding if ¢(z;) and ¢(z9) are incomparable for all
elements 21, 2o with a common upper cover in 7. Let y be some element of T" which has
two lower covers zj, zo and, without loss of generality, suppose that f(z1) > f(z2). When
constructing ¢, once we have chosen ¢(y) and ¢(z9) (elements in the levels f(y) and f(z2)
respectively), there are p/®~7(1) choices for ¢(z;). One of these choices (the element on
the path between ¢(y) and ¢(zq)) will give ¢(21) > ¢(22) in T}, meaning that ¢ is not
an embedding. The other choices mean ¢(z1) and ¢(zq) are incomparable as required for
¢ to be an embedding. Because of the regularity of 77", these numbers are independent
of the choice of ¢(z3), so the fraction of choices which allow ¢ to be an embedding is
1 — p~UW=f=) S0, taking the product over all such y gives the expression po(f) as the
fraction of strict order-preserving maps (corresponding to f) that are also embeddings.

Claim 1. p is log-supermodular on Fr.

Proof of Claim. Since (f A g)(x) + (f V g)(z) = min(f(x), g(x)) + max(f(z), g(z)) =

f(z) + g(x) for all z € T, we have that pui(f)ui(g) = m(f A g)u(f V g). So, it is
enough to prove (16) for us. For each y € T with two lower covers, z1, zo, write o(f) =

max(f(z1), f(z2)) — f(y). Since us is a product of terms indexed by such y, it is sufficient
to prove that
(1- pg(f))(l _pa(g)) <(1- pU(ng))<1 _ pcr(f\/g)> (18)

for all y € T with two lower covers.
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Without loss of generality, we can assume that f(z1) > f(z2), 9(21),9(22). So

o(fAg)+o(fVg)=max{min(f(21),9(z1)), min(f(22), g(22))} — min{f(y), g(y)}
+ max{max(f(z1), g(z1)), max(f(22), 9(22))} — max{f(y), g(y)}
= max{g(21), min(f(22), g(22))} + f(z1) = f(y) — 9(v)
< max{g(z1),9(22)} + f(21) — f(y) — 9(v)
=o(f)+o(g)

(with equality unless both g(z1) < g(z2) and f(22) < g(22)). Moreover, since o(f V g) =
f(z1) —max{f(y),g(y)}, if f(y) = g(y) then o(f V g) = o(f) and so o(f A g) < o(g) and
then (18) follows. Otherwise, f(y) < g(y). Set s = g(y) — f(y) > 0. Then o(f V g) =
f(z1) —g(y) = o(f) — s and o(f A g) = max{g(z1), min(f(22), 9(22))} — f(y) < o(g) + 5.
Also, o(g) + s = max{g(21), g(22)} — g(y) + s < f(z1) = f(y) = o (f). So,

(1 — p7 P (1 — poVa)) > (1 — p7@Fs) (1 — poH=s)
et 1 —_ pU(g)+8 . pa(f)_s _I_ pa(f)+a(g)

>1—p7W@ — polf) 4 po(f)tale)

= (1-p"")(1 - p79),
where the second inequality holds since the function x : x — p* is convex for all x € R,
and o(g) < o(g)+s,0(f) —s < o(f) with s > 0. O

So, we have that p is log-supermodular on Fr, and therefore the restriction u’ of u to
any sublattice F’ of Fr is log-supermodular on F.

We have that the number of embeddings of T into T} is ZfeFT wu(f). Also, we can
split a tree T at any point and perform similar sums on the two subtrees. Let x be an
element of T" and define subtrees S; = T\ D(z) and Sy = Dlx] and consider two lattices
Fik) = {f € Fn;5) : f(z) = k} and Fo(k) = {f € F(k;52) : f(z) = k}, where
1 <k <mn. The >,z 4 n(f) is the number of embeddings of Sy into 7} that map x to an
element of 77" in level £, and Zfeﬁ(k) p(f) is the number of embeddings of Sy into T[f that

map z to the root (the only element in level k of T;). Consider any pair of embeddings
(¢1, 2) where ¢ is an embedding of S into T » that maps x to an element in level k, and
@9 is an embedding of S5 into Tzf that maps x to the root of T]f. We can construct an
embedding ¢ of T into T as follows. For any point y € S, define ¢(y) to be ¢1(y). So,
the point x € S; is mapped to ¢(x) = ¢1(z), an element in level k. So, ¢; defines a unique
copy of Tk in T}, namely the down-set of ¢1(z) in T)'. So, for elements y € Sy define ¢(y)
to be the element corresponding to ¢,(y) in this copy of T]f. Since the only element in
S1N Sy is x and ¢o(x) is by definition the root of T;, we have a well defined function ¢. It
is easy to see that ¢ is indeed an embedding of T" into T)7. Therefore, ¢ is an embedding
of T"into T} that maps x to an element in level k. Since any embedding of T" into T}" that
maps = to an element in level k can be split into two embeddings by reversing this process,
we have that the number of embeddings of 7" into 7} that map x to an element in level k
18 7 rem iy M) 2o gemor 14(g) and therefore the total number of embeddings of T into 7™

