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Abstract

We describe a family of models of random partial orders, called classical sequential
growth models, and study a specific case, which is the simplest interesting model,
called a random binary growth model. This model produces a random poset, called
a random binary order, Bs, on the vertex set N by considering each vertex n > 2
in turn and placing it above 2 vertices chosen uniformly at random from the set
{0,...,n— 1} (with additional relations added to ensure transitivity). We show that
By has infinite dimension, almost surely. Using the differential equation method of
Wormald, we can closely approximate the size of the up-set of an arbitrary vertex.
We give an upper bound on the largest vertex incomparable with vertex n, which is
polynomial in n, and using this bound we provide an example of a poset P, such that
there is a positive probability that Bs does not contain P.

1 Introduction

A random binary growth model is a specific case from a family of models of random partial
orders, called classical sequential growth models, introduced by Rideout and Sorkin [7]. Each
model is defined on the (labelled) vertex set N, which we will always take to include 0. Any
model can be restricted to [n] = {0,1,2,...,n} and regarded as a model of random finite
posets. The model starts with a poset of one element (labelled 0), and grows in stages. At
stage n = 1,2,..., vertex n is added to the existing poset, P,_1, by placing n above some



choice of vertices of P, 1. The poset P, is defined as the transitive closure of the existing
and added relations. This is called a transition from P,_; to P,, written P,_; — P,.
The models are random, so each transition occurs with some probability. These transition
probabilities are fixed and depend on the particular model. Let P(P,_; — PB,) denote the
probability of transition P, ; — P, occurring.

Rideout and Sorkin then impose four conditions on this model with the aim of giving the
model physical meaning. They call these conditions: internal temporality, discrete general
covariance, Bell causality and Markov sum. The first and last conditions are implicit in
the mathematical approach to random partial orders, namely that the labelling of a poset
is natural (can be extended to the < order on the natural numbers), and that the model is
indeed “random” (at each stage n and for any fixed P,_; the sum of probabilities over all
possible transitions P,_; — P, must be equal to 1). Discrete general covariance states that
the probability of producing a particular poset should not depend on the labelling of the
poset, that is, given two different sequences of transitions, (P, — Pi11) and (Q; — Qit1)
which produce the isomorphic posets P, and @),,, the products

n—1 n—1
[[B(F = Pir) and [IPQ — Qisn)
i=0 1=0

must be equal. So, for example, discrete general covariance immediately implies that
any two transitions from P, _; to isomorphic posets P, and P, have the same transition
probability P(P,_y — P,) = P(P,_1 — P.). Bell causality is a condition on ratios of
transition probabilities.! Given a particular poset P, and any two transitions P — P’, P —
P"” which add the new element n, let S be the set of all elements which are incomparable
with n in both P’ and P”. Let @ be the poset formed from P by removing all the elements
of S (and obsolete relations), and define @' and Q" similarly. Then, Bell causality states

that
P(P—P) PQ—Q)

P(P N P”) - P(Q N Q//)’
the idea being that, since the new element is not placed above any of the elements of S
in either transition, the presence of the set S should not affect the ratio of the transition
probabilities.

A particular model is specified by a sequence t = (¢, t1,...) of non-negative constants.
The random poset is defined as the transitive closure of a directed random graph Gy on
N in which all arcs go from a lower numbered vertex to a higher. The arcs are selected
sequentially, considering each vertex n in turn and choosing the set D,, C [n — 1] of vertices
sending an arc to n; the probability that D, is equal to a set D being proportional to #pj,

so that
tip|

>0 (Nt

A model defined according to this description is called a classical sequential growth

P(D, = D) =

! Actually, to avoid problems with division by zero we can think of the condition as an identity of
products of probabilities.



model. Rideout and Sorkin show that these models are the only ‘generic’ models? satisfying
their conditions. It is an easy exercise to check that these models do indeed satisfy the four
conditions; for example, the internal temporality and Markov sum conditions are immediate
as explained earlier.

The family of classical sequential growth models also contains models of random graph
orders. A random graph order P, , is defined as follows. The ground set of P,, is the
set {0,1,...,n — 1}. For each pair of vertices i < j the relation (7, j) is introduced with
probability p. The poset P, , is then the transitive closure of these relations. Random graph
orders were introduced by Albert and Frieze [1] and have been studied further by Bollobas
and Brightwell [2, 3, 4] and Simon, Crippa and Collenberg [8]. The area is covered in
the survey of random partial orders by Brightwell [5]. A classical sequential growth model
defined by sequence t where t; = t* for all i, and t = p/(1—p), will after stage n—1 produce
a random graph order P, .

In this paper, we concentrate on the model where the sequence t is (0,0, 1,0,...), i.e.,
where all ¢; are zero except to. This means that |D,,| = 2 for each vertex n. We say that n
selects the two vertices in D,,. So, in this model each vertex n selects two vertices chosen
uniformly at random from the set [n — 1]. We assume that we start with the vertices 0
and 1 incomparable with probability 1 and then add vertices n = 2,3, ... according to the
model. (So, for example, Dy = {0,1} with probability 1.) We call this model a random
binary growth model and call the random poset it produces a random binary order.

This is the simplest interesting model; the model defined by t with #;, non-zero and
t; equal to zero for ¢ > 1 produces an infinite antichain (D,, = () with probability 1, for
all n), and the model defined by t with ¢y, and ¢; non-zero and ¢; equal to zero for i > 2
produces a forest of infinitely many infinite trees, where each vertex is an upper cover of
exactly one other vertex and a lower cover of infinitely many other vertices. These are
called the “dust universe” and “forest universe”, respectively, in [7]. The random binary
growth model is essentially the same as any other model with t3 =, = ... = 0 since for
large n the number of 2-element subsets of [n — 1] is significantly greater than the number
of 1-element subsets and so the probability of n selecting just one vertex (or no vertices) is
very small in comparison to the probability of n selecting two vertices.

We will denote the random binary growth model by By and the random binary order
it produces by By. We write By[n| for the restriction of By to [n] and Bylng,ng| for the
restriction of By to [ny,ns] = {x € N:ny <z < ny}.

The random binary order B, is a sparse order; each vertex n has at most 2 lower covers
since x is a lower cover of n if and only if it is selected by n and is not below the other
vertex y selected by n. This means the Hasse diagram of Bs[n] has at most 2n edges.
Also, as we now show, the expected width of By[n| increases with n. A vertex x in Bs[n|

is maximal if and only if all vertices y = x4+ 1,2+ 2,...,n do not select x, so
. . . - 2 Soy—2 a(z-1)
P(x is maximal in Bs|n|) = || (1——): || =
( " y y  nn-1)

y=z+1 y=z+1

2Rideout and Sorkin use this term to mean that the model has no zero transition probabilities; in this
way they resolved the problem of division by zero in the Bell causality condition.
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and so the expected number of maximal elements is

1 - 1 L,
n(n—l);x@_l):n(n—l) (;x —;x>

B 1 nin+1)2n+1) n(n+1) —(n
—n(n_1)< ) (n+1)/3.

6 2

The maximal elements form an antichain, so the expected width of Bs[n] is at least (n+1)/3.
However, the number of minimal elements is always 2, since only 0 and 1 are minimal.
Moreover, the expected number of minimal elements of By[ny, ns], for ny > 2, is bounded
above by n; as ny tends to infinity. A vertex x in By[ng, no| is minimal if and only if it selects
both vertices from [n; — 1] and the probability of this is (%) /(5) = nmi(nm — 1)/z(z — 1).
Summing over x from n; to ny gives the expected number of minimal elements equal to

ny — n1<n1 — 1)/722

In Section 2 we study the dimension of B,. Since B, is sparse, one might suppose there
to be a relatively simple structure to B;. However, we show this is not the case in so much
as showing that B has infinite dimension, almost surely. Using standard notation (see,
e.g., [10]), we write P(1,2;m) for the subposet of the subset lattice formed by the 1-element
and 2-element subsets of the m-element set {1,...,m} ordered by inclusion. Spencer [9]
proved that the dimension of P(1,2;m) is greater than log, log, m, so we show that By has
infinite dimension, almost surely, by showing it contains a copy of P(1,2;m) as a subposet,
for each m, almost surely. This is done by counting (and bounding the expected number
of) certain “paths” in By (the “paths” in B are exactly the paths in Gy).

In Section 3 we study the sizes of up-sets in By[n| and, related to this, the number
of elements in By incomparable with an arbitrary element. Although B, is sparse, we
show that for all but finitely many r the number of elements incomparable with r is finite.
In particular, this implies that B; does not contain an infinite antichain, almost surely.
Moreover, for any classical sequential growth model defined by sequence t where t; # 0 for
some i > 2, the same result is true, that the random poset produced does not contain an
infinite antichain, almost surely.

