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Abstract

This paper introduces an Integer Programming model for multidimensional assignment problems and examines
the underlying polytopes. It also proposes a certain hierarchy among assignment polytopes. The dimension for
classes of multidimensional assignment polytopes is established, unifying and generalising previous results. The
framework introduced constitutes the first step towards a polyhedral characterisation for classes of assignment prob-
lems. The generic nature of this approach is illustrated by identifying a family of facets for a certain class of multidi-
mensional assignment problems, namely “axial” problems.

1 Introduction

Assigmnet structures are embedded in numerous combinatorial optimisation problems. An assignment occurs when-
ever a member of an entity must be allocated/mapped to a member of another entity. The simplest case of an assign-
ment problem is the well known 2-index assignment, which is equivalent to the weighted bipartite matching problem.
Further examples are assignment of facilities to locations or assignment of delivery points to vehicles.

Extensions of the assignment structure to more than two entities give rise to multidimensional (or multi-index)
assignment problems, formally introduced in [21, 22]. These problems essentially ask for a minimum weight clique
partition in a complete k-partite graph (see also [6]). Normally, the weighted sum of the variables constitutes the
objective function, a fact that justifies the alternative term linear sum assignment problems ([8]). Clearly, a k-index
assignment problem is defined on & sets, usually (but not always) assumed to be of the same cardinality n. The goal
is to identify a minimum weight collection of n disjoint tuples, each including a single element from each set. This is
the class of axial assignment problems ([3, 28]).

A different structure appears, if the aim is, instead, to identify a collection of n? tuples, partitioned into . disjoint
sets of n disjoint tuples. By way of illustration, consider the problem of allocating n teachers to n student groups for
sessions in one of nn classrooms and using one of n laboratory facilities, in such a way that all teachers teach all groups,
using each time a different classroom or a different facility (for a relevant case, see [11]). These assignment problems
are called planar and are directly linked to structures called Mutually Orthogonal Latin Squares (MOLS) ([17]).
Generalising this concept, we could ask for an optimal collection of n*® tuples, thus defining the (k, s) assignment
problem of order n, hereafter denoted as (k, s)AP,,, which encompasses all known assignment structures.



This paper provides an Integer Programming formulation of the (k, s)AP,, and examines the underlying polytope
PI('“’S). Previous polyhedral analysis has been conducted only for k < 4 and s = 1,2 ([1, 3, 9]). Our work unifies and
generalises these findings by establishing the dimension of multidimensional assignment polytopes. By introducing
a generic framework, it allows for further application of the tools of polyhedral combinatorics to a whole class of
assignment problems instead of a single one. In particular, it provides a non-trivial class of facets for the polytope
of multidimensional (axial) assignment problem. It also defines a certain hierarchy for this class of combinatorial
optimisation problems.

An excellent review for assignment problems appears in [28], where complexity and approximability issues are
covered. It is known that the 2-index problem is polynomially solvable, whereas the 3-index axial and planar problems
are A"P-hard (see [14] and [16], respectively). The authors of [7] prove that the multidimensional (axial) assignment
problem remains N'P-hard for & > 3, if the coefficient vector of the objective function fulfills and Anti-Monge
condition.

Apart from its theoretical significance, the (&, s)AP,, possesses numerous applications. Multidimensional (axial)
assignment structures have recently received substantial attention, because of their applicability in problems of data
association. Such problems arise naturally in multi-target/multi-sensor tracking in satellite surveillance systems (see
[23]). An application to the problem of tracking elementary particles at the Large Electron-Positron Collider of CERN
is reported in [26]. The planar problems share the diverse application fields of MOLS, e.g. multivariate design, error
correcting codes and timetabling (see also [17]).

The rest of this paper is organised as follows. Section 1.1 introduces the notation used throughout and Section
1.2 presents the mathematical formulation of the (&, s)AP,,. Concepts of polyhedral theory are reviewed in Section 2,
where a number of boundary conditions are also exhibited. Section 3 establishes the dimension of the linear assignment
polytope. Section 4 examines the convex hull of integer vectors, provides a necessary condition for the existence of a
solution to the (k, s)AP,, and presents a hierarchy of assignment polytopes. The dimension of the axial assignment
polytopes is established in sections 5, while a family of non-trivial facets is exhibited in Section 6. Finally, Section 7
establishes the dimension of the planar assignment polytopes.

