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Throughout this paper, G is a connected plane graph with vertex set Vi, edge set Eg, and
face set Fz. In what follows, G can have multiple edges but no loops, while a simple graph
has no multiple edges. The degree of a vertex v, denoted by dg(v), is the number of edges
incident with v. The degree of a face f, denoted by dg(f), is the number of vertices incident
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with f. We use Ag and Af, to denote the mazimum vertex degree and mazimum face degree
of GG, respectively.

For a cycle C we denote the sets of vertices of G lying strictly inside C' and strictly out-
side C' by Intg(C) and Extg(C), respectively. We say C is a separating cycle if both Intg(C)
and Ertg(C) are not empty.

A cyclic colouring of a plane graph is a vertex colouring such that two different vertices
incident with the same face receive distinct colours. The minimum number of colours needed for
a cyclic colouring, the cyclic chromatic number, is denoted by xg. This concept was introduced
by Ore and Plummer [3].

In the remainder the subscript G will often be omitted when it is clear what graph we are
dealing with. And instead of, say, “an edge incident with a face” or “a face incident with a
vertex”, we will sometimes write “an edge of a face” or “a face of a vertex”.

It is obvious that a cyclic colouring of a 2-connected plane graph requires at least A* colours.
Note that the following plane graphs has x¢ = L% A*|: Take disjoint triangles xjzox3, y1y2y3
and join each z; with y; by a path whose all internal vertices have degree 2, where one path has
length [$ A*] — 1, while the other two have length [ A*| —1. It is conjectured (see Jensen and
Toft [2], page 37) that any plane graph G has x¢ < L% A*|. Clearly, this bound, if true, would
be best possible. Ore and Plummer [3] proved that x¢ < 2 A* which bound was improved to
|2 A*| by Borodin, Sanders and Zhao [1], and to [3 A*] by Sanders and Zhao [4].

In this paper we prove a bound for the cyclic chromatic number that depends on A* and the
following easily computable parameter of the graph. For a face f in a plane graph G, let V(f)
be the set of vertices of f. Let k& (or just £*) be the maximum number of vertices that two
faces of G can have in common :

ki = max{|Va(f1) N Va(f)l | f1, f2 € Fa, fL # f2 }-

Our main result is the following.

Theorem 1.1. Every connected plane graph G has
Xa < max{ Ay +3k;+2, AL+ 14, 3k +6, 18}.

Observe that for graphs with small enough £* the bound of Theorem 1.1 is better than any
general bound depending on A* only. No serious attempt has been made by the authors to
make the additive constants in Theorem 1.1 as small as possible. It seems very likely that our
proof method plus some extra detail analysis of special cases can provide smaller values for these
constants. However, we do not see how to improve the constant 3 in front of £*. We suggest the
following conjecture, which if true is best possible.

Conjecture 1.2. Every plane graph G with Ay, and k(, large enough has a cyclic colouring
with A, + kf, colours.



In particular this conjecture implies x¢ < {% AL if AZ is large enough.

In the next section we give some further definitions and prove an auxiliary structural result.
The proof of Theorem 1.1 itself can be found in Section 3.

2 Definitions and structural result

Throughout this section let 5 > 4 be an integer and G a simple 2-connected plane graph.

By a triangle we mean a face of degree three; an S-face (“small face”) is a face of degree
between 4 and  — 1, while a B-face (“big face”) is a face of degree at least 3. A BB-edge is an
edge incident with two B-faces; BS-edges (“S” for small) and BT-edges (“T” for triangle) are
defined analogously.

A d-vertex is a vertex of degree d. A BBB-vertex is a 3-vertex incident with three B-faces.
A vertex is called good if it is either a 3-vertex incident with a triangle and two B-faces, or
a 4-vertex incident with two nonadjacent triangles and two B-faces. A triangle is good if it is
incident with three good vertices.

We next classify the vertices and edges of G incident with B-faces. An edge is called regular
if it is a BB-edge, and separating if it is a BS- or BT-edge. A vertex is regular if it is a good
4-vertex, or a 2-vertex incident with two B-faces; otherwise a vertex is separating. Observe that
if G # C,,, then every B-face of G has at least one separating element ( vertex or edge ).