We use the differential equation method of Wormald [11, 12] which specifies when and
how a discrete Markov process can be closely approximated by the solution to a related
differential equation. We prove a version of Wormald’s theorem which makes explicit the
errors in the approximation. We use this result to analyse the growth of the up-set of an
arbitrary point. For a fixed point r, write U™ for the set of elements above 7 in the finite
poset By[n]. We can think of “growing the poset” by increasing n. Then |UTM|, which
depends on n, can be considered as a Markov process. Using this “differential equation
method”, we give good estimates on |U7[n]| for particular values of n, and show that there
exists an n = n(r) such that I, C [n]. Here, I, is the set of vertices greater than r which
are incomparable with r. So, for fixed r, there are no vertices greater than n incomparable
to r, and so the number of vertices incomparable with r is finite. We provide two similar
proofs, one giving bounds for a typical r, and one giving bounds for all but finitely many r.

Is the fact that P(1,2,m) is almost surely contained in B, a special case of something
more general? Is it possible, as in the case of random graph orders, that every finite poset is
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contained in By, almost surely? In Section 4 we show that this is not the case. We use our
result from Section 3, that there is an n = n(r) such that for all but finitely many r, there
are no vertices greater than n incomparable with r. So, we know that if two elements in By
have labels with a large enough difference then they must be comparable. We construct a
poset which if contained in By must have two elements whose labels have large difference.
Combining these two results, we provide an example of a poset not contained in By (or
rather, there is a positive probability that By does not contain the poset).

2 B, has infinite dimension

We write P(1,2;m) for the subposet of the subset lattice formed by the 1l-element and
2-element subsets of the set {1,...,m} ordered by inclusion. For a particular vertex r, let

U, be the set of all vertices above r in By and let U,[t] be the set of all vertices above r in
Bs[t]. Denote by Ty the hitting time of the event |U,| = k, i.e., the smallest ¢ such that

]U,[t]| = k, and the waiting time between events |U,| = k — 1 and |U,| = k by Wy, so that
Tyy1 =Tk + Wiy, We include the point r in U, so that 77 = r.

Theorem 1. For every m, there exists a copy of P(1,2;m) in By, almost surely.

Proof. We will prove a stronger result; there is some ry such that the probability of there
being a copy of P(1,2;m) in By[r,2r"/%] is greater than 3/5 for all r > 7. Note that g
depends on m.

Fix m. Throughout, we assume that 7, is sufficiently large and that r > ry. Consider
the points r,7 + 1,..., 7 +m — 1. We attempt to find a copy of P(1,2;m) in which these
are the minimal elements. We have,

7 _6)

2~ >9/10  for rg > 20m”.
=1 ( 2 )

P(r,r 4+ 1,...,7 +m — 1 are incomparable) =

Now grow the poset by adding points up to n = r7/°>. We consider the growth of the
set U,. We calculate the expected waiting time KW}, as follows. Suppose T}, = t, then
since Wy, always takes integer values greater than or equal to 1 we have

00 o j  (t+l-k
EWiyr = 1+ZP(Wk+1 >j) = 1+ZH ( t-2H )

j=1 j=11=1 ( 2 )

and using the inequalities 1 — 2 < e™® and f;ﬂ fla)yde <30 f(j) < f:_l f(z)dz, for f

J=a



decreasing, we have

oo

t+1 2k
=1 — -
()

j=1

i 1
<1+ t+12k/ —dj
<1+ ( )O(t—}-j—}-l)%j
(t+1)% 1

e k1

That is,
T, +1

2k — 1

E(Wi|Tr) <1+

So, we have

ET, +1 2k
ETy 1 = ET, + EWyyy < ET, 1 = ET, + 1 1
k+1 kT EWE S k+(+2k_1> 2k—1( k+ 1), (1)
which by induction on £ gives
ETy1 < (2%/(3))r + 2k. (2)
Using Stirling’s approximation we have
2k+1/2,—2k+1/(24k+1) 2%+1/2,1/(24k+1)
2k > V2 (2k) e > 2 e Cfork > 1,
k (\/%kk+1/2e—k+1/12k)2 \/ﬁkl/zeyﬁk

50 BT}y < J/mel/Ok=1/Q@%E+D /L 4 ok for k > 1. For k > 2, \/mel/0k—1/24%+1) < 9 and
using (2) we have ET, < 2r + 2, so ETy,; < 2rvk + 2k and so

ET, < 2rvVk + 2k. (3)

If we similarly define U,;, Tk(i), W,gi) forr+14,7=1,...,m — 1 and write T,EO) for Ty,

then we have T; l(i) =r + 1, giving equations

(i) 2k i)
BT < 57— 1(ET,§ +1), (4)
BT, < (2%/ (%) (r +1) + 2k, (5)
ETY < 2(r + i)Vk + 2k, (6)



corresponding to equations (1),(2) and (3).

For ro > m we have r +i < r +m < 2r, so (6) becomes
ET\" < 4rvk+2k, i=0,...,m—1.

7/5

So, recalling that n = r"/°, we have

PUM| < 3% = P(Thaa > n) < BTy /n < (4718 4 2034 /275 < 6/7140 < 1/10m
for 7o > (60m)*, and similarly for (U], i=1,...,m — 1.

Therefore, P(all [U™],...,|U T[i]m | >3 > 9/10.

We say a point x selects a pair of sets (X1, Xs) if D, = {x1, 25} for some x; € X; and
IL‘Q € X,, that is, if x selects a point from each set X; and X5. Using the lower bounds on

U, jl we can show that, with high probability, there exist points in Bs[2n] selecting each pair

(Ur[i]l, Uyﬂ]) We might hope for these to form the maximal points of a copy of P(1,2;m),
since for each pair of minimal points r 47,7 4+ j we have a point above both. However, it is
possible for these potential maximal points to be above more than 2 minimal points. We
need to find points above exactly 2 of the minimal points. To do this we need to look at a
subset of U, ,;, namely the set of points above r +4 but not above any other r+ j for j # 1.

For points z,y in B, write U,, for the set of points above both z and y. Consider
the restricted poset Bz [n] and write U;,f;] for the set of points in BQ[ ] above both x and y.
We will show that | s +1| is small in comparison to |U;" [ | and |U, +1‘ Call a sequence of
integers (i;);_, from [r,n] a path if i; selects i;_ in the poset, for j = 2,...,s. So a path
is necessarlly a strictly increasing sequence. We say a path (ZJ)]: is from 11 to ig. Define
a forked path with ends x,y, z and connection point w to be three paths, one from x and
one from y both to w, and a third from w to z (so z,y < w < z), with w the only common
point of the first two paths. Note that we allow the possibility that w = z, in which case
the third path is the single point w = z.

For each point u in UT,TJr1 there must be paths P, from 7 to v and P4 from r + 1 to
w; if we set v = min{j : j is a common point of P, and P,;;} then by taking the subpath
(subsequence of consecutive terms of a path) from r to v (of F,), the subpath from r+1 to
v (of P,41) and the subpath from v to u (of either P. or P,,;) we have a forked path with
ends r, r+1 and u, and connection point v. This forked path is not necessarily unique, since
P, and P,;; are not necessarily unique. Let F'P(r,r 4+ 1,v) be the total number of forked
paths with ends r and r» + 1 and connection point v all fixed, and with arbitrary third end
u, withv <u <n. Let FP(r,r+1) =", FP(r,r+1,v). Then |U, 41| < FP(r,r+1).

is a path in Bs[n] is

Now, the probability that a strictly increasing sequence (ij);:1

P(N5_y(i; selects ij_1)) = [15_,(2/i;), by independence.

We can also calculate the probability that the points {ig, i1, ...,95},90 < i3 < +-- < ig
form two disjoint paths in By[n|, one from iy, the other from 4, as follows. Start with
two sequences A = (ip) and B = (i1), then taking each point i;,7 = 2,...,s in turn make
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it the next term in either sequence A or sequence B. (So, the resulting A and B are
disjoint subsequences of (i;)7_,). The probability that we can make A and B paths is the
probability that at each step ¢; selects one of the current end terms of A or B. For step j
this is at most 4/, so by independence the total probability is less than szz(él/ i;). We
have inequality here because we are over-counting the case where 7; is above both of the
current end terms of A and B.

The expected size of F'P(r,r+1,v) is the sum over all subsets I of [r,n], with r,r+1,v €
I, of the probability that I forms a forked path with ends r,r 4+ 1, max I and connection
point v. This is the probability that I, = {i € I : i < v} forms two disjoint paths from
r and 7 + 1; and v selects the end of both paths; and Is, = {i € I : i > v} forms a path
from v to max I. So, for I = {r,r +1,ia,...,15-1,0, %541, ..., 45ty } With i; increasing and
r+1 <y, is-1 < v < isq this probability is less than Hj;;(ll/z]) x 1/(3) x H;/:l(Q/ierj)-

So the sum over all such subsets I can be written as the following product, since the

individual terms of the expanded product correspond exactly to the required probabilities
for all subsets I,

EFP(r,r+1,v) < H ( _)é ﬁ (1+2)

i=r+2

1
< exp { } eXp {2 —,}
1=r+2 i=v+1 t

= (::) o(o—1) <U)

o2n?
<

= "
r4

using the inequalities 1 + x < e” and ZZ (1) < fa  f(x)dx for f decreasing, so in
particular Zi:a 1/i <logb—log(a—1).