1.1 Definitions and notation

Let K denote a set of £ distinct elements and assume wihout loss of generallty that K = {1,...,k}. Consider k

disjoint n-sets My, M, ..., My and define Mg = My x My X --- X My, = ® M. Ifmt € My, Vt € K, it follows

k
that (m', m?2,...,m*) € Mx. Itis important to distinguish between & M; and & M;, since the latter could imply
t=1 teK
any set of (all) k- tuples which are not necessarily ordered increasingly W|th respect to the values of index ¢. For

example, it could be that ¢ = (m*, m*~1 ... m!') € ® M,, although c ¢ ® M. Tuples can be regarded as subsets
teK
of My, therefore the usual set operations, e.g. union, are applicable. Two tuples are called disjoint if they have no

common element.
Let Qrs = {K' C K : |K'| = s}. The cardinality of Q s, denoted as |Qy s/, is equal to (’;) Letalso S € Q..

Ms =@ My, Mg\s = @ M, and define the trivial mapping ¢ s : (Ms, Mg\ 5) — Mg. The definition implies
tesS teK\S
that an unordered s-tuple and an unordered (k — s)-tuple are mapped to an ordered k-tuple. Let us provide an example.



Example 1.1. Let K = {1,2,3,4},5=2,5 = {2,4},m! € M, Vt € K. Then

<p4’2((m2,m4),(m1,m3)) = <p4’2((m2,m4),(m3,m1))

<p4’2((m4,m2),(m1,m3)) = <p4’2((m4,m2),(m1,m3))

(m15m27m37m4)

In order to illustrate a number of technical proofs without having to examine all symmetrical cases, we introduce
t=k

a further level of abstraction by defining i; € K,t = 1,..,k,such that |J {i:} = K. Let S = {i1,i2,...,i5} C K,
t=1

Mg :Mi1 XMi2 Xoeee XMis andMK\S:Mi
not necessarily equal to ¢, we can write:

x M, ., %+ x M. Also, letm’ € M;, Vt € K. Since i; is

s+1 s+2

1

ors((m*,...,m?), (m’ snmb)) = rs((m™, . mb), (mb+1, . m%)) = (m",m s oeymb)

By definition, ¢, s is flexible enough to represent the mapping of unordered k-tuples to ordered ones. In particular,
consider the cases s = k and s = 0. In the first case, S = K, whereas in the second one S = ). Hence, if we
conventionally define My = 0, ¢ 1, (or equivalently ¢, o) denotes the mapping of any unordered k-tuple, formed by

m',m?, ..., m*, tothe ordered tuple (m',m?, ..., m*). Formally,
cpk,k((mila "'amik)a ()) = 90/6,0(()7 (mila amzk)) = (m17m2’ ’mk)
or, equivalently,
gok’k(mil, ...,mik) = (pk’o(mil, ...,mik) = (ml,mQ, ...,mk) (1.0

It is easy to see that the mapping ¢ exhibits the commutative and associative properties:
wkﬁs((mil, cooymi), (mb L mi)) = @k’k,s((m““, coo,m™®) (mi L mb)), Vs < k (1.2

4,019’5((77“/1 yens ,miS), (mi5+1,. . .,mik)) = cpk’s,t((mil, e ,miS*t), (miS*tJrl,. . .,mik)),Vt <s<k (1.3)

For the rest of the paper, we follow the convention that m! denotes an index with domain Ay, (thus m? € M),
whereas mf, m!, ... denote the elements of the set M, i.e. the values of the index m?.

1.2 Mathematical Formulation

Definition 1.1. Let K = {1,..,k} and an integer s € {1, ..., k — 1}. Consider k disjoint n-sets M;, Ms, ..., M} and
select any (k — s + 1) of these sets. Define the following sequence of powersets:
W is the set of all (k — s + 1)-tuples (m®,...,m%*—s+1) € M;, x -+ x M;
W1 is the set of all subsets of W, consting of n disjoint (k — s + 1)-tuples
fort=2,...,s—1
Wy is the set of all subsets of W;_; which consist of exactly n disjoint members of W;_
W is the set of all subsets of W_; which consist of exactly n disjoint members of W,_

i € K,

k—s+417

Definition 1.2. The (k, s) AP,, problem asks for a minimum weight member of the set 17/;.

It follows that the (&, s) AP, problem asks for a minimum weight collection of n® (k—s-+1)—tuples. For example,



the (3,1) AP, asks for a minimum weight collection of n disjoint triplets and the (3,2) AP, asks for a minimum
weight collection of n? disjoint pairs, which can be partitioned into n sets of n disjoint pairs. Note that an equivalent
representation could be expressed in terms of asking for n*~! clique partitions in the complete (k — s + 1)-partite
graph.