To describe the boundary of a B-face f, we define a maximal regular path of f to be a single
good 4-vertex of f, or a maximal path P = viejvoes - vp_1ep_1vp, £ > 2, on the boundary of f
such that every edge e; and every internal vertex vs,...,vy_1 is regular. By this definition each
maximal regular path joins two B-faces in G.

A path S = vieqvoes - - - vp_1ep_1vp, £ > 1, on the boundary of a B-face f is called a mazimal
separating path of f (or just a separator) if S is maximal with the property that every edge e;
and every internal vertex wvs,...,vy_1 is separating. If £ = 1, then S is just one separating
vertex incident with two regular edges of f. It is easy to see that each edge of f belongs to
a unique separator or maximal regular path of f, and each end vertex of a separator S is a
separating vertex or a good 4-vertex. Note that if a B-face f has at least one regular element
on its boundary, then each separator of f separates two maximal regular paths of f.

A separator S is called good if S is a single BBB-vertex, or S contains an edge of a good
triangle adjacent to f. From the definitions above it follows that each good separator has at most
one edge. A maximal regular path of f is called good if it is bounded by two good separators
(by edges of two good triangles if P is formed by one good 4-vertex ).

We say that a B-face f with at least one regular vertex or edge on its boundary has dimen-
sion dim(f) =m > 1if f is incident with exactly m maximal regular paths (and m separators ).
We set dim(f) = 0 if f has no separating vertex or edge (and hence G = C,, ). A B-face f
is admissible if it is incident with at least one good vertex or regular 2-vertex. An admissible
B-face f of dimension 5 is called critical if it has at least 4 good separators and each separator
of f has at most one edge.



We are now ready to give the main structural result.

Theorem 2.1. Let 8 > 8 be an integer and GG a 2-connected plane graph. Then G has at least

one of the following configurations :

(a) two adjacent triangles;

(b) a vertex of degree at most 4 incident with at most one B-face;

(c) an admissible B-face of dimension at most 4 incident with at most 5 separating edges;

(d) two B-faces f1, fo joined by a good maximal regular path Pio = viey---ey_1vy, where fi
is critical, dim(f2) < 6, and fo has at most 4 separating edges that are not incident with
V1, Vp.

Proof. We first show that it suffices to prove Theorem 2.1 for plane graphs without good
4-vertices. Let G be an arbitrary 2-connected plane graph. We form a new graph G; by
replacing each good 4-vertex v in G incident with triangles vxry and vzt by a pair of good
3-vertices v1, vo, where vy is adjacent to vo, x, y, while vy is adjacent to vy, z,t. By this definition,
(51 is 2-connected and has the same set of triangles, B-faces, S-faces and separating edges as G.
Moreover, for every B-face f we have dimg(f) = dimg, (f). Observe that every good element
(vertex, triangle, separator or regular path) of G corresponds to a good element (or a pair of
good elements ) of the same type in G;. It follows that if some claim of Theorem 2.1 holds for G
then it is also valid for G.

So assume that 0 > 8 is an integer and G is a counterexample to Theorem 2.1 without good
4-vertices. Clearly, G is a 2-connected plane graph. We next establish the following properties
of G:

(1) G has no adjacent triangles;

(2) d¢ > 2;

(3) every vertex of degree at most 4 is incident with at least two B-faces;

(4) every 2-vertex is regular;

(5) every 3-vertex is either a good vertex, a BBB-vertex, or is incident with two B-faces and

one S-face;

6) G has no good 4-vertex;

') every 4-vertex is incident with at most one triangle;

) every d-vertex, d > 5, is incident with at most |d/2] triangles;

8) an admissible B-face of dimension at most 4 has at least 6 separating edges;

) every two separators of a B-face are vertex-disjoint;

10) if a critical B-face f; is joined through a good regular path Pio = viej---ep_q1vp with
another B-face fo, then dim(f2) > 7 or fo has at least 5 separating edges that are not
incident with vy, vy.

Claims (1), (3), (6), (8), (10) are directly implied by the assumptions made and the fact that G
fails to satisfy any of (a)—(d) in Theorem 2.1; (2) follows from the 2-connectedness of Gj



(4) and (5) are consequences of (3); while (6") follows from (1), (3) and (6). Claims (7) and (9)
follow from (1) and (6), respectively.