Therefore, EFP(r,r + 1) < 2n3/r* and so E|U™, | < EFP(?” r +1) < 2rY5. The
same method gives the same upper bound on the expected size of U for all pairs (x,y) in
[, r+m—1® so P(JUM, || > (10m2)r/5) < 1/5m?2 and P(all [ULS] < (10m2)rY/?) > 9/10.

Let A" be the set of points above r but not above r + 1,...,7r +m — 1 in By[n|,
then A" = v\ Urit ol . Similarly define AY z € [r+ 1,7 +m — 1]. Then, for

r > 1y > 400m°, we have (10m?)r'/> < r34/2m so with probability greater than 4/5 we
have all |AV!|, z € [r,r +m — 1] at least s34

We grow the poset by adding a further n = 77/® points, to find M = (’;) points

ai,...,ay, so that each pair of sets (A&" ,A[n]), (z,y) € [r,r +m — 1] is selected by some
Q;.



Now,

]} 4ln] 3/2 3/2
. n [n] o |AT ||Ar+1 r r
P(n + i selects (A", A™,)) = 3 > ORE R

for i <n,

SO

3/2\ "
P(none of n+1,...,2n selects (Al Aﬁl)) < (1 — gﬁ)

_p3/2
8n

< exp(—rl/lo/S),

which is less than 1/10M for ry > (81log 10M)1°. The same calculations give the same upper
bound on the probability of failing to find a point in [n + 1,2n] which selects (AL”], AL"])
for each (z,y) € [r,7 +m — 1], so the probability of failing to find points a1, ..., a in
[n 4 1,2n] as desired is less than 1/10.

So with probability at least 3/5 we have a set {r,r +1,...,7+m — 1,a1,a2,...,ap}
with the following properties:

(i) the points r,7 +1,...,r +m — 1 are incomparable,
(ii) the points aq, ..., ay are incomparable,

(iii) for each pair of points r + 4,7 + j there is exactly one a; which is above only these
points in the set.

So{r,r+1,....,r+m—1,a1,as,...,ap} is a copy of P(1,2;m) in Bs[2n].

This proves the theorem, since if this method fails (it will with probability at most
2/5), so we do not have a copy in Bs|r,2n], then we repeat the method but starting from
the point r = 2n + 1. For there not to be a copy of P(1,2;m) in the infinite poset B,
the repeating method must perpetually fail. But since the outcome of the method for each
repetition is independent, the probability of this is zero and so we have a copy of P(1,2;m)
in By, almost surely. O]

Corollary 2. B, has infinite dimension.

Proof. This is immediate, since dim P(1,2;m) > log, log, m. O

3 Up-sets of vertices in B,

Brightwell [6] proved that, almost surely, each element of By is comparable with all but
finitely many others. This result is contained within what we prove here; we need a
more refined version, providing an estimate of the number of elements in By[n] that are
incomparable with an element r, and an estimate of the largest element incomparable

9



with 7. Recall that U™ is the up-set of r in By [n] and that M = [r,n] \ U™ is the set
of points larger than r and incomparable with r. We study the size |Uq£n}| and give good

estimates of how |U7["]| grows with n. We then use these estimates to provide estimates of
the size |L[«n}|.

In [11, 12], Wormald presented a theorem which describes when and how a discrete
time Markov process can be approximated by the solution to a related differential equation.
However the approximation is only in terms of asymptotic bounds; here we state and prove
a version of the theorem which gives explicit expressions for the approximation.

We begin with some definitions.

Definition 3. A function f : R? — R satisfies a Lipschitz condition on a domain D C R?
if there exists a constant L > 0 with the property

[f(@1,91) = f(@2,92)] < L|z1 — 22 + |1 — 42]) (7)
for all (z1,v1) and (zg,y2) in D.

Definition 4. For Y a real variable of a discrete time random process Gg, G1,... which
depends on a scale parameter n, we write Y (¢) for Y (G;), and for a domain D C R? define
the stopping time Tp = Tp(Y') to be the minimum ¢ such that (¢/n,Y (t)/n) & D.

The following lemma will be used in the theorem and is an extension of Azuma’s in-
equality to supermartingales.

Lemma 5. Let Yy, Y:,... be a supermartingale with respect to a sequence of o-algebras
{F:} with Fo empty, and suppose Yo =0 and |Yiy1 —Y;| < ¢ fori > 0 always. Then for all
a >0,

P(Y; > ac) < exp (—a?/2i).

The lemma follows from exactly the same proof as Azuma’s inequality:.

Theorem 6. Let Y be a real-valued function of the components of a discrete time Markov
process {Gy}i>0. Assume that D C R? is closed and bounded and contains the set

{(0,y) : P(Y/(0) = yn) # 0 for some non-negative integer n}
and

(i) for some constant 3,
Y(t+1)=Y(@)| <p

always fort < 'Tp,

(ii) for some function f : R? — R which is Lipschitz with constant L on some open set
Dy containing D, and some constant \,

[EY (t+1) =Y (0)[Ge) — f{t/n, Y (t)/n)] < A/n

fort <Tp,
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(iii) f:R? — R is bounded on Dy, i.c., there is a constant v such that |f(z,y)] < v for
all (x,y) € Dy.

Let w = w(n) be a fized integer-valued function. Then the following are true.
(a) For (0,y) € D the differential equation
dy

has a unique solution y = y(x) in D passing through y(0) = ¢, and which extends for
some positive x past some point, at which v = o say, at the boundary of D;

(b) Writing ig = min{|Tp/w], [on/w]} and k; = iw, there exists some B > 0 such that

P(|Y (t) — ny(t/n)| > B; + (B +7)w) < 2ie” 2"/

foralli =0,1,...;40—1 and all t, k; <t < ki1, and for i = 19 and k;;, <t <
min {Tp,on}, where B; = ((1+ Lw/n)" — 1)Bw/L, and y(z) and o are as in (a) with
g =Y(0)/n.

Proof. Following the proof in [11], we have part (a) from the theory of differential equa-
tions. Let y(z) and o be as in part (a).

Let 0 <t < Tp—wandlet 0 < k < w. This implies that t + £ < Tp and so
(ﬂ Y(t+k)> cD.

By (i), we have |[Y(t+k+ 1) =Y (¢t + k)| < 8. Also, by (ii),

BY (4 kot 1) = ¥(e 4+ BIGen) < 7 (8 XD 4 2

§f<é%?>iL(§;}“+2—Y®>+2
§f<%7yét)) +L(w+§w)+)\7

where the second inequality follows from (7). Writing g(n) for (L(w + Sw) + X)/n, the
inequality becomes

n n

E(Y(t+k+1)—Y({t+k)|Gur) < f (t Y(t)) + g(n).

Therefore, conditional on Gy,

! @) — kg(n)

)
n n

Y(t+k)—Y(t)—kf(

is a supermartingale in k£ with respect to the sequence of o-fields generated by Gy, ..., Giiyp-
The differences of the supermartingale are, by (i) and (iii), at most

5+f(%,$) +g9(n) < B+~ +g(n).

11



So, by Lemma 5, for all a > 0,

P(Y(t+w)—Y(t)—wf (g, %) —wg(n) > a(B+y+g(n)) <e . ()

The same argument with
t Y(t)

Y(t+k)=-Y(t)—kf <ﬁ7 T) + kg(n)

a submartingale gives

P(Y(t+w) = Y(t) = wf (£,59) +wgln) < —a(B+7+g(n)) <2 (9)

n’> n —

Setting o = 2w?/n and combining (8) and (9) gives

P([Y(t+w) —Y(t) —wf (g, %) | > 2(w?/n) (B4 + g(n)) +wg(n)) < 2672/ (10)

Now, define k; = iw, i = 0,1,...,i9 where i = min{|Tp/w], |on/w]}. We show by
induction that for each such 1,

P(|Y (ki) — y(ki/n)n| > B;) < 2ie>"/"" (11)
where B; = ((1+ Lw/n)" — 1) Bw/L for some B > 0.

The induction begins by the fact that y(0) = Y(0)/n. (Take g = Y(0)/n and use
part (a).)