Let us introduce an Integer Programming formulation of the (k, s)AP,. A binary variable z,,1 ,,2 _,,» and a
(real) weight coefficient w,,1 2.+ is associated with each k-tuple (m*, m?, ...,m*). Any (k — s + 1) out of the
k n-sets can be regarded as indexing the (k — s + 1)— tuples, while the remaining (s — 1) sets index the members of
the powersets Ty, ..., W,_; selected. For example, z,,1 2 .« = 1 implies selection of the tuple ¢ = (m!,m?,
..., m*=5T1) Among the n (disjoint) members of set W, _; selected, tuple ¢ belongs to the m*th one. This member
of W,_1 consists of n disjoint members of W,_, and tuple ¢ belongs to the m*~'th one, and so on.

We examine a simple corollary of the above. Let ¢, d € M and ., x4 be the corresponding variables. If |cNd| >
s, the variables z., 24 have at least s indices in common, hence, assume m?, ..., m® to be s common indices. Then,
. = x4 = 1 implies the existence of a pair of (k — s + 1)-tuples, both belonging to the same member m? of
powerset W;,, forallt =1,...,s— 1. Butthen, member m* of powerset W; contains two (k — s + 1)-tuples having
index m® in common, i.e. two non-disjoint tuples, which is a contradiction to Definition 1.1. It follows that a pair
of variables, which have at least s indices in common, cannot simultaneously take value 1. This fact is reflected by
the integer programming formulation of (k, s) AP,, which is derived by summing over all possible subsets of k — s
out of £ indices. In other words, there are exactly s “fixed” indices in each constraint. As an example, consider the
formulation of (k, 1)AP,, (in [23]), which is derived by summing over all possible subsets of ¥ — 1 out of % indices.

min Z{wm17m2’___’mk Tt ez, ¢ (m,m2, L .,mP) € Mg} (1.4)

SUY {@g, (ms.minsy :mFN € Mg} = 1,YmS € Mg, VS € Qus (1.5)
{0,1},V(m',m?,...,m"*) € Mg (1.6)

m

Tml,m2,...,mk

Note that M\ s is the set of indices appearing in the sum, whereas M is the set of indices common to all variables
in an equality constraint. Let A% denote the (0, 1) matrix of the constraints (1.5). The matrix AP has n* columns
and (’;) X m° rows, i.e. n® constraints for each of the (’;) distinct S € Q5. Each constraint involves n ¢ variables.

Under these definitions, it is obvious that (2, 1)AP,, refers to the 2-index assignment problem, (3, 1)AP,, to the 3-
index axial assignment problem ([3, 10]), (3, 2)AP,, to the 3-index planar assignment problem ([9, 18]), and (4, 2)AP,,
to the 4-index planar assignment problem ([1]). Note that parameter s is central to the type of assignment required at
each problem, i.e. the axial problems imply s = 1 and the planar problems imply s = 2. An analogous formulation
and classification appears in [28], where the (k, s) AP, is called the “g—fold kIAP”.



2 Assignment polytopes and related structures

2.1 General concepts

Recall first a number of introductory definitions from polyhedral theory (see [20, 25]). A polyhedron is the intersection
of a finite set of (affine) half spaces. A polytope is a bounded polyhedron. A polytope P is of dimension n, denoted as
dimP, if it contains n + 1 affinely independent points. By convention, if P = () then dimP = —1. Given that P # 0,
consider an inequality az < ao satisfied for all z € P. Thenthe set F = {z € P : ax = ao} is called a face of .
A face F is called proper if F* C P. A proper, non-empty face F' of PP is a facet if dim F' = dim P — 1. Facets are
maximal faces with respect to set inclusion.

Let B be a real valued m x n matrixand b € R™. If P = {z € R* : B~z = b=, BSzx < b=}, where
B =[B=,BS]",b=[b=,b=]T and P # 0, a core result of polyhedral theory states

dimP =n — rankB~ (2.1)

The convex hull of the integer points satisfying the constraints (1.5) is the (k, s) assignment polytope, denoted
as P**) Formally, P***) =conv{z € {0,1}"" : A" = ¢}, where e is a column vector of ones. The linear
relaxation of P}k’s), also called the linear assignment polytope, is the polytope P%) = {z € R - A%’“’S)x =
e,z > 0}. Obviously, P{***) ¢ p(k:s),

Clearly, the assignment polytope is a special case of the set-partitioning polytope defined as Psp = {y € {0,1}7 :
By = e}, where B is a 0 — 1 matrix. A close relative of Psp is the set-packing polytope Psp, defined exactly as
Psp but with “="replaced by “<”. In our case, P}k’s) = conv{z € {0, 1}”'“ c A < e}. Arelation, inherited
from the general case, is that P{***) is a face of P***) implying dim P{*** < dim P{***). Polytope P{*-*)
dimensional, hence dim 15}'“’3) = n*, i.e. its dimension is independent of s. For a survey on Psp, Psp and on related
problems, see [2].