Euler’s Formula |Vg| — |Eg| + |Fg| = 2 for G can be rewritten as

S @) -4 = Y m) = -,

rzeVaUFg rzeVaUFg

where pi(x) = d(z) — 4 is called the initial charge of an element (vertex or face) z. By (2),
only triangles and vertices of degree 2 and 3 have negative initial charge.

We next redistribute initial charges according to the following rules:
(R1) A 2-vertex receives 1 from each incident B-face.

(R2) Let v be a 3-vertex incident only with B- and S-faces. Then v receives 1/3 from each
incident B-face if v is a BBB-vertex, and 1/2 from each incident B-face if v is incident
with exactly two B-faces.

(R3) Let v be a good 3-vertex incident with a triangle vzrjxzy and B-faces fi = vxy... and
fo=wzo.... I d(x1) =3 and d(x2) > 3, then v receives 1/2 from f; and 5/6 from fo. If
d(z1) = d(ze) = 3 or d(x;) > 3, i = 1,2, then v receives 2/3 from both f; and f.

(R4) Let v be a 4-vertex incident with a triangle 7' and (nontriangular) faces f1, fo and f3
in a cyclic order. Then v receives 1/6 from both f; and f3 if f; and f3 are B-faces, or v
receives 1/6 from f; and fy if f3 is an S-face and (hence) f; and fy are B-faces.

(R5) A triangle receives 1/3 from each incident vertex.
(R6) Let v be a vertex of degree at least 5 incident with a triangle T;, a B-face f and a
triangle T5 in a cyclic order. Then v gives 1/3 to f.

Denote the resulting charge of an element = € Vg U F; after applying rules (R1)—(R6) by ua(x).
Because we always move charge from one element to another,

Yo ope(r) = > mlr) = -8

zeVgUFg zeVoUFg

We next check that all vertices and most faces of G have a non-negative charge ps. First
consider vertices.

Lemma 2.2. Every v € Vg has pa(v) > 0.

Proof. Ifd(v) <4, then by (2)—(6") and (R1) - (R5), we have us(v) = 0. If v is a 5-vertex, then
by (7) and (R5) - (R6), v gives 1/3 to at most two triangles and at most one B-face. Therefore,
in this case we have ps(v) > 1—-2x1/3—1/3 = 0. Finally, if d(v) > 6, then v sends at most 1/3
to each incident face by (R5)—(R6). Hence, us(v) > d(v) —4 —d(v) x 1/3 =2 (d(v) —6)/3 > 0.

g



We now start looking at the faces. If T' is a triangle, then by (R5), u2(7) = —-1+3 x1/3 = 0.
Note that an S-face never sends or receives charge by any rule (R1)—(R6). Therefore, for any
such face f we have ps(f) = p1(f) > 0. This implies the following property.

Lemma 2.3. If f € Fg is a triangle or an S-face, then us(f) > 0.

So we are left with B-faces. By c¢¢(v) denote the amount of charge that a B-face f gives to one

of its vertices v by rules (R1)—(R4) (it may happen that c¢f(v) = 0), and set cf(v) = —1/3 if f

receives 1/3 from v by (R6). We say that a B-face f saves charge scf(v) = 1 — cf(v) on its

vertex v. It follows from (R1) - (R4) and (R6) that scy(v) = 0 if and only if d(v) = 2 (i.e., vis a

regular vertex ), and scg(v) > 1/6 otherwise (and then v is a separating vertex ). Furthermore,

scp(v) > 5/6 if d(v) > 4, and scy(v) > 1if d(v) > 5. If S =wiejva---eg_1vp is a separator of f
l

then we say that f saves charge scf(S) = > scy(v;) on S. Note that by (9), any two separators
i=1

of f are vertex disjoint, so if v is a separating vertex of f, then sc¢(v) is counted in exactly one
scy(S). Because of (6) this implies

pa(f) =Y scp(Si) — 4, (*)
i=1
where m = dim(f) and Si,...,S,, are the separators of f. In particular, us(f) > 0 iff f saves
the total of at least 4 on its separators.

The next claim determines the amount of charge that a B-face can save on its separator.

Proposition 2.4. Let S =viejva---ep_q1vp, £ > 1, be a separator of a B-face f.
(a) If S is good, then scy(S) = 2/3.

(b) If S is not good, then sc¢(S) > 1.

(c) If2 <i<{—1, then scs(v;) > 5/6.