S0 ulf) D> ulg) (19)

k=1 feFi(k) gEFa(k)
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Note that this holds for any element x in 7T

Recall that m is the point removed from 75 to obtain 7. Let [ be the upper cover of
m in Ty. Write T; for the subtree 77 \ D(l), and T}, for D[] as a subtree of T;. Note that
we have split 73 into two trees T; and T, as explained earlier. Write T+ for the tree D[l
as a subtree of Ty, so that T,+ = T, U {m}. Therefore, we have split T5 into two trees T;
and T,+. So, T} is common to both trees T, T; and T}, and T+ differ by only one element.
Furthermore, since we have that 7 is obtained from 75 either by (a) removing a leaf, or (b)
removing the lower cover of an element with exactly one lower cover, we know that either
(a) Tp+ has the extra element m as a leaf, directly below the root I of T+, or (b) T+ has
the extra element m as the only lower cover of [. (See Figure 5.)

(a) m is a leaf (b) m is the only
lower cover of [

Figure 5: The two cases for T+

Let us look at the sublattice ' of F(n;T;) defined by F' = {f € F(n;T}) : f(l) =
kor f(I) = k+ 1}, for 1 <k < n. We have u defined on F’ as described earlier, and p
is log-supermodular. Define «(f) = I{f(17,) = n} as the indicator function of the event
f(17,) = n and define B(f) = I{f(l) = k + 1} as the indicator of the event f(I) =k + 1.
Both v and 3 are increasing functions, since the sets {f : f(1,) =n}and {f : f(I) = k+1}
are both up-sets of F.

For k = 1,...,n, let a; be the number of embeddings of 7} into 7' that map [ to an
element in level k, and let by be the number of embeddings of T; into 7)) that map [ to an
element in level £ and map the root 17, to the root 1,. Then,

Zﬂ(f)@(f):bk—i-bkﬂ, Zu(f) = ag + agi1,
fer? feF

> ulHB() = arsa, > ulHa(HB) = brga,

fer’ feF
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and applying Theorem 9 to F', uu, o, B gives (by + bry1)ars1 < (ag + agy1)bry1 or

by < brt1

ar kg1
forall £, 1 <k <n.

Now let us look at the trees Ty, and Tp+. Let ¢ be the number of embeddings of T}, into
Tsz that map [ to 1, and let d; be the number of embeddings of T+ into Tf that map [
to 1y, for k= 1,...,n. First consider case (a), where m is a leaf of T,+.

Each embedding of T,+ with [ mapped to 1, can be thought of as an extension of an
embedding of Tj, with [ mapped to 1. Moreover, since [ has at most two lower covers in T+,
one of which is m, every embedding of T}, with [ mapped to 1, can be extended to at least
pk~1 —1 distinct embeddings of T+ with [ mapped to 1, but to at most (p*—1)/(p—1)—1
distinct embeddings of T,+ with [ mapped to 1;. Therefore,

k _
LI ek S Y

g — p—1 Cht1

We now show that dy/cy < dyy1/cry1 also holds in case (b), again using Theorem 9.
Let F” be the sublattice of F(k + 1;T}) defined as F" = {f € F(k+ 1;T,) : f(l) =
kor f(I) =k + 1}, for 1 <k < n. Take u defined on this sublattice as before, so that p is
log-supermodular. Define a(f) = I{f(l) = k+1} and define 3(f) = (p/min —1)/(p—1)—1,
where fi;, = minger, f(x). We have that « is increasing on F”, and f;, is increasing on
F" therefore (3 is also increasing on F”. Before applying Theorem 9 we show what each of
the terms in (15) is.