So, assume (11) is true for i. Write
Ay =Y (ki) —y(ki/n)n
Ay =Y (kiy1) = Y (k)
A = y(ki/n)n — y(kiz1/n)n

The inductive hypothesis (11) gives |A;| < B; with probability at least 1 — 2ie=2%"/7* By
(10) we have

[As —wf(ki/n,Y (ki) /n)] < 2(w?/n)(B + 7+ g(n)) +wg(n)
with probability at least 1 — 2e~2v"/7*,

Since f satisfies the Lipschitz condition (because ki1 < Tp so (ki11/n,Y (kit1)/n) € D)
we also have

|As + wy'(ki/n)| = ly(ki/n)n — y(kiy/n)n + wy' (ki /n)]

= |—wy' (k/n) +wy'(k;/n)| for some k, k; < k < ki
= wl|f(k/n,y(k/n)) — f(ki/n,y(ki/n))| since y is solution to (a)
< wL[w/n -+ ly(k/n) - y(ki/m)] by (7)

< wL[w/n+ (w/n)|f(K/n,y(K'/n))|]  for some k', k; <k <k
<wLw/n+ (w/n)y] by (iii)

= L(1+y)w?/n

12



where we have used the Mean Value Theorem (twice, to get lines 2 and 5). So,

' (ki /n) — f(ki/n, Y (ki) /n)| = |f(ki/n,y (ki) /n) = f(ki/n,Y (ki) /n)| < L|As|/n
and so assuming |A;| < B;, we have

L1 +y)w? Lw

L(1 2
LA +yw L Lwg
n n

Ay = (= f (/. Y (k) ) < + A <

So, we have

Y (kir1) = y(kipa/n)n| = |Ar + Az + As]
< B+ 2(w®/n) (6 + v + g(n)) +wg(n) + L(1 +y)w?/n + B;Lw/n
= 2(w?/n) (8 + 7+ g(n)) +wg(n) + L +y)w*/n] + B;(1+ Lw/n) (12)
with probability at least 1 — 2(i + 1)e~2%"/"",

There exists B > 0 with
2(w’/n)(B+ v+ g(n)) +wg(n) + L(1 + y)w*/n < Bw®/n (13)

for all n, so the term on the right hand side of inequality (12) can be replaced with
B;(1+ Lw/n) + Bw?/n, which is exactly B;y1. So we have (11) for 7 + 1.

Finally, k;,1 — k; = w and the variation in Y (¢) when ¢ changes by at most w is at most
PBw, by (i), and as before |y(t;/n)n — y(ta/n)n| is less than w|f(t/n,y(t/n))| for some t,
t; <t <ty and this is less than yw. So

IP’(|Y(7f) —ny(t/n)| > B; + (B + v)w) < 9je—2wt/n?

foralli=0,1,...,ip—1andall ¢, k; <t < k;1, and for i = ip and k;, <t < min {Tp,on}.
]

We can apply Theorem 6 to |U,[n]| as follows. We take as the Markov process the
random binary growth model, and as the real-valued function the size of the up-set of
a fixed vertex r. We then find sets D and Dy, a function f, and constants 5, A and ~
satisfying the assumptions of the theorem. We obtain the following corollary, which shows
fairly precisely how |U7[m]| grows as m goes from some initial n to (o 4+ 1)n, where o is a

large constant. Over this range, |U7L"} |/n grows from a small value to a value near to 1.

Corollary 7. For fixzed r and any n > r, if |U7[n}| = c(n)n for c(n) an arbitrary function
of n, then

'

for any constants 0 < 6 < 1/3, 0 > 0.

n(c+1) o+1/¢(n)

o+1 nl/3-0

2.10
. (106 +2.1) 1 ) B —
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Proof. Fix a vertex r in By[n|. Let the Markov process {G;}i>o be the random binary
growth model but starting at stage n, so that G; corresponds to By[n + t]. Let Y (t) be
the size of the up-set of r in Bsn + t], i.e., Y(t) = |Uq[n+ﬂ\. For any constant o, define
D as the region {(z,y) : 0 <z < 0,0 <y < x+ 1}. The region D contains the interval
{(0,y) : 0 <y < 1}, and since |U,£"]| = ¢(n)n, we must have ¢(n) < 1 for all n. So, D
satisfies the assumption in Theorem 6, since it contains all points (0, c¢(n)) forn =1,2,....
We now find a set Dy, a function f, and constants 3, A and ~ satisfying assumptions (i)—(iii).

Since Y (t) = [UF™| < n+t we have Y(t)/n < t/n+1, and so (t/n,Y(t)/n) € D as
long as t/n < o. This implies Tp = |on| + 1.

Let 3 = 1, then (i) holds since |Y (¢t + 1) — Y(¢)| = |[UF™ Y — |uf"*"] < 1 always for
t <on.

Let f(z,y) = 2y/(x +1) —y?/(x + 1)%. Let L = 2.1 and v = 1.1. The function f
is bounded on D by 1 (attained when y = x + 1) and is continuous over the boundary
of D, so there exists an open set D’ containing D on which f is bounded by v = 1.1. Also,
IV f1], the length of the gradient vector of f (Vf = (%, g—i)), is bounded on D by 2 and is
continuous over the boundary of D, so there exists an open set D” containing D on which

IV f]| is bounded by L = 2.1. But then

[f(w) = f(V)[ < Lju—v]| (14)

for all u,v € D", so f is Lipschitz with constant L on D" (this follows by applying the
triangle inequality to the right hand side of (14)). Let Dy be the intersection of the two
sets D', D". So, (iii) holds, and (ii) holds with A = 1, since

E(Y(t+1) = Y()|G) =0x P(Y(t+1) = Y(#)|G)) + 1 x P(Y (¢ + 1) = Y (£) + 1|Gy)

=1- (”+t+12—Y(t))/(n+§+1)

ntt+1-Y(@)(n+t—Y()

(n+t+1)(n+1)
YW (4t + 1) =Y ()Y () +1)
B (n+t+1)(n+t)

L,

Y

which differs from f(¢/n,Y (t)/n) by at most 1/n for t < on.

Now Tp = |on| + 1 and so Tp > on. So Theorem 6 gives the result (b) for i = iy,
t = on, namely that, for some B > 0,

P(|Y (on) — ny(o)| > By, + 2.1w) < 2ige 22"/, (15)

Here y(z) is the solution to the differential equation

de = “z+1 (z+1)?

d 2
y2y Y

with initial condition y(0) = ¢(n). This is a homogeneous equation with solution

(r+1)?

y(z) = m

14



Also, ig < on/w, so B;, = ((1 + Lw/n)® — 1) Bw/L < Bwe™ /L, and (15) becomes

P (||Ulton)] — n—(a + 1) > Bwe™ /L +2.1w | < 2((771/10)6_2“’3/"2
! o+ 1/c(n) ' - '

for some B > 0.

Choose § with 0 < J < 1/3 and set the arbitrary function w(n) to n?3*%. Then
w(n) = o(n) and so using the particular values for L, 3, and A, we can satisfy equation
(13) with B = 21 and this gives the required result. ]

In the proof of Theorem 1 we bounded the expectation of the hitting time of the event
\U,| = k. We use this bound to show that U, contains all but finitely many points of B,
almost surely. In terms of I, we have the following theorem.

Theorem 8. For fized r, |I,| < Mr¥*< and I, C [r,r"*%] with probability at least 1 — 7,
where € is an arbitrary constant with 0 < e < 1/4, n is an arbitrary constant with 0 < n < 1
and M is a constant depending on € and 7.

Proof. Fix r. As before, let T} be the hitting time of event |U,| = k, in terms of the

growth model, i.e., the smallest ¢ such that |UT[t]| = k. Asin (3), we have ET}, < 2rvk+2k.
So ET,> < 4r? and Markov’s inequality gives

P(|UMSD| < 42) = P(T,2 > (16/n)r?) < /4 (16)
so that with suitably high probability the size of the up-set, |U7[(16/ ")T2]|, is at least fraction
1n/16 of the size of the poset, (16/n)r?

Set ng = (16/n)r%. We can rewrite equation (16) as

P(U|/ng = n/16) > 1 - /4. an)

Assume we have |U7[n0}\/n0 > n/16. Let ¢ be an arbitrary constant with 0 < & < 1/4.
We will use Corollary 7 to show that as the size of the poset, n, increases from ngy to
(0 + 1)ng, for some constant o, the ratio |U,[n]|/ n also increases, to a value that is at least

1—¢/2.

U[no]
Claim 1. There exists a constant oy (dependent on € and n) such that if | | > n/16
|U[(Uo+1)no | 1/4
then — €/2 with probability at least 200n, Vig—mg"
(0'0 —|— ].)’I’LO

Proof of Claim 1. Suppose |U7£"°]|/n0 > n/16. Applying Corollary 7 with n = ny,
c(ng) =n/16 and 6 = 1/12 we have

'

[ro(o+1)] 2.10
|Ur | _ o+ 1 2 10e + 2.1 1 S 20’n(1]/4€_2n(1)/4 (18)
no(c+1) o+16/n o+1 n(lj/‘l
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for any o > 0. Set ¢ so that

og + 1
—=1—-¢/4 19
oo+ 16/n / (19)
10e*190 + 2.1\ 1
and then for sufficiently large r, ( ‘ +t ) i < g/4. Combining this inequality
0o Mg
with (18) and (19) and setting o = o gives the result. O

Let M = (16/n)(00 + 1), so that (o9 + 1)ng = Mr*. We have shown that, with suitably
high probability, |Uq[”] |/n>1—¢/2 for n = Mr?. We now show that |U7[n] |/n remains close
to 1 for all larger n. That is, that |Ur[n]|/n >1—¢ forall n > Mr?

Let ny = Mr?, and n; = (1 +¢/2)"'n; fori =2,3,....

Claim 2. If |U™

/n; >1—¢/2 then
(a) |Ur[n}|/n2 l—¢eforn=mn;+1,n;+2,...,|[nit1] and

b) UM+ . > 1 — /2 with probability at least 1 — enl/Aeni’®
(b) | i1 > p y ;

Proof of Claim 2. Suppose we have |UM|/n; > 1 —¢/2.