(d) If ¢ =3, then scy(S) > 3/2.

(e) If¢ >4, then scy(S) > (54 —8)/6.

Proof. (a) This part follows from (R2) and (R3).

(b) Suppose S is not good. Let v; be a vertex of S, and let u,w be the neighbours of v; on
the boundary of f. Rules (R2) - (R4) show that if c¢f(v;) > 0, then at least one edge v;u or v;w
is incident with a non-B-face in G. In this case S extends to either u or w, and hence ¢ > 2.
Therefore, if £ =1 and S = {v1}, then ¢f(v1) <0, while sc¢(S) = scp(v1) > 1.

So assume that ¢ > 2 and wv;v;11 is an edge of S. If vv;41 is a BS-edge, then by (R2)
and (R4) we have scy(v;) > 1/2, scp(vig1) > 1/2, and hence scy(S) > 1. So we are left with
the case when v;v;41 is a BT-edge and sc¢(v;) < 1/2. The last inequality, in particular, implies
d(v;) = 3. Since S is not a good separator, applying (R3) to v; shows that d(v;+1) > 3. Finally
we get sc¢(S) > scp(vi) + scp(vig1) > 1/6+5/6 = 1.



(c) Since v;—1v;, v;v;+1 are non-BB-edges, it follows that v; is incident with at least two
non-B-faces in G. Taking into account (3), this implies that d(v;) > 4 and sc¢(v;) > 5/6.

(d) If both vivy and vyv3 are BS-edges, then by (R2) and (R4) we have scf(vi) > 1/2,
scf(ve) =1, and scy(vg) > 1/2, which implies that scp(S) > 1/24+141/2 > 3/2. If vivy is a
BS-edge while vov3 is a BT-edge, then it follows from (R2), (R4) and (c) that scy(vi) > 1/2,
scf(vg) > 5/6, and scy(vs) > 1/6. Thus scy(S) > 3/2. Finally, assume that both v;_1v;
and v;v;+1 are BT-edges. In this case (3) and (6) show that d(v;) > 5, so by (R6) we have
scf(ve) = 4/3. This gives scp(S) > 1/64+4/3+1/6 > 3/2.

(e) Applying (c) yields scf(S) > (¢ —2) x5/6+2x1/6 = (5( — 8)/6. O

We are now ready to describe the faces of G with a negative charge ps.

Lemma 2.5. Let f € Fg be a face with pa(f) < 0. Then f is a critical B-face and one of the
following statements holds :

(a) pa2(f) =—2/3, and f has five good separators;

(b) na2(f) > —1/3, and f has exactly four good separators.

Proof. By Lemma 2.3, f is a B-face. Assume that f is not admissible. Then according
to (R2), (R4), and (R6), f gives at most 1/2 to each incident vertex. This implies pa(f) >
d(f)—4—4d(f)/2=(d(f) —8)/2 > 0, a contradiction.

Denote the number of vertices in the longest separator of f by ¢. If dim(f) =1 or f has no
regular edge, then £ > 7 by (8). Using (*) and Proposition 2.4 (c) gives pa(f) = scy(S) —4 >
(5-7-8)/6—4=1/2>0.

Let dim(f) = m > 2, and let Si,...,S,, be the separators of f. W.l.o.g., we can assume
that Sp has ¢ vertices. First consider the case m = 2. Claim (8) shows that ¢ > 4. If ¢ > 6, then
by (*) and Proposition 2.4 (a), (b), (e), we have ua(f) = scy(S1) + scp(S2) —4 > (5-6 —8)/6 +
2/3—-4=1/3>0. If ¢ =5, then Sy has at least three vertices due to (8). Applying (*) and
Proposition 2.4 (d), (e) yields pa(f) > (5-5—8)/6 +3/2—-4=1/3 > 0. Finally, if £/ = 4, then
both S; and S have four vertices by (8), and hence ua(f) >2x (5-4—-8)/6 —4=0.

Suppose m = 3. It follows from (8) that ¢ > 3, and if £ = 3, then each separator of f has
three vertices. If this is the case, then () and Proposition 2.4 (d) imply that pa(f) = 3x3/2—4 =
1/2 > 0. If £ = 4, then claim (8) shows that either Sy or S3 has at least three vertices. Using (x)
and Proposition 2.4, we obtain pua(f) > (5-4—-8)/6+3/2+2/3—-4=1/6 > 0. If £ > 5, then
from (*) and Proposition 2.4 (a), (b), (e) we get p2(f) > (5-5—8)/6 +2x2/3—-4=1/6 > 0.