Another class of polytopes related specifically to P}k’l) is given by the multi-index generalized assignment prob-
lems. The simplest representative is the (two-index) generalized assignment problem (GAP) ([19]). This class is
defined for s = 1, i.e. they constitute an extension of the axial assignment problems, in the sense that one of the
constraint sets consists of equalities of the type “ = 17, whereas the rest consist of inequalities of the type “ < b;”,
where b; € ZKW“, t € K\ {1}. Sets M; are not necessarily of the same cardinality. Instead, M; = {1,...,p1},
My ={1,...,p2}, ..., M}y, = {1,...,pr}, where p; < po < ... < pg. The (multi-index) generalized assignment
polytope is defined as

is full

Z{x%)l(mgmx\u}) : mK\{l} (S MK\{l}} = 1,Vm1 € M,
Z{xwk,l(mt,mK\“}) . mK\{t} (S MK\{t}} S bt,‘v’mt € Mt,‘v’t €eK \ {1}
Tmlm2,...mk € {0, 1},V(m1,m2, ...,mk) € Mg
Applications of this model, for the 3-index case (k = 3), can be found in [12, 13, 19]. Finally, we note that a

similar approach can be used for modelling an extension of the transportation problem, called the solid (multi-index)
transportation problem, introduced in [15].



2.2 Two special cases

For s = k, constraints (1.5) reduce to the system of trivial equalities
Tmyma-my = 1, Y(mi,ma,...,mg) € Mg (2.2)
whereas, for s = 0, constraints (1.5) result in the single equality constraint
Z{xml,mz,,,,,mk s (my,ma,...,mi) € Mg} =1 (2.3)

Lemma 2.1. rankA¥*) = nk and dim P = dimP** =0,

Proof. Itis easy to see that A%k’k) = 1" %" Therefore, mnkA%k’k) = rankI"" ™" = nk,
Note that (2.2) implies that P(%:k) = P}k’k) # () since both polytopes contain the single point z = e. By definition,
dimP*® = dim P = o, O

Lemma 2.2. rankAY¥? = 1and dimP*9 = dimP*® = nk — 1,

Proof. (2.3) is a single equality constraint, thus Aﬁl’“’o) is a row vector of ones. This implies mnkA,(f’O) = 1. Clearly,

PO £ ¢sincex = (1/nF,...,1/n*)T € P*0) It follows from (2.1) that dim P(F:9) = n*F — 1,

Since, P*%) ¢ P(k:0) italso holds that dim P\**”) < dimP(¥-0), We prove that this bound is actually attained by
exhibiting a set of n* linearly independent points of P}k’o). Foreach ¢ € {1,...,n"*} consider the vector, consisting
of n* entries, that has a one at position ¢ and a zero elsewhere. Hence, dz’mP}k’O) =nk -1 O

Corollary 2.3. P{*% is a facet of P**).

Proof. P{F9 ¢ P since pointz = (0, . ..,0)7 belongsto P**) butnotto P{**). By Lemma (2.2), dimP**) =
nk — 1 and we also know that dim P***) = n¥. The result follows. a

3 The(k,s) linear assignment polytope

First, we propose an ordering of the rows and columns of A,(f’s). Observe that each set S € Q)15 is uniquely associated

to a row set of A%’“’s). Each such S can be regarded as a subset of s indices, written (by convention) in ascending order
(i1,...,1s), where i, <iypq forte=1,...,5s— 1.

Definition 3.1. Let S, S’ € Qg s, where S = (i1,...,i5), S" = (i},...,4,). Itholds that S > S’ if and only if there
exists ¢ € {1,..,s}suchthati, =i, forp=1,..,¢t — 1andi; > ij.

It follows that there exists a strict order of all s—subsets of indices, i.e. a strict order of all S € @1 s. Based on
this order, row sets of A,(f’s) are positioned in descending order. Within a particular row set, a row corresponds to an
s-tuple of the set M. The rows are placed in ascending order with respect to the corresponding s-tuples. Columns of

A%’“’s) appear in an order, where index m! is the slowest to vary and index m* is the quickest. Let us give an example.

. (4 . . . .
Example 3.1. For k = 4, s = 2, there exist 5) = 6 row sets. They are considered in descending order with respect

to the pair of “fixed” indices, i.e. {(m3,m*), (m?,m*), (m?,m?), (m',m*), (m',m?), (m*, m?)}. Rows in, say,

the second row set are identified by the values of the pair of indices (m?, m*). The values of this pair of indices are



considered in ascending order, i.e. (1,1),...,(1,n),...,(n,1),...,(n,n). The columns of A%“) are considered in

ascending ordered w.r.t. the values of the 4-tuple (m', m?, m?,m4),ie. (1,1,1,1),..., (1,1,1,n),..., (n,1,1,1),
oo (nynymyn).
Let (i1,...,is) € Qk,s, Whered; < iy < --- < is. The function f that maps, in descending order, the elements