For part (a) we use the fact that |U"| is increasing in n, so that

[n] [n4] [n4] _
L2z R L7 N 7 S - B

no N (1+¢/2)n; — 1+¢/2 —

foralln =mn; + 1,n; +2,..., [ni1].

For part (b) we apply Corollary 7 with n = n;, 0 = ¢/2 and § = 1/12. We have

10e21/2 1 2.1\ 1 1/4
P( = ( Eirn ) ) <entlem (20)
n

e/2+1 14
with ¢(n;) > 1 —¢€/2. So,

ni(e/2+1)  £/2+1/c(ny)

g/2+41 - g/2+1
/24 1/c(n;) — €/2+1/(1 —¢/2)

and for sufficiently large r,

2+ 1 10e1¢/2 + 2.1 1
£/2+ (et >1-¢/2. (21)
e/241/(1—¢/2) e/2+1 ny/*
[nisal| /. _ 1/4 _onl/4
Then, (20) becomes P(|U""|/nip1 <1 —¢/2) <en;' e 2" . O

Notice that, since n;,; > n;, if the inequality (21) is satisfied for ¢ = 1, then it is
automatically satisfied for all larger i. That is, if we have r sufficiently large to be able to
apply Claim 2 once, then we can apply it repeatedly to get the following.

16



[n4]

Assuming |U;y""|/ny > 1 —¢/2, we have 7[n1|/n > 1 — ¢ for all integers n > n; = Mr?

with probability at least 1 — »"°, 5ng [Ae=2n; /4, for sufficiently large r.

Let r be sufficiently large so that 20071(1)/46_2”(1)/4 + 32 €n3/4e_2”3/4 < n/4. Then, we
have |U™|/n > 1—¢ for all integers n > Mr? with probability at least 1 —n/2. Once |UM"|
is always a large fraction of n, we can show that U™ becomes almost all of the poset B, [n]

for n = 748 Rather, we now look at II"), the set of points in [r,n] incomparable with r
in By[n).

For t > Mr?, set s, = |L[t]] /v/t, and consider the sequence (s;) as a stochastic process.

We have that

\/> : 1. I7[‘t] 1
Srat = St\/t_—&—% with probability 1 E] (\ A \)/( o
st{% with probability (7)/("21)
Theref
erefore Vit (st\/f)/(tﬂ) ; Vil
Esip1 = : 2) — g (142

Now, provided s; < v/t (which will be the case unless |U7[ﬂ| drops below (1 —¢)t), we have

1 \'? € 1/2 —¢
Espq <1 — —— 1+—)<s(1-
St“—st( t+1> <+t+1>—3t( t+1>

for all t > Mr2. So

k k
1/2 —¢ 1
Esnask < sure [ | (1 - M/Tz—ﬂ) < a2 exp (‘W 2= 35 +j>

j=1 j=1

Mr2+1 Y%
< evVMr2| ———M —
= eV (Mr2+k+1)

W( Mr? 41 )1/2—5

<
- 4 Mr?4+k+1

where we have used the fact that € < 1/4 to get the last line. So,

Mr?

T4+8€

1/2—¢
2
]ES,,4+85 < Mr2 ( ) < M175r72s+85 .

Using Markov’s inequality, we have spasse < (4/n)M'~<r=2548¢* with probability at least
1 —n/4.

Therefore |]7[~T4+85}| < VP (4 /) MImepm2e8t = N [p2+25482° with probability at least

—~

1 —n/4, where M = (4/n)M*~=.
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Finally, let us consider the probability that all vertices with a label higher than r**+8

448 [rit8e] |
)

are comparable with 7; in other words I\ = 17 for s > r4+8. Given the size | I;

this probability is exactly

[T4+85]

ﬁ 1 o (‘IT 2 ‘) 7
s=rd+8s11 (;)
+
which is at least
LR S e
9 (s) - r4+8e pde—16e2"
s=rd+8s41 \2

Since € < 1/4 we have 4 — 16e2 > 0 so that for sufficiently large r, M2 /r=16 < p/4.
4+-8¢ —— —~
Also, |LLT ’ ]| < Mp2t2et8e® < \fp2t4e S combining all the probabilities, we have |I,| =
4+8e —
|Ir[r ’ ]| < Mr?t and I, C [r, r**%] with probability at least 1 — 7, as required. O

This result is close to the best possible; we have that IE|UT["]] < n?/r?, so for small € > 0,
|I.] > r?7¢ with high probability.

We have shown that for a typical r, the size |U7[n]| is a constant fraction of n for
n = O(r?), and that the set I, is contained in [r**®], with |I,| = O(r*™*¢). What about
for a worst case r? Can we say something about all but finitely many r?

Clearly, we cannot always expect |U7[n]| to be a constant fraction of n for n = O(r?). As
we showed in Section 1,

P(r is maximal in By[n|) =

which is approximately 72/n?. Setting n = r%/2, we have that

1
P(r is maximal in By[r®/?]) ~ =
r
which means there are infinitely many r with |Uf3/2]| = 1, that is, with 75 > 73/2. Then
[r?]

we have that E\U,Ln” < n?/r3, so for such an r the expected size of Uy ' is less than r, and
we need n = O(r?) before the expected size of U is a constant fraction of n. We believe
this is the worst case, that ]U,["]| is a constant fraction of n for n = ©(r?), and then I, is
contained in [r®+¢'], with |I,| = O(r®+¢). Heuristically, it appears that the growth of |UM"|
is highly dependent on the values of the hitting times, T}, for small k£, which we have seen
(for £ = 2) are not concentrated near the mean values. Indeed, once |U,[n]|/ n is at least
1/ n'/3 we can apply Corollary 7, to closely approximate the growth. However, it appears
rather difficult to prove these statements in full, and we settle for the following polynomial
bounds on the size |I.| and the value of the largest s incomparable with 7.

Theorem 9. For all but finitely many r, |I,| < r¥/° and I, C [r'?].

The proof is naturally very similar to the proof of Theorem 8.
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Proof. Fix r. As before, let T} be the hitting time of event |U,.| = k, in terms of the
growth model, i.e., the smallest ¢ such that |Ur[t]\ = k. As (3), we have ET}, < 2rvk + 2k.
So ET 156 < 4r'3/6. Markov’s inequality gives

P(lUT[rusms}l < T13/6) _ ]P)(Trm/ﬁ > 7,3—1—8/45) < 4/, (22)

Set ng = r3+%45. Equation (22) becomes

P(|UM) fng > 1/nf/*) > 1 — 4/r91/%.

Assume we have |Ur”°}| /no > 1 /ng/ >, We will use Corollary 7 to show that as we

increase the size of the poset by a factor of 2, the fraction |Uq[n] |/n also increases by a factor

that is only slightly smaller than 2. We can use this method repeatedly until |U,£n] |/n is at
least some constant fraction.

Let n; = 2ing for i = 1,2, ... and let ¢(n) = |U"|/n for all n > ny.

Claim 1. If l/ng/22 < ¢(n;) < 1/300 then c(n;y1) > (149/75)c(n;) with probability at least
1-— 2n§/25e*2"3/25.

Proof of Claim 1. Suppose 1/713/22 < ¢(n;) < 1/300. The upper bound on ¢(n;) implies

2
T ey~ (299/150)e(ns) (23)
and the lower bound implies
10e*! +2.1Y 1 1
( 2 ) 535 S WlSO)W < (1/150)c(n;). (24)

So applying Corollary 7 with n = n;,0 = 1/75,0 = 1, we have

b ‘UPM} - 92 - 10e21 + 2.1 1 < 2718/256_2”3/25
2n; 1+ 1/c(n;)| — 2 e
which, using (23) and (24), gives the result. O

Using Claim 1 repeatedly we have that for £ = 0,1,... either ¢(n;) > 1/300 for some
[ <k, or
c(ng) > (149/75)%¢c(ng) > (149/75)% /nl/*

with probability at least 1 — S ¢ 1 2p¥ =20

1=0 )
log ((1/300)ng*?
So, there exists a k < ogl(( (/149/)?;:) ) such that [U™| /n;, > 1/300 with probability
0g
at least 1 — (log no)néﬂe*zné/%.
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We have

n, < 208 (ng/22/300)/1og(149/75)n0 _ (ng/22/300)1og2/1og(149/75)n0_ (25)

Using ng = 3784 we get n, < r2Y/5/317.

Assume we have |U7[n’“]| /ni > 1/300. We will apply Corollary 7 once more to increase
the fraction |UT[”]|/n to a constant close to 1.