Let m = 4. Again from (8) we obtain £ > 3. If £ > 4, then pa(z) > (5-4—8)/6+3%x2/3—4 =0
due to (x) and Proposition 2.4. If £ = 3, then, by (8), f has at least two separators with three
vertices. Thus pua(f) >2x3/2+2x2/3—-4=1/3>0.

If m > 6, then pa(f) > 6 x2/3—4=0 by (*) and Proposition 2.4 (a), (b).

Finally we come to the conclusion that m = 5. If £ > 3, then from (%) and Proposition 2.4
we get pa(f) > 3/2+4x2/3—4=1/6 > 0. Hence each separator of f has at most one
edge. If f has at most three good separators, then ua(f) >3 x2/3+2-1—4 =0 by (*) and



Proposition 2.4 (a), (b). So either f has five good separators and then us(f) = 5x2/3—4 = —2/3
by Proposition 2.4 (a), or f has exactly four good separators and uo(f) > 4x2/3+1—4=-1/3
due to Proposition 2.4 (a), (b). Clearly, in the first case we have the situation of claim (a), while
the second implies (b). O

From now on, for a critical B-face we say that it is either of type (a) or of type (b), according to
Lemma 2.5. We see that a critical face of type (a) has five good regular paths, while a critical
face of type (b) has three good regular paths. From (10) we know that every good regular
path of a critical face f joins f with another B-face having specific properties. At this point we
introduce another rule of charge distribution :

(RT7) Let f1 be a critical B-face joined through a good regular path with another B-face fa.
Then fo gives 1/6 to fi.

Denote the resultant charge of an element (vertex or face) x after applying rules (R1)—(R7)

by ps(x). Clearly, > ps(x) = —8. The final contradiction in proving Theorem 2.1 now
ze€VaUFg
follows from the following lemma.

Lemma 2.6. Every x € Vg U Fg has ug(x) > 0.

Proof. Since (R7) deals only with specific B-faces described in (10), it follows from the Lem-
mas 2.2, 2.3 and 2.5 that if x € Vg U F is not such a face then ps(z) = pa(x) > 0.

If f is a critical face of type (a), then Lemma 2.5 (a) implies p2(f) = —2/3, and f is incident
with five good regular paths. Applying (R7) gives us(f) = -2/3+5x1/6=1/6 >0. If fisa
critical face of type (b), then Lemma 2.5 (b) shows that pa(f) > —1/3, and f is incident with
three good regular paths. In this case, us(f) > —-1/3+3 x1/6 =1/6 > 0.

Suppose f is a B-face which gives charge to at least one critical face fi by (R7). Let P, =
vie - - - eg_1vg be a good regular path between f and f;. It follows from (10) that if dim(f) < 6,
then f has at least five separating edges that are not incident with v1,v,. Since P; is bounded
by two good separators S7, S2 of f and each S; has at most one edge, dim(f) =m > 3. If m > 8,
then, using (x), (R7) and Proposition 2.4 (a), (b), we obtain us(f) >m x2/3—-4—-—m x1/6 =
(m—28)/2>0.

So assume that 3 < m < 7. First we provide a lower bound on pus(f). If m = 7, then
puo(f) >7x2/3—4=2/3, due to (x) and Proposition 2.4 (a), (b). If m < 6, then by (10) there
are at least five edges in the separators of f other than S; and S3. Direct calculations similar to
those in proving Lemma 2.5 combined with (x) and Proposition 2.4 show that ua(f) > 1if m = 3,
w2(f) > 5/6 if m € {4,6}, and pa(f) > 2/3 if m = 5. This implies uz(f) > 5/6 —4 x 1/6 =
1/6 > 0 if m < 4. Furthermore, in the case 5 < m < 7 we still have p3(f) >2/3—-4x1/6=0
provided that f makes at most four donations of 1/6 by (R7). Since m < 7, it suffices to prove
that it is impossible for f to give charge to three consecutive adjacent B-faces by (R7).