(s-tuples) of set Qs to {1,...,|Qks|} is

S k—(s—t)

fli,oni) =>4 > <k_j> +1, i1<...<i5,s,k€ZL (3.1)

= s—t
t=1 Jj=i:++1

To illustrate the correctness of this formula, consider the row set 7y indexed by the s-tuple (i1, 42, . ..,is) € Qk.s, %1 <
-- <, iy € Kfort =1,...,s. Letry bearow setindexed by the same indices as rq in positions 1, . .., ¢ and indices
[k—(s—t)+1],...,kinpositionst+1,...,s, i.e. ry isindexed by the s-tuple (i1,42,...,i, k—(s—t)+1,..., k).
Any row set preceding r1, which has the same indices as rq in positions 1, ..., ¢ — 1 must have an index j in position
t,suchthatj € {i; +1,...,k — (s —t)}. Foreach such j, positions ¢ + 1, ..., s, at the s-tuple indexing the row set,
can be completed by choosing s — ¢ out of £ — j indices. This holds because there are s — ¢ positions to be filled and
k — 7 indices with value larger than j. This results in (’;:g) possible row sets foreach j € {i; + 1,...,k — (s — t)}.
Repeating this process for all i;,¢t = 1,...,s and taking the sum, results in the total number of row sets preceding
ro (i.e. equation (3.1)). Therefore, the row set (i1,...,is), i1 < --- < i, includes rows f(iy,...,is) -n®*+11to
(f(i1,...,is) + 1) - n®, i.e. one row for each value of the s-tuple (m®, ..., m?). One can check that the first and
the last s-tuples, indexing the row sets (in decreasing order), have f(k — s+ 1,...,k) = 1and f(1,...,s) = (’;)
respectively, as required.

Theorem 3.2. rankAY" =5 ((F)(n - 1)k},

r=k—s

Proof. For s = k and s = 0 the theorem stands by virtue of Lemmas 2.1 and 2.2, respectively. For1 < s < k — 1, the
proof includes s + 1 steps. At each step we remove a set of rows aiming, at the end of the procedure, to be left with a
set of linearly independent rows. Letr = 0, ..., s denote the step counter.

Observe first that the sum of all equalities belonging to the same row set results in an equality stating that the sum
of all variables is equal to n*. Therefore, we remove the first row from all but the row sets except for the first one. The
total number of rows removed is (*) — 1 = (£)(n — 1)°((¥) — 1). This is the step r = 0.

Atstep r = 1, for each index ¢ € K, consider the subset of row sets R, = {S € Qs : ¢ € S}. Itis easy to see
that |R,| = (“~1). Each row set belonging to R, is further partitioned into n subsets, one for each value of the index
m?. Observe that the rows of the row sets, belonging to the same subset, forma (k — 1, s — 1)AP,,. Observe also that
then (k—1,s—1)AP,, problems formed in this way, (i.e. one problem for each value of m?), are independent of each
other, i.e. each problem has a distinct set of variables. Each such problem consists of (’;j) row sets, the sum of rows
in each row set stating that the sum of all the n*~" variables is equal to n°~'. Hence, for each such problem, except
for the one defined for m? = 1, we remove the first row from each row set, excluding the first row set. Note that the
“first” row set is the one appearing first in matrix A,(f’s), according to the ordering described above. In other words,
for each of the n — 1 (k — 1, s — 1)AP,, problems, we remove (¥~1) — 1 rows. Note that the rows corresponding to
the problem defined for m? = 1, have already been made linearly independent in the previous step. Hence, for each
q € K, we remove (n —1)((*~1) — 1) rows, yielding a total of k(n — 1)((*=]) = 1) = () (n = 1) ((*7]) = 1) rows
removed in this step.



Similarly, at step » (r < s), sets of exactly r distinct indices are considered. Let (i4,...,%,), denote such a
subset. We define the subset of row sets R;,. i, = {S € Qs : U, {ip} C S}, |Ri,...i,| = (Z7). Each row
set belonging to R;, ;. is further partitioned into n" subsets, one for each value of the r-tuple (m*,...,m") €
M;, x --- x M;_ . Again, observe that the rows of the row sets, belonging to the same subset, i.e. identified by the
same value of the r-tuple (m®,...,m'), forma (k — r, s — 7)AP,,. Since there are n" distinct subsets, we have n"
independent (k — r, s — r)AP,,. Each such problem consists of (’;::) row sets, the sum of rows in each row set stating
that the sum of all the n*~" variables is equal to n5~". Hence, for each of these problems, excluding the ones defined
by the r-tuples (mi, ..., mi") for which at least one of the indices is equal to 1, we remove the first row from each
of its last (’;::) — 1 row sets. Therefore, for each (k — r, s — r)AP,,, defined by the r-tuple (m®,...,m), mir # 1,
Vp=1,...,r, weremove (’;::) — 1 rows. The exact rows removed for the problem identified by (m®, ..., m"), are

described in the following remark.