U]

Claim 2.
150721/5,

: . 5, 1/4__onl/4
> 77/78 with probability at least 1 — 10°n,’ e~ "™ , where n = 46345n;, <

Proof of Claim 2. We have |U™!|/n, > 1/300. Applying Corollary 7, with n = n;, and
d = 1/12 we have

'

for any o0 > 0. Set 0 = 46344 so that

|U7[nk(0+1)]| o+ 1
(o +1) o+ 1/c(ng)

10e>t + 2.1 1
> (T < 20m/te 2 (26)
o+1 ni/4

c+1 46345
o+ 1/c(ny) 46344 + 1/c(ny,)

> 155/156, (27)

10e*17 +2.1 1
oc+1 nllc/ 4=
1/156. Combining with (26) and (27) and setting o = 46344 gives the result.

o

r

which is possible, since ¢(ng) > 1/300. Then for sufficiently large r,

By a similar method we can show that

least 1 — S20° /42",

> 77/78 for all t > n with probability at

As before, for t > n, set s, = |I7[ﬂ|/ V/t, and consider the sequence (s;) as a stochastic
process. Again, we have

g VA CYVCE) T s/
" P+ 1 Vs tt+1) )

Now, provided s, < /t/78 (which will be the case unless |U7[t]] drops below (77/78)t), we

have ”
1 1 1/2 —1/78
Es, g <s [1— —— 14— J<g (12221
St“‘st( t+1> (+78(t+1>>‘8t( (t+1) )

which gives

k k 19/39
E < | | 1—-—— < —(19/39 E — | <=5 | :
St+k S St ( 39(t j)) > S¢€xp ( ( / ) n j) 78 <t + k 4+ 1)

Jj=1 J=1
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So, for example, Espor < 1/(78¢17/42), and for t = r?'/% this gives Es,2 < 1/r'7/19 | By
Markov’s inequality, we have s,12 < 1/73/® with probability at least 1 — 1/r!/10,

Therefore |]7[r12]| < V112 /r3/5 = r27/5 with probability at least 1 — 1/r!1/10,

Finally, let us consider the probability that all vertices with a label higher than r!2
12 12
are comparable with 7; in other words It = I ) for s > 7'2. Given the size |L[T ]|, this
probability is exactly

s=7'12+1 (;)
which is at least " 12
P L S O S S
2 LG T
So, combining all the probabilities, we have |I.| = ][r[rm]\ < 7275 and 1 = 1" for

s > r'2 with probability at least

1—4/rY% _ (log no)n(l)/Qe_Qn(l/25 — 105n,1,/46_2"i/4 — Zt1/46_2t1/4 — 1/t g 85,

t=n

Since

o0 oo
Z (4/r91/90 + (log no)n(l)/Ze’%(l)/25 + 10572,16/4672”’1“/4 + Z /A2t 1/7’11/10 + 1/r6/5>

r=1 t=n

is finite, the first Borel-Cantelli Lemma gives us the required result. O]

Notice that in this proof we use Markov’s inequality twice, each time introducing a
factor of r, which is why our bound is (essentially) |I,] < r°™ and not |I,| < r3™¢ as we
believe.

4 A poset not contained in B,

In Section 2 we have shown that B, contains P(1,2;m) almost surely. It is natural to ask
whether this is typical: which posets are contained in Bs? For any poset P, P(By O P)
is positive, as P is a subposet of some possible binary order. So, is every finite poset
contained, almost surely? This has been shown for random graph orders; here we show
that it is not true for B,.

Recall that we write P(1,2;3) for the poset consisting of the 1-element and 2-element
subsets of {1,2,3} ordered by inclusion (Figure 1). Write P(1,2;3)*) for a “tower” of
k copies of P(1,2;3) with the maximal elements of copy ¢ identified with the minimal
elements of copy i + 1, for i = 1,...,k — 1 (Figure 2).
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{1,2}y {1,3} {2,3}

{2 3

Figure 1: P(1,2;3)

Figure 2: P(1,2;3)®

The result from Theorem 1, for the case m = 3, is that a copy of P(1,2;3) with minimal
points 7,7+ 1,7 + 2 is contained in By[r, n], where n = 2r7/°, with probability at least 3/5.
The method used certainly requires k* = |U,|> > n = 2rvk + 2k, i.e., n > /3. We now
consider the probability that there exists any copy of P(1,2;3)*) in By[r,n], and show this
is very small for n = o(r*+2/3). (So for k = 1 this is a trivial result but, interestingly,
if we restrict to only copies of P(1,2;3)*) with minimal points r,r 4+ 1,7 + 2 then the
result becomes that the probability that there exists such a copy in Bs[r,n| is very small
for n = o(r¥/3+1). This gives a certain justification to the method used to construct such a
P(1,2;3).) Using this result with Theorem 9 we provide an example of a poset that, with
positive probability, is not contained in B,.

Theorem 10. The probability that there exists a P(1,2;3)%) as a subposet of Bs[r,n)| is
O(n? /35+6).

Proof. Throughout we will write z is above (below) y to mean z is above (below) y in Bs,
and write x is greater (less) than y to mean x is greater (less) than y in N. Usually, we
will reserve <, <,> and > for the order on N.

Consider P(1,2;3) as a subposet of By and take a minimal point, a. It is below two
maximal points, by, be, so there is at least one path from a to b; and at least one path from
a to by. Choosing one path to b; and one to by, we can find the greatest point common
to both paths, call this a branching point. We can do this for all three minimal points to
obtain three branching points. The six chosen paths can also be paired according to which
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(a) y <o (b) o/ <~

Figure 3: P(1,2;3) with branching and connection points

maximal point they go to, and taking the least point common to a pair of paths gives three
connection points, one for each maximal point. Note that the branching and connection
points are not unique if we had a choice of paths, but are distinct for any choice of paths.
We label the branching points «, 3, and the connection points o/, 3,7/, so that a < 3 < 7
and o/ < (3 < /. Each path contains both a branching point and a connection point, and
since each connection point is contained in two paths, it must be greater than (at least) two
branching points. In particular, o’ must be greater than « and 3. Similarly, each branching
point is less than (at least) two connection points, so v must be less than § and +'. So,
we have the inequalities § < o/ and v < ', which gives the order a < § < 7,0/ < ' <7/'.
It is not possible to order v and /. An example of the branching and connection points
for the two cases v < o and o’ < 7 are shown in Figure 3. Note that in Fig. 3(a) o can
be above any pair of branching points, whereas in Fig. 3(b) o/ has to be above v and (3.

For a particular copy of P(1,2;3)%*) in B, we have k copies of P(1,2;3) so we can find
branching points and connection points for each copy. We label the branching points in
copy i by «y, 5;,7; and the connection points by o, 5/, .. So, we have sequences a, 3, ~ of
branching points and sequences o', 3’,4’ of connection points, where subscript ¢ denotes
the points in copy i. We have the order o; < 3; < v, af < i < 7. for each i, as before.
Call the points «ay, 3;, Vi, i-branching points, and the points o}, 3/, v/, i-connection points.
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Ideally, we would aim to separate the copies of P(1,2;3) to analyse them individually
(for example by assuming 7/ < «;41). Unfortunately this is not possible so we have more
cases to consider.

Since P(1,2;3)® is formed by identifying maximal points in copy i of P(1,2;3) to
minimal points in copy 7 + 1, we have that each (i + 1)-branching point o1 < Bi11 < Vit1
is above (and therefore greater than) a distinct i-connection point o < [ < ;. This
immediately gives the inequalities a;11 > o) and 7, < ;1. Looking at (3,1, either it is
above 3] or v/ which implies ;11 > [, or it is above «} in which case ;4 is not above o
and so must be above 3] or .. But this implies ;11 > a;41 > (.. To summarise, we have

a; < B < i,k < B <A fori=1,...,k (28)
Qi1 > Biy1 > B v > fori=1,... k-1 (29)

which is all we can deduce about the order of branching and connection points.

Suppose we have a P(1,2;3)® in By[r,n]. We partition [r,n] into sets of two types
(plus two ‘end’ sets). A set of Type I is of the form [5;, 5] and a set of Type II of the form
[Bi+1, Bir1—1]. The k sets of Type I and k — 1 sets of Type II and the ‘end’ sets [r, 5; — 1]
and [}, + 1,n] form the partition of [r,n]. We investigate which parts can contain the
branching and connection points. Clearly, 5; and ] are contained in the Type I sets. From
(28) we have that v, o € [3;,0!] (i = 1,...,k). Also, (28) and (29) give the inequalities
Bic1 < o < f; and (B < 7} < [/, which implies that o; € [B;_q, Bi_,] U [Bi_; + 1,5, — 1]
(i =2,....k) and 7] € [B; + 1,841 — 1] U [Bis1,8 4] (i = 1,...,k —1). The end cases
a; € [r,01 — 1] and v, € [, + 1,n]| are obvious. So, looking at a Type I set [3;, 5], it
contains 3;,v;, o and ] and possibly 7._; and ;1. This gives four possibilities which are
shown in Figure 4. Finally, we have that the points in the Type II sets are determined by
the points in the two adjacent Type I sets. That is, [} + 1, 5,41 — 1] may contain ~; (but

only if v; & [Biy1, Biy1]) and a1y (but only if a1 & [5;, 5]]).