Suppose there are three consecutive good regular paths P;, P>, P3 on the boundary of f
joining f with critical faces fi, f2, f3, respectively. By the definition of a good regular path,



the faces f, f1, fo either have a BBB-vertex in common or are adjacent to a common good
triangle, and the same is true for f, fo, f3. This means that there exist maximal regular paths
Pio, Po3 joining fo with f1, f3, respectively. Since fs is critical, it has a sequence of at least three
consecutive good regular paths on its boundary. In particular, at least one of Pis, Pog must be

good. However, since each of f; is critical and has dimension 5, this contradicts (10). O
|

3 Proof of Theorem 1.1
Throughout this section we fix § = 8. For a plane graph G we set
M¢ = max{ AL +3k& + 2, AG + 14, 3ki, +6, 18 }.

Suppose G is a counterexample to Theorem 1.1 with the fewest edges. Note that if a plane
graph H satisfies A}, < max{A}, 4} and kj; < max{k},4}, then My, < M.

We first prove some structural properties of G and then apply Theorem 2.1 to show that G
cannot exist.

Lemma 3.1. G has no multiple edges.

Proof. Suppose G has edges eq, ea, both joining vertices vy and vs. If the cycle C = viejvoesvy
is not separating, then removing es gives a graph H with fewer edges than G' and with A} = A7,
ki = k¢,. By the minimality of G, this H has a cyclic colouring with at most M}, = M, colours.
This colouring of H is also a cyclic colouring of G with M, colours, a contradiction.

Now assume that C' is separating. Denote the subgraphs of G induced by C' U Int(C') and
C U Ext(C) by Gy and G, respectively. It is straightforward that Af, < Ag and kg, < kg,
i =1,2. Since both G; and G2 have fewer edges than (G, each of them can be coloured with at
most M, colours. Taking into account that GG; and G2 have only two vertices in common and
each face of G is present either in G or in G5, we can combine the colourings of G1 and G to
produce a cyclic colouring of G using at most M, colours. O

Lemma 3.2. G is 2-connected.

Proof. Suppose G has a pendant block Gy with a cut vertex z. W.l.o.g., we can assume that
the outside face f; of GG1 forms a part of the boundary of the outside face f of G. Let fy be
the outside face of the graph G = G — (G — z). Again we can colour both G; and G2 with at
most M¢ colours. Since M5 > AL+ 12> |Va(f)| + {2z} = [Va(fi)| + [Va(f2)], it is possible to
use different colours for all vertices of the outside faces of G; and (G5 and to use the same colour
for z. So again we can combine the colourings of G; and G4 to produce a colouring of G. O

By Lemmas 3.1 and 3.2, G is a simple 2-connected graph. Hence G must have one of the
configurations described in Theorem 2.1.



Lemma 3.3. G has no adjacent triangles.

Proof. Suppose G has adjacent triangles T} = uvx, To = uvy. Remove the edge uv from G.
The resultant graph H has fewer edges than G and has only one face f = uzvy which is not
in G. Since dy(f) = 4, f has at most four vertices in common with any other face and hence
A} < max{Af, 4} and kj; < max{k},4}. Therefore, H has a cyclic colouring using at most
M7, < M colours, which is also a cyclic colouring of G. O

A cyclic neighbour of a vertex v is a vertex u # v such that there is a face incident with both u
and v. The cyclic degree dg(v) of a vertex v in G is the number of cyclic neighbours of v.

Proposition 3.4. G cannot have a vertex of degree at most 4 and cyclic degree at most M7 —1.

Proof. Suppose v is such a vertex with degree d < 4. Denote the neighbours of v in a cyclic
order by ui,us,...,uq. Form the plane graph H by removing the vertex v and adding edges
ULU, UUZ, - .., UJ_1Ug, Ugu1. By this definition, H has fewer vertices than G and the new
face formed by the edges u;u; 1 has degree at most 4, so A}, < max{Ay, 4}, k; < max{k},4}.
Hence, H has a cyclic colouring using at most M, colours. This also gives a cyclic colouring
of G with at most M colours in which v is not coloured yet. Since dg(v) < Mg — 1, there
is at least one colour not appearing on the cyclic neighbours of v. Hence the colouring can be
extended to a cyclic colouring of G with at most Mg, colours, a contradiction. O

Lemma 3.5. G cannot have a vertex as described in Theorem 2.1 (b).