Since there are p elements in level k of Tf*l each of the ¢, embeddings corresponds to
p embeddings in the sum - pu(f), so this equals pey, + cgi1. The sum 3o 0 p(f)a(f)
equals 1. The sum Y7 2, u(f)B(f) counts the number of embeddings of Ty+ into T
that map [ to an element in level k or k£ + 1. To see this, fix f in F” and let ¢ be an
embedding of T} into Tzfﬂ that corresponds to f. By definition the lowest level mapped
to by @ is fimin, SO ¢ maps the elements of T}, to elements of T]f“ between levels f,,;, and
f(1) inclusive. In fact, it maps T} into a copy of TJ (O=Fmint1 Jefined as the elements in the
down-set of ¢(1) that are in levels fi, to f(I) of T**1 inclusive. Call this copy T. We can
construct an embedding 1 of T+ into T If“ as follows. Choose some integer ¢ between 1
and f,, — 1, this is the number of levels by which we will “push down” the embedding ¢ so
as to “fit in” the element m. (So, if f;m, = 1 this construction does not yield an embedding
of T+, which agrees with u(f)B(f) = 0 for fu, = 1.) Define ¥(1) to be ¢(1) and define
1(m) to be any element in level f(I) — ¢ that is below ¢(l). Once this choice is made 1 is
then determined. Consider the copy of T} (=% that is the down-set of 1(m). By the choice
of i, this has at least as many levels as T, so just considering the top f(I) — fiin + 1 levels,
we have a copy of Ty. Then, for all x € T,+ with x # [, m, define ¢(z) to be the element
in this copy of Ty that corresponds to the element ¢(x) in the original 7. Since for each
i we have a choice of p* elements for 1(m), the total number of distinct embeddings this
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construction yields for a particular ¢ that corresponds to f is

fmin

) fmin _ 1
dop =t 1=00)
i=1

Since there are p(f) distinct embeddings that correspond to f, this construction yields
> rern 1(f)B(f) distinct embeddings of Ty+ into TH' that map [ to an element in level k
or k+ 1.

Since each embedding of T,+ into Tf“ that maps [ to level k or k+1 can be converted
to an embedding of T} into Tlf“ that maps [ to level k& or £ + 1 by reversing the above
construction, we have that the total number of embeddings of T+ into ij“ that map [ to
an element in level k or k + 1 is exactly > ¢z p(f)B(f). Therefore, >~ ;v u(f)B(f) =

pdi + di1 and Y7, pu(f)a(f)B(f) = drr1. So, applying Theorem 9 gives cii1(pdi +
di+1) < (pck + Cgy1)diy1 which is equivalent to the inequality dy/ck < dgy1/Cri1-

So, we have two increasing sequences (by/ay) and (di/cg) for k =1,...,n. We need to
apply Theorem 9 once more to a very simple lattice, namely the n-element chain, [n]. A
chain is obviously a distributive lattice, and moreover any function yu is log-supermodular,
since {k,k'} = {kANK kVE'} for all k, k' € [n]. Define p(k) = apcy, define a(k) = by /ag,
and define B(k) = di/cx. Then o and [ are increasing on [n], and applying Theorem 9

gives
k=1 k=1 k=1 k=1

But Y ,_, axcy is the total number of embeddings of T} into T, »» as we split 77 into T
and Tj,. Similarly, > 7' | axdy is the total number of embeddings of T3 into T, as we split
T, into T; and Ty+. Since by only counts those embeddings counted by a; that also map
the root of T} to 1,, we have that 22:1 brck 1s the number of embeddings of T into T}
that map the root of T to 1,, and > ;_, bydy is the number of embeddings of 75 into s
that map the root of T5 to 1,,.

Therefore equation (20) becomes

AR (CE () < CF () AE) (n)

e

as required. O

Note that the proof is similar in its approach to the original proof by Kubicki, Lehel
and Morayne, however in the set-up where we can apply the FKG-inequality we can view
this result as one of many possible correlation inequalities on the lattice F(n;T), for T
some binary tree. Informally, in the proof of Theorem 12 we first show that the events “the
root of 7; is mapped to a high level of T and “the element [ is mapped to a high level
of T} are positively correlated on the lattice F(n;T;). We then show that in the lattice
F(k; Ty) having “l mapped to a high level of Tzf” means “the number of ways to embed an
extra element” increases. We combine these correlations to show that if the root of T; is
embedded “higher up” in 77, then there are more embeddings of an extra element into T}
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We can use the lattice F(n; T) and the function p and other pairs of increasing functions
on F, to find other correlation inequalities. For example, we have the following result, which
informally says that for any binary tree T" and any two elements x,y in T, the events “x
is mapped to a high level of 7' and “y is mapped to a high level of T are positively
correlated.

Theorem 13. For any binary tree T', and any elements x,y € T, and for any k and | with
1 <k, l <n, we have
Ek+11)  Ek+1,01+1)
E(k,) E(k,1+1)
where E(i,j) is the number of embeddings of T into T that map x into level i, and y into
level j.