Remark 3.3. Let ¢* denote the maximal element of R;,, . ; ,i.e. t* > tforallt € R;, . ; (Def.3.1). For each
t € Ry, \ {t*}, we remove the row which has m? = 1 for every j € ¢\ {iy,...,i,} and (m®,...,m") in
positions (iq,...,i,), where mi» # 1, Vp = 1,...,r. Note that there is a 1 — 1 correspondence between each
t € Ry,...i, \ {t*} and each row removed. Obviously, |R;, ..., \ {t*}| = (*_7) — L.

Because there are (n—1)" such problems, we remove (n—1)"-( (’;::) —1) rows for each distinct r-set (i1, ..., i,).

There are (’;) distinct such r-sets of indices, therefore, the number of rows removed at step  is at most

() o-v(t20) - (32)

Assume w.l.0.g. that row removal is implemented (i) in increasing order with respect to  and (ii) for a certain value
of r, in increasing order with respect to row ordering. For example, the step » = 1 is preceding step » = 2 and the
(k—2,s—2)AP, problems corresponding to the pair of indices (m?!, m?) are considered before the (k—2,s—2)AP,
problems corresponding to the pair (m!, m?). To show that the upper bound defined by (3.2) is attainable, we need to
prove the following lemma.

Lemma 3.4.

(i) No rows of the (k —r, s — r)AP,, problems indexed by the r-tuple r, were removed at a previous step involving an
r-tuple 7o examined before rq.

(if) No rows of the (k — r, s — r)AP,, problems indexed by the r-tuple o were removed at a previous step involving a
v-tuple vo where v < r.

Proof. To prove (i), let 7o = (i1,...,4,), 7o = (21,...,4,) be two distinct r-tuples, i.e. there exists at least one
g € {1,...,r}, such that i, # i,. Let #;, be considered first and let ¢ be an s-tuple, indexing a row set, such that
ro.fo C t. Ift = t* (or t = t*), where t* (¢*) is the maximal element of R, ... i, (Ri,.. ., respectively), then
no row is removed from row set ¢t w.r.t. 7o (7o). Thus, w.l.o.g. we assume that ¢ # t*,#*. This implies that the
rows of ¢ belong to the (k — », s — r)AP,, problems considered for both 74 and 7. Let m™ = (m?,...,m) and
m™ = (m",...,m"). For each value of m™, where m¥ # 1, forall p = 1,...,r, arow having m/ = 1, for all
j € t\ 7o is removed (Remark 3.3). This implies that this row has m’ = 1 forall j € 7o \ (ro N#y) Recall that
when considering rq, only (k — r, s — r)AP,, problems corresponding to values of " with no index equal to 1 are



examined. Therefore, all rows removed when considering r-tuples m™ belong to (k — r, s — r)AP,, problems not
examined when considering r-tuples m".

The proof of (ii) follows the same idea. Assume rq = (i1, ...,4,) and vg = (i1, ...,%,), v < r. There exists at
least one index i; belonging to r¢ but not to vy. Let also ¢ be an s-tuple indexing a row set such that r¢, v C ¢. Ifarow
is deleted when considering the (k — v, s — v)AP,, corresponding to a certain value m,,,, not having any index equal
to 1, then all indices of ¢ \ v will have value 1 (Remark 3.3). This includes the value of the index m®, i; € 7 \ vo.
But then this row would belong to the problem (k — r, s — 7)AP,, corresponding to a value of m™, where at least
one of the indices has value 1. This problem is not examined when considering r¢, since all problems defined have
m* # 1. O

(Back to the proof of Theorem 3.2) Summing over all », we get that the total number of linearly dependent rows

of A%)is equal to )
24() e G20 )

which yields the following upper bound on the mnkA%k’s):
B . ([/[(k . (k-7
(£) -2 { () e G20 )
= ()20 w2002 ey
S —0 T —0 T S—7T

+z(k) m-1y

rank A%

IN

(%) (¢) for the second term, we get

S

Replacing r by s — r at the first term and using the property (¥) (£-7)

s—r

et = 2 (1)) e-r-50)0)- 0w

" ; (5 -y ) 339

or

rankA*®) < 5 <k> -(n—=1)" (3.4)
T
r=0

To complete the proof, we need to derive an identical lower bound on the rankA%k’s) by exhibiting an equal number
of affinely independent columns. Each column is presented using the notation (m?, ..., m*=3 mk=s+1 _ _ mk) ie.
it is important to differentiate between the values of the first k£ — s indices and the values of the last s indices. Consider
the following (disjoint) sets of columns.