Fix o, B,v,a’,8",y". We call a set J C [r,n] an (a,8,7,a’,3",7")-framework in
Bslr,n| if J contains all the points in the sequences «, 3,4, a’, 3’,4" and the remaining
points in J form disjoint paths so that:

(a) there are two paths from each branching point,

b) there are two paths to each i-connection point, which are from two i-branching points
g
so that no two i-connection points have their paths from the same two i-branching
points, for ¢t =1,... k,

(c) there is one path from each connection point (except for the k-connection points),
(d) there is one path to each i-branching point, which is from a (i — 1)-connection point,

fori=2,...,k.

Note that these paths can just consist of start and end points, that is, it is possible for the
set that only contains the points in «, 3,7, a’, 3’, 4’ tobe a (¢, 3,7, &, 3’,~’)-framework.
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Gi Gi

(a) Contains 8;,7i, o, 3, (b) Also contains 7},

Bi Bi

(c) Also contains a1 (d) Also contains v;_; and a1

Figure 4: Points in [f;, 5] — 4 possible cases
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Indeed, for any set J C [r, n| containing all the points in e, 3,4, &', 3’,~’ there is a positive
probability of J being a (a, 8,7, &, 3, v)-framework.

For any copy of P(1,2;3)%*) with branching points given by «, 3, and connection
points given by o', 3’,4’, we can construct an (e, 3,7, a’, 3’,v')-framework by taking
the set of all the branching and connection points and the points of the paths that de-
fined them (but not including those paths below 1-branching points, and those paths
above the k-connection points). Calling a set J C [r,n| a framework in Bs[r,n] if it is
an (o, B,7v,a’, 3, ~)-framework in Bsy[r,n| for some «,3,7,a’,3’,~’, we have that if
Bs[r,n] contains no frameworks then it also contains no copies of P(1,2;3)®).

So, it is enough to show that the expected number of frameworks in By[r,n| is small
and we do this by showing that the expected number of (e, 3,7, a’, 3’,~’)-frameworks in
Bslr,n] is small for all sequences a, 3,4, a’, 3’,~" satisfying (28) and (29).

For fixed a, 3,7, a’, 3',v’, we count the number of (a, 3,7, a’, 3',~’)-frameworks in
Bs[r,n| by considering the event “J is a (a, 8,7, a’, 8’,7)-framework” as a sequence of
events in the sets of the partition of [, n]. Label the partition

Ki=r,h = 1], K1 = [0+ 1,7
K?lz[ﬁhﬁz/LZ:l?vk
Koiv1 = [0+ 1,841 —1],i=1,..., k=1

We write max K; for the largest element of K;. In a definition similar to that of an
(o, B,v,a, B, ~')-framework, for j = 1,...,2k + 1, we call a set J C [r,max K,] a j-
framework in Bs[r,max K| if J contains all the points in the sequences o, 8,7, a’, 8, v’
that are in [r, max K] and the remaining points in J form disjoint paths so that

(a) there are two paths from each branching point in J,

b) there are two paths to each i-connection point in J, which are from two ¢-branchin
g
points in J so that no two i-connection points in J have their paths from the same two
t-branching points in J, for i =1,...,k,

(c) there is one path from each connection point in J (except for the k-connection points),

(d) there is one path to each i-branching point in J, which is from a (i — 1)-connection
point in J, for i =2,... k.

Again, for any set J C [r, max K] containing all the points in o, 3,7, a@’, 3’,~’ that are in
[r, max ;| there is a positive probability of J being a j-framework.

So, a (2k 4+ 1)-framework is the same as a (a, 3,7, a’, 3’,v’)-framework. Notice that,
whereas in a (2k + 1)-framework all paths are between branching and connection points,
in a j-framework, for j # 2k + 1, there can be paths from some branching and connection
points that do not end at a branching or connection point (the paths from the branching
and connection points that are not below any others in J). Call the end points of these
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paths the end points of the j-framework. We shall see that, although the end points
of a j-framework can be different for different j-frameworks, what is important for our
calculations is that the number of end points of a j-framework is the same for different
j-frameworks, for fixed j.

Now, define an [-frame as follows:

e [=1: A l-frame is a set J; C K; which is a 1-framework in Bs[r, max K;].

e [ # 1: Given that J is an (I — 1)-framework in By[r,max K; 4], an [-frame for J is a
set J; C K such that J U J; is an [-framework in Bs[r, max K;].

So, for sets J; C K, j =1,...,2k + 1, we have

2%k+1
P < U Jj an (e, 3,7, a’,ﬂ',’y')—framework) =

j=1

2%
IP’(Jl a 1—frame)IP’(J2 a 2-frame for Jl) P <J2k+1 a (2k + 1)-frame for U Jj> . (30)

Jj=1

Now, write X (e, 3,7, &', 3’,~’) for the number of (o, 8,7, a’, 3’,~v")-frameworks. We
have X (e, B,7v,a’,3’,7") equal to the sum

2%k+1
Z Z I ( U Jj is an (a,,@,’y,a’,ﬂ',’y’)—framework) , (31)

J1CK, Jor+1C Kokt Jj=1

but Ujil Jjis an (o, 8,7, &, B, ~')-framework only if Ujgrl J; contains all the points in
a,B,v,a/, 3, So, writing K;(BC) for the set of branching and connection points that

are in K, the sum (31) is equal to

2k+1
Z Z I < U Jj is an (a,ﬁ,fy,a’,ﬁ',y')—framework) :

J1CKy: Jop41CKop41: j=1
K1(BC)CJ1 Kapt1(BC)CJapq1

Taking expectations and using (30) gives
EX(e,B,v.&',8,7') =

2%k
Z Z IP’(Jl a 1—frame) P (Jng a (2k + 1)-frame for U Jj>

J1CKy: Jok+1CKopy1: Jj=1
K1(BC)CJ1 K 41(BC)CJap41

(32)

But IP)(JZ an [-frame for Ui_:ll Jj) does not depend on Ji,...,J;_1; this is the conditional

probability that ngl J; is an [-framework, given that Ué;ll Jjis an (I—1)-framework. Since
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K;(BC) C Jj, this is the probability that the points in U;Zl J; form paths satistying (a)-(d).
But we know that Ué;ll J;j is an (I — 1)-framework, so U§:1 J; is an [-framework provided
the points in .J; form paths that continue the paths in Ué;ll J; in such a way that (a)-(d)

are satisfied. That is, the points in Jl must either select other points in J;, or one of the end
points of the (I—1)-framework, U J;j. So the probability IP’(JZ an [-frame for U _ J;) can

only depend on the set J; and the number of end points of U =1 Jj. However, the number
of end points of a j-framework is determined by which branching and connection points
are not below any others in the j-framework and these are fixed for particular sequences

a7ﬁ7’77 a,wB,?’Y,'

So, for j =2,...,2k + 1 we write P;(.J;) for ]P’(Jl an [-frame for Ul 11 J; ) and we write
Py (J1) for P(J; a 1- frame) Equation (32) becomes

2k+1
X(avﬁa’y’a,w@,a’yl) = H Z IEDl(Jl)
=1 JnglZ

Ki(BC)CJ,

Writing X for the total number of frameworks and E; for ) JCKLK(BC)C L Py(J;), we
have that the expected number of frameworks is

2%k+1
EX = Y 1] E:
o,3,, =1
BT (28),(20)
We shall calculate an upper bound for %H E, for the case a; < 3; < v; < ol < B <

Vi < a1, ete. (Figure 4(a)) and then show that this ordering is the worst case. That is,
that the upper bound for the case a; < f; < v; < o) < [} < 7/ < a1, ete, is an upper
bound for any ordering of the branching and connection points subject to (28) and (29).

We again use the inequalities 1 +x < e* and Z ima f) < fa , f(z)dz for f(z) decreas-
ing, so that in particular

[1(+5) <0 (325) 2o (ete) - ()

Jj=a Jj=a

For | = 1, K;(BC) = {ay}, so we sum over J; C K; = [r,5; — 1] containing {ay }.
If 3 = {1, g1, ) with o < j3 < -+ < jy < 1 — 1, then the probability P;(J;) is
the probability that the points j,,s = 1,...,t form two disjoint paths from «q, which is at
most ['_,(4/js), by independence, and if .J; & [ay, B — 1] then Py(J;) = 0, so

= 4 B —1 ﬂl
e BT (o) () <2

For | =2, Ky = {01,711, o}, 3}, we sum over Jo C Ky = [y, 4] containing {31, v1, o, 81}

So, Jy = {81,503 i2 a5 i) 81) and the probability Py(J5)

is the probability that
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(i) the points js(l), s = 1,...,t; form four disjoint paths — two from [;, two from the

existing end points in the 1-frame J;,

(ii) the points js(Q), s=1,...,ty form six disjoint paths — two from 1, four from the end
points of the paths formed in (i),

iii) the point o is above two of the end points of the paths formed in (ii) (specifically,
1
two paths with different starting points),
(iv) the points j§3), s =1,...,t3 form five disjoint paths — one from «/, four from the end
points of the remaining paths formed in (ii),

(v) the point (3] is above two of the end points of the four “branching” paths formed
in (iv) (i.e., not the path from ¢}, and again specifically, two paths with different
starting points).