Proof. The cyclic degree of a vertex v is at most the sum of the degrees of the faces incident
with v subtracted by 2dg(v). Indeed, v itself is counted in each of these face degrees, and
each neighbour of v is counted in at least two of such degrees. Since a non-B-face has degree
at most 7, while a B-face has degree at most A¥, it follows that any vertex v as described in
Theorem 2.1 (b) has dg(v) < 4, which gives d%(v) < AL +3-7—-2-4 =A% +13 < M§ -1,
contradicting Proposition 3.4. O

At this point we know that G must have one of the structures (c), (d) in Theorem 2.1. In order to
show that these options also lead to a contradiction, we do some further analysis of the structure
of B-faces and maximal regular paths of G.

Property 3.6. A maximal regular path of a B-face has at most kf, vertices.
Proof. Indeed, any such path lies on the boundary of two different B-faces. ]

Proposition 3.7. Let v be a 2-vertex or a good vertex incident with a B-face fi of dimen-
sion m. If fi has at most t separating edges on its boundary, then df(v) < A%+ (m — 1) k. +
t—m — 1.
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Proof. Suppose v is incident with a B-face f; of dimension m and f; has at most ¢ separating
edges. By Lemma 3.5, v is also incident with another B-face fo. First observe that every cyclic
neighbour of v is incident with either f; or fs. This is clear if v is a 2-vertex. If v is good, then v
is incident with one or two triangles. However, it follows from the definition of a good vertex
that the vertices of these triangles are also incident with either f; or fs.

By the above, v is a regular vertex or a good 3-vertex and hence belongs to a maximal regular
path P joining fi with fs. Let P,,..., P, be the other maximal regular paths of f;. Denote
the number of separators of fi consisting of a single vertex by my. Since f; has dimension m,
there are exactly ma = m — my separators of f; having at least one edge. Clearly, each end
vertex of a separator is also an end vertex of some regular path. So if a separator consists of a
single vertex x, then z is an end vertex of two regular paths of f;. Hence f; has my vertices that
are covered twice by regular paths. On the other hand, every separator of f; with r > 1 edges
has r — 1 internal vertices that are not covered by regular paths. As fi; has mg such separators
formed by at most ¢ separating edges, the total number of vertices of fi not covered by regular
paths can be at most t — meo.

These arguments, combined with Property 3.6 and the fact that every vertex of P; is incident
with fo, yield

di(v) < dg(f2) =1+ |Va(P)|+ -+ |[Va(Pn)| —m1 +1 —ma
<AG-14+(m—-1)ki{+t—m.

Lemma 3.8. G cannot have a B-face as described in Theorem 2.1 (c).

Proof. Suppose f is such a face. Since f is admissible, it has a vertex v which is either a
regular 2-vertex or a good vertex. Using t = 5, m < 4 and k7, > 2 in Proposition 3.7, we deduce
that d,(v) < AL + 3kE < M — 1, a contradiction with Proposition 3.4. O

Proposition 3.9. A critical B-face cannot have two adjacent BBB-vertices on its boundary.

Proof. Let f be such a face, and let vq,v2 be adjacent BBB-vertices on its boundary. Then
e = v1vg is a BB-edge and P = vj evs is a good regular path of f. An easy analysis as in the
proof of Proposition 3.7 and Lemma 3.8 shows that f is incident with a good or regular vertex v
such that df(v) < AL —1+|Va(P)|+3k5+5—5 = AL +3kE+1 < M — 1. Again we obtain
a contradiction with Proposition 3.4. O

Using Theorem 2.1 and the previous claims in this section, we conclude that G has B-faces f;
and fo as described in Theorem 2.1(d). In particular, f; is a critical B-face joined with fo
through a good regular path Pio = viey ---ey_qvy. The definition of a good regular path shows
that there is a unique B-face f3 & {fi, fo} incident with vy if v is a BBB-vertex, or with the
good triangle incident with v if v1 is a good vertex. Similarly, at the other end of the path Pjo
we can find a unique B-face f;.
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By the definition of a good separator there exists a maximal regular path P;3 which joins f;
with f3 and starts at the vertex ai3 which can be vy or a vertex of a good triangle incident
with v1. Let bi3 be the other end vertex of Pj3 (and hence we have aj3 = by3 if the path is just
one good 4-vertex ). Similarly, we can find a maximal regular path Py4 between f; and f4 with
end vertices a4, b14, a maximal regular path Pa3 between fo and f3 with end vertices aos, bog,
and a maximal regular path P4 between fo and f; with end vertices aoq, bog.