<

Proof. Consider the sublattice " of F(n;T) defined by F' = {f € F(n;T) : f(z) =
k,k+1and f(y) =1,14+ 1}. We take p to be our log-supermodular function as described
above, so that 3 .z p(f) is exactly E(k,l) + E(k + 1,1) + E(k,l + 1) + E(k + 1,1 + 1).
Define a(f) = I{f(x) = k + 1} as the indicator of the event f(z) = k + 1, and define
B(f) = I{f(y) = [ + 1} as the indicator of the event f(y) = [+ 1. Both a and 3 are
increasing on F’ and so we can apply Theorem 9. This gives the inequality

{E(k+1L,))+ Ek+1LI+1D)}{EkI+1)+Ek+11+1)}
<{Ek)+EEk+1L)+EFkI+1)+EkL+1LI+1)}EE+11+1)

which is equivalent to the required inequality. O

This statement is not true if T" is allowed to be arbitrary, as illustrated by the following
example. Let T" be a tree with 4 elements, the root x and its three lowers covers 1, x5, x3.
Suppose we are embedding 7" into 7%, the complete binary tree on 4 levels. We can calculate
the different number of embeddings that map the elements x; and z5 into particular levels.
There are 12 embeddings that map z; to level 3 and x5 to level 2, there are 32 embeddings
that map z; to level 3 and x5 to level 1, there are 76 embeddings that map z; to level 2
and x5 to level 2 and there are 184 embeddings that map x; to level 2 and x5 to level 1.
So, if we consider a uniform probability distribution over all embeddings of T" into T™, we
have that the conditional probability that an embedding maps x5 into level 2, given that
it maps x5 into either level 1 or 2 and maps z; into level 3, is 12/32 = 3/8. However, the
conditional probability that an embedding maps z» into level 2, given that it maps x5 into
either level 1 or 2 and maps z; into level 2, is 76/184 = 19/46 which is greater than 3/8.
In other words, it is more likely for x5 to be in the higher of the two levels 1 and 2, if x4
is in the lower of the two levels 2 and 3. This is still true for embeddings of T into T}j1 for
p > 2. This means that we are unable to use this approach even for embeddings of p-ary
trees into the complete p-ary tree.

In this sense the case of T being binary is special. For arbitrary 7" we cannot define a log-
supermodular function p on F(n;T') so that 3z, #(f) is the number of embeddings
of T"into T}'. However, we can look at other types of mapping from 7" into 77", for example
strict order-preserving maps. In this case, the situation is very much simplified; as we
have seen in the proof of Theorem 12 the function gy, which counts the number of strict
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order-preserving maps, is log-supermodular on F. Moreover, if we allow T to be arbitrary,
the function p; still counts the number of strict order-preserving maps. This is essentially
because a strict order-preserving map only needs to preserve edges and not incomparability
between elements. Therefore we can generalise the correlation inequalities for embeddings
of binary trees to correlation inequalities for strict-order preserving maps of arbitrary trees.

For example, if we define flg? ) (n) to be the number of strict order-preserving maps of T’
into 7}' that map the root of T to 1,, and define C’gpp)(n) to be the total number of strict
order-preserving maps of 7' into 7', then we have the following result, corresponding to
the inequality of Theorem 12.

Theorem 14. If T\ and Ty are trees such that Ty contains a subposet isomorphic to Ti,
then

Proof. We follow through the proof of Theorem 12, making the following necessary changes
for strict order-preserving maps of arbitrary trees.

Firstly, note that we can define a distributive lattice of level functions F(n;7T") when
T is an arbitrary tree. We take p; as our log-supermodular function. This satisfies log-
supermodularity with equality (as noted in the proof of Theorem 12). Also, for any tree
T, the sum ) feFmT) p1(f) is the number of strict order-preserving maps of 7" into T}, as
explained above.

If we define G to be the number of strict order-preserving maps of 7; into 7' that map

[ to an element of level k, and define by, to be the number of strict order-preserving maps
of T; into T}' that map [ to an element of level £ and map the root of T; to the root 1,,
then - .

!

~ ~ )
Qg Ar+1

as in the proof of Theorem 12.

Now when comparing the trees Tj, T+, define ¢, to be the number of strict order-
preserving maps of Tj into T]f that map [ to 1, and define dj, to be the number of strict
order-preserving maps of T,+ into TI? that map [ to 1. Whereas in the proof of Theorem
12 we had two cases to consider, here we just need that m is the lower cover of [ in T+,
where [ is the root of Tj+.

We use a similar construction to the one in the proof of Theorem 12 when considering
case (b). However, since we are counting strict order-preserving maps and not embeddings,
we can position m as if it were the only lower cover of [. Let D(m) be the elements in T}
that are below m in the tree Ty+. Define fy, = minge pam) f(2), unless D(m) is empty,
in which case let fim = f(I). Define 3(f) = (p/~» —1)/(p — 1) — 1. We have that
each strict order-preserving map of 7T, into Tlf*l that corresponds to f yields 3(f) strict
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order-preserving maps of T,+ into Tf“, and so applying Theorem 9 yields

Finally, the last part of the proof is identical to the proof of Theorem 12 and we have
AR )P (n) < CF) () A (n)
as required. N

As with embeddings of binary trees, by applying the FKG-inequality to different increas-
ing functions, versions of this proof can be used to establish other correlation inequalities
for strict order-preserving maps of arbitrary trees into the complete p-ary tree.
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