a) Columns having the first k£ — s indices equal to 1 and all possible values for the last s indices in increasing
order. These columns are
(1,...,1,1,...,1),....(1,...,1,n,...,n)

There are n® such columns.



b) Columns having any k£ — s — 1 of the first £ — s indices equal to 1 and any possible value except for 1 for the
remaining index. These columns also have m_+1 = 1 and any possible value for the last s — 1 indices. An
example is the subset of columns

Columns (1,...,1,2,1,1...,1),...,(1,...,1,2,1,n,...,n)
———
No. of Indices : k—s

The cardinality of a given subset of columns which has the first & — s indices fixed is n*~*. There are n — 1
such subsets that have the value 1 in the same k — s — 1 out of the first £ — s indices. There are k£ — s distinct
configurations, for which the k£ — s — 1 out of the first £ — s indices have value 1 and the remaining index has a
value different than one. Thus, the total number of columns in this setis (k — s) - (n — 1) - n®71.

c¢) Columns havingany k — s — 1 of thefirstk — s — 1+ r (2 < r < s — 1) indices equal to 1 and any possible
value, except for 1, for the 7 remaining indices m?® , ..., m® i, € {1,...,k—s—1+r},forallg € {1,...,7}.
These columns also have m*—*+" = 1 and any possible value for the last s — r indices. For example, let r = 2
and let the last two, of the first k — s — 1 + 2, indices have values different from 1. Then the subset of columns

defined is
Columns : (1,...,1,2,2)1,1,...,1),...,(1,....1,n,n,1,n,...,n)
— S——
No. of indices : k—s—1+2 k—s—1+4+2
k—(s— 1 . ) o , , .
There are (s =7+ )> options for selecting the indices m™, ..., m* and, for each such option, n*~" -
T

(n — 1)" columns are included.

d) Columns having any k — s — 1 of the first £ — 1 indices equal to 1 and any possible value, except for 1, for the s

remaining indices m®, ..., m® i, € {1,...,k—1},forall ¢ € {1,...,s}. These columns also have m* = 1.
k-1 . . - , , .
There are < ) options for selecting the indices m™ ..., m* and for each option (n — 1)*columns are
S
included.

The total number of columns exhibited in (a),...,(d) is

Zs:<k_(5;r+1)> n* T (n—1)"

r=0

_ é{c—(s;r“))_nsT_g{@_(_l)l_nu}} (35)

The right-hand side of (3.5) can be written in the form >~°_ n" - g(r). To identify g(r), observe that n‘, for all
i € {0,...,s}, can be derived as n’ - n°, forr = s —i and [l = r = s — 4. The binomial coefficients of (3.5) will

then be (k — (5= (s -+ 1)) — (k -t 1) and (2 ~ z> - (=1)*=%. All the combinations that produce n’ (i.e.

s—1 s—1
nt-n® ni=t.nl ... n%.n?), the corresponding values of r and /, as well as the coefficients are illustrated in Table 1.
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Table 1: Identifying g(r)
l r n' <T) =1y <k —(s—r+ 1))

r

: —3 . k—i—1
s—i s—i n'-n? <S Z,)-(—I)S’ < ‘ >
s—1i s—1i
. . i1 .1 s—i1+1 o qys—i k—1
s—i|s—i+1|n n (-1)
s—1 s—1+1

5 —z s 10 ni <S : Z) (—1)— <k; 1)

It follows that g(r) = (=1)*~" - S5, (¢ D) (L ). Thus, (3.5) becomes

l s—r

zi:(k—(SZTWLl)) ST (= 1)
_ z::on 1y 12; <k— (Sl—l+1)) (81r> (3.6)

The right-hand side of (3.3) is >_7_, (’;) - (n — 1)". Expressing term (n — 1)" using Newton’s polynomial, we
obtain

CEEQ (L) e

Equality between the two last terms of (3.7) is proven through an argument analogous with the one used for proving
(3.6).

By induction on s and r, it can be shown that the right-hand side of (3.7) is equal to the right-hand side of (3.6).
Thus, we obtain the independent row-column identity for the assignment problem

S

i(f) .(n_l)r:Z<k_(3;T+l)> T (= 1)

r=0 r=0

The submatrix of A%"*) formed by these columns and the remaining rows is square lower triangular with each
diagonal entry equal to 1, therefore non-singular. Hence, these columns are affinely independent. This provides a

lower bound on rankAﬁf’s) equal to the upper bound illustrated in (3.4). The proof is now complete. O
Corollary 3.5. dimP":5) = S 52571 (F) . ( — 1)k,

r=0 r

Proof. Follows from (2.1) if term n* is written using Newton’s polynomial.
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4 The (k, s) assignment polytope

Amongst assignment problems, the one with the longest history is the two-index assignment problem. From early on,
it was known that P}M) = P21, This is a direct consequence of Birkhoff’s theorem on permutation matrices (see
[8, Theorem 1.1]). Hence, dimP{*") = dimP(>:)), which by Corollary 3.5 is equal to (n — 1)2. In Table 2, we state
the known values of dimP}k’s) for given (k, s), other than (2, 1). We also state the values of n, for which the proofs
are valid and the appropriate references.