All these events are independent of each other, and so this probability is at most

t1 to t3
8 12 12 10 4
(H j@) (H j@) ) (H j@) &

so the sum over all subsets of K5 is

’yl—l a’l—l Bi—l
8 12 12 10\ 4
we § (003 T 098 T (27
a B
J=P1+1 J Jj=m+1 J (21) j=aj+1 J (21)
_ (71—1)8(0/1—1>12 24 (51—1)10 8
“\ A M aj(e —1) \ o AP —1)
18
<2031
Bt

For [ = 22+1, KQH_l = [ﬁ;—i-]_, ﬁi-f—l — 1]7 KQZ‘_H(BC) = {’}/Z/, ai+1} and by a similar calculation

we have
-1 ai+1—1 Biv1—1
8 1 6 6 8
]Ei S 1—|-— 7 1+— 1+_
sos 11 (3) g I (0+5) o I (1+5)

j=i+1 2) j=yi+1 Vit jgitr+1
/ 8 6 8
< (%—1> 2 (ai+1_1) 6 (5@+1—1)
N B; Yi(vi—1) Vi Qg1 Qit1
2y P
=29 5R,3
v i1
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and for [ =2i (i =2,...,k—1), Ky = [3;, 8], K2:(BC) = {0s, v, , 5.} and

Oé/

g 10\ 2 % 12\ 12 2! 10\ 4
2= 1l (1+J>’Y' Il <1+J)(°‘i).H (1+J)(@f)

L j=Bi+1 b j=yit+1 2/ j=ai+1
A (-1 Yo fal—1\" 24 g—-1\" 8
G Bi Vi Vi o;(a; — 1) o BB —1)
0 5/8
< 2°3——=
ﬁll
and
Ye—1 % B —1
10\ 2 12 12 8 4
Ex < — |] (+—.>— (1 —) — 11 (1+—.> =
J=Br+1 J 7T J=n+1 J ( 2k) j=aj+1 J (2k)
_4 ('yk—1>103 (%—1)12 24 (ﬁ,;—1)8 8
G \ Bk Vi Yk (o, —1) \ o Bi(8, — 1)
/6
< 993%k
B
and

Ve —1 4
4\ 1 v, — 1 2 72
Eory1 < (1 + —.> — < ( k ) < 9lk
L (5) o= U ) e =2

J=B+1

This gives the upper bound
2%+1

51 18 - +1 m {2 %

6 2 z 9 7

HEZ 2°3 H(2 8 03 )H(2 B3 ) 31132
= E Tk

i i—1 i it1/ G fy

2.2 k 1192
k;’Yk 273

a1 Bt 2 al B

= 273

We show that this is also an upper bound on EX (e, 8,7, a’,3’,7’) for any ordering
of the branching and connection points a, 3,7, a’, 3’,~’. For any other ordering, where
some of the ;11 and ~;_; fall into Ky;, we can carry out a similar calculation, and obtain

an expression of a similar form, namely

k

Ay H(aiﬁi%)bi (el Bii)e.

=1

For any framework, from the conditions (a)—(d) in the definition, every i-branching point
(¢ # 1) must have one fewer path to it than from it (two fewer for i = 1), but b; depends only
on this difference, so b; is independent of the ordering of the terms of a, 3,7, a’
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Similarly, ¢; is independent of the ordering since, for any framework, each i-connection
point (i # k) has one more path to it than from it (two more for i = k). So we have

b 2x(=1)—1=-3 fori#1, 2x(+1)—2=0 fori#k,
2 x (-2) =—4 fori=1, 2x(+2)—2=2 fori=k,

for any ordering. The constant factor, Ay, does depend on the ordering of the terms of
o, B3,7v,a’, 3, ~". In particular, it depends on the number of choices of end points (or pairs
of end points) of paths that each branching (or connection) point can be above, respectively.
It remains to show that this number is smaller for any ordering (satisfying (28) and (29))
other than a; < 8; < v; < ol < Bl <7l < ay41, ete.

Suppose we have an ordering where o) < 7, for some 7. Then there is only a choice
of four pairs of end points of paths for o) to be above, rather than the twelve pairs of
end points in the case v; < af. So we need only consider orderings with v; < o for all i.
This means events occurring below ~; are independent of events occurring above o). In
particular we can consider the cases illustrated in Figures 4(b) and 4(c) separately (so the
case in Figure 4(d) is a combination of the two). If we have an ordering with v,_; > f;,
then there is only one end point for 3; to be above, rather than the two end points in the
case v,_; < ;. If we have an ordering with «; 1 < (3! then there is only one end point a;;
can be above, rather than the two end points in the case ;1 > (. This only leaves the
case that a; < 7/_;, but then there is only a choice of two end points for «; to be above,
rather than the three end points in the case a; > 7/_;.

Therefore,
2.2 K 1192
23
EX < 973 Mk JE ,
= 2 Tann ams
o T (28).(29) =
and summing first over o) < ;1 for i = 1,...,k — 1 (and similarly for 3’,4’) and then

relaxing all other constraints gives

2.2 k 1192
T 273

EX < 273 k
Z a1 Bt 9 of B7?

tll,ﬁ/m/
akyﬁk.f\/k

97T 9 /91132 k—1
<5 ()
= 359 r3

— (27/35)(21132)k 1 ng
r3k+6

So, the probability that there exists a copy of P(1,2;3)%*) in By[r,n] is less than the
probability that there exists a framework in Bs[r,n], which is O(n®/r3**6) by Markov’s
inequality. 0

We define the poset Q(k) as the poset P(1,2;3)* with an additional point incomparable
to all others. Write Bs[r, co) for the random poset Bs restricted to the set of points greater
than or equal to . We have the following corollary of Theorems 9 and 10.
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Corollary 11. For k > 450, the probability that Bsy|r,00) contains a copy of Q(k — 1) is
O(r=91/90)

Proof. For there to be a copy of Q(k — 1) in Bs[r,00) there must exist a copy P of
P(1,2;3) 1 in By[r, 00), and some point b in By[r,00) such that b is incomparable to all
the points in P. Label the least point in P by m, and the greatest point by n, so that P
is in By[m,n], and b must be incomparable to m and n. So, the probability that there is
a copy of Q(k — 1) in Bs[r,00) is less than the probability that there both exists some P
in By[m,n], and some b > r incomparable to m and n, for some m,n > r. If n = w(m!%)
then the probability that there exists some b incomparable to both m and n is O(r=21/%).
Now taking k > 450, if n = O(m'") then the probability there exists an P in By[m,n] is
O(m™3) = O(r~3), since m > r. So for fixed k& > 450 the probability that Bs[r, co) contains
a copy of Q(k — 1) is O(r=21/99), O

Since events in By[r| are independent of events in Bs[r, co) we have the following corol-
lary.

Corollary 12. For k > 450, there is a positive probability that the random poset By does
not contain a copy of Q(k).

Proof. Fix k > 450. Fix r so that the probability that Bs[r, 00) does not contain a copy
of Q(k — 1) is at least 1/2. This is possible by Corollary 11.

With some positive probability p, the points 2,...,r in By form a chain. (For this to
happen, each point j = 3,...,r must select point j — 1, so p = H;IS(Q/j) = 2r1/rl)
Recall that points 0 and 1 are defined to be incomparable, and vertex 2 selects 0 and 1
with probability 1, so all points in [r] are below 7 in Bs[r].

Now, we can calculate the probability that By contains a copy of Q(k) given that the
first r elements are as above. Suppose such a By contains a copy @ of Q(k). Because
of the structure of By[r] there can be at most one point of () in Bs[r|. Either this is the
incomparable element of (), or one of the minimal points of the tower in (). If the former,
label this point b, and we have b < r and so b is below r in By. The point b is incomparable
with all points in ), which implies that r is also incomparable with all points in ). Since
@ is a copy of Q(k), so is Q U {r} \ {b}, and there is a copy of Q(k) in Bsy[r,c0). If the
latter, then @) contains a copy of Q(k — 1) with all points greater than r, that is, a copy of
Q(k — 1) in By[r,00). If none of the points in @ are in By[r], then @, a copy of Q(k), is
contained in Bs[r, 00).

So, By does not contain a copy of Q(k) if Bs[r, 00) does not contain a copy of Q(k —1).
However, the probability of this is at least 1/2, and is independent of the events in Bsy[r].
Therefore the probability that By does not contain a copy of Q(k) is at least p/2 > 0. O

We have shown that there is a positive probability that By does not contain Q(k), that
is, that (k) is not almost surely contained in Bs. So, which posets are almost surely
contained in By? It seems ambitious to ask for a complete answer, but it may be possible
to provide both families of posets almost surely contained in Bs, and families of posets
not almost surely contained in B,. We have already shown that Q(k), & > 450 (and so,
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also, any posets containing Q(k)) are not almost surely contained in By. In fact, we can
apply the argument used in Corollary 11 to any poset in place of P(1,2;3)*~Y if we can
show that it is not contained in By[r, r'°°] almost surely. This is one way to provide further
examples of posets not almost surely contained in Bs.

The author would like to acknowledge Graham Brightwell for his helpful supervision
throughout this work.
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