Note that if a13 # v1, then a3 is a good vertex, and hence all its cyclic neighbours are in
Va(f1) U Ve(f3). The same holds for any internal vertex of Pi3, if such a vertex exists, and for
the other paths too.

Put X = Va(Pi2), Y3 = Va(Pis) \ (X U{bis}), W3 = Va(Pa3) \ (X U {bas}), Ya = Vi (Pra) \
(XU{b14}), and Wy = Vig(Pas)\ (X U{b24}). From Proposition 3.9 it follows that there is a vertex
x € X which is either regular or good. Therefore, the face fy is admissible, and Lemma 3.8
shows that dim(f2) > 3. Although X is not empty, any of Y3, W3, Yy, W, may be empty. Also,
since both f; and fy have dimension at least three, all these sets are disjoint. Finally, from the
previous paragraph we obtain that all vertices in Y3 have cyclic neighbours in Vg (f1) U Via(fs),
and similarly for W3, Yy, Wy.

Let the neighbours of the vertex = be wuq,uo,...,uq in a cyclic order. We form the plane
graph H by removing the vertex z and adding edges ujusg, ugus, ..., ug_1uq4, uqui. Then H
has fewer vertices than G. Also, the new face formed by the edges u;u;11 has degree at most
four and hence has at most four vertices in common with any other face. This means that
A} < max{AF,4} and k}; < max{k},4}. So H has a cyclic colouring using at most M
colours. This also gives a cyclic colouring of G with at most M¢, colours where z is not coloured
yet.

Proposition 3.10. There exist vertices in Y3 and in Y4 whose colours do not appear on vertices
of fo. (In particular, Y3 and Yy are not empty. )

Proof. Suppose all the colours of vertices in Y3 also appear at f. Then the number of colours
appearing on the cyclic neighbours of x is at most

Va(f2)l =1+ Va(f)\ (XUY3)| < AL —143k5+1 < Mg —1.

Here we use that dim(f;) = 5, each separator of f; has at most one edge, and X U Y3 =
Va(Pi2) U Ve (Pi3) \ {bi3} contains all but one of the vertices of two maximal regular paths.
Thus = can be coloured with a colour different from the colours of its cyclic neighbours, a
contradiction.

The same argument works for Y. O
Proposition 3.11. The colour of every vertex in W3 U Wy also appears at fi.

Proof. Suppose there is a vertex ws € W3 whose colour ¢,, does not appear at fi. Then after
removing the colour from ws, we can colour x with ¢,,. Now we can not find a new colour for ws
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only if its cyclic neighbours use all M > Af + 3 k¢, + 2 colours. Since w3 has at most Af, — 1
cyclic neighbours from f3, there is a set C' of at least 3 kf, + 2 colours that appear on vertices in
Ve (f2) \ {z,ws} but not appear at fs.

By Proposition 3.10 there is a vertex y3 € Y3 whose colour ¢, does not appear at fo. So after
removing the colour from y3, we can colour z with ¢,. Exactly as in the previous paragraph
we conclude that there is the same set C of at least 3 k7, + 2 colours appearing on vertices in
Va(f1) \ {z,y3}. Hence, the number of colours used for the cyclic neighbours of x is at most

Va(fo)l =1+ |Va(fi)l —1C| < AL —1+5ki—(Bkim+2) < MG —1.

Thus z can be coloured with a colour different from any of its cyclic neighbours, a contradiction.
The same argument works for Wy. O

By Proposition 3.11, every colour of a vertex in W3 U W, appears at fi. Recall that dim(f3) <6
and fo has at most four separating edges that are not incident with the end vertices of Pis.
Since the colours of the vertices in X U W3 U Wy occur on fi, and since X U W3 U Wy contains
all but two of the vertices of three regular paths of fs, it follows that the maximal number of
colours appearing on cyclic neighbours of x is

Va(fi)l =1+ |Va(fo)) \ (X UWsUWY)| < AG—-1+3ki+4—-4+2 < M;—1.

So again we can find a suitable colour for z, the final contradiction in the proof of Theorem 1.1.
|
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