Table 2: Known values of dimP\**).

‘ (k,s) ‘ n ‘ dimP}k’S) ‘ References
(k,0),Vk € Z, >0 nk—1 Lemma2.2
(3,1) >3 n3—3n + 2 R. Euler ([10]), E. Balaset al. ([3])
(3,2) >4 (n—1)° R. Euler et a.([9])
(4,2) >4,#6 | n*—6n°+8n — 3 | G.Appaeta (1))
(k,k),Vk € Z, >0 0 Lemma2.1

For general (k,s), since P}k’s) C P*:5) the result obtained in the previous section (Corollary 3.5) implies
dimP{*? < S K757 (BY . (n — 1)k=" . However, establishing the exact value of dim P{***) is not as straightforward
as in the case of dimP**), Note also that P}k’s) = () for certain values of k, s, n (for example, consider the polytope
for k = 4,s = 2,n = 2). We will next provide a necessary condition for PI('“’S) # () and show that the upper bound
on the dimension, implied by Corollary 3.5, is attained for s = 1, and s = 2, forall k € Z ., k > s, provided that the
corresponding polytope is hot empty.

Let us first take a closer look at the integer vectors of P}k’s). Definition 1.1 implies that n® k-tuples have to be
selected, therefore an integer vector must have exactly n*® variables equal to 1. Moreover, any integer vector must
signify n disjoint members of powerset W,_,, each one containing n*~! tuples (i.e. variables). Since any index
m! € M,;, t € K, can be regarded as indexing powerset W,_,, any of its values m{ must appear in exactly n*~!
non-zero variables. Hence, at an integer point of PI(’“’S), each element of any of the sets My, . .., M}, appears in exactly
n®~! variables set to one. This remark is very useful in terms of providing a mechanism of transition from one integer
point to another. Consider an arbitrary integer point z € P}k’s), and a pair of values mf, mt € M;,t € K. We
set m* = m! for all the (k — s + 1)-tuples with m?* = m{ and also m?! = m/ for all the (k — s + 1)-tuples with
m! = m!. The derived structure corresponds to another integer point & € PI(’“’S), since there are again exactly n°—!
“new” variables set to one with m! = m{ and n®=! “new” variables set to one with ;! = m}. The variables, with
m! = mf and m? = m!, set to one at point z are set to zero at point # and vice versa. The values for the rest of the
variables remain the same at both points.

This notion of interchanging the role of two index values is formalised with the introduction of the interchange
operator (). Hence, by setting 2 = z(m{, + m!),, we imply that, at point =, we interchange the index values
m and mt, thus deriving point 2. The subscript indexing the brackets denotes the set that the interchanged elements
belong to. A series of interchanges at a point z € P}k’s) is expressed by using the operator («++) as many times as the
number of interchanges with priority from left to right. For example, 2 = x(m{ < m1)1(1 <» m?), implies that at
point z we interchange m{ and m1, while at the derived point we interchange 1 and m?.

We proceed one step further and define the conditional interchange, which implies that the interchange is per-
formed only if a certain condition is met. Usually, the condition is a logical expression involving comparisons of index
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values. The interchange is performed only if the logical expression evaluates true. Since we are only going to perform
conditional interchanges, for which both the logical expression and the interchange refer to the elements of a single
set, we will use a common subscript for both. For example, # = z(mf = n?m! « 1), implies that at point = we
apply the interchange between m! and 1 only if m{ = n; otherwise, # = z. The interchange operator was originally
introduced in [1] for integer points of P{**),

An important issue is, given (k, s, n), whether PI('“’S) # . This question is difficult to answer for general (k, s, n).
However, for certain values of s, we know that P}k’s) # (. We have seen two such trivial cases in Section 2.2. Another
such case is obtained for s = 1. It is easy to see that P}k’l) # (,Vk,n € Z . This is because the diagonal solution,
noted as %9 (21..; = -+ = Tpn.., = 1), always satisfies constraints (1.5), (1.6), for s = 1. For general s > 2,
we provide the following necessary condition for PI('“’S) to be non-empty.

Proposition 4.1. For s > 2, a necessary condition for the existence of a solution to the (k, s)AP, isk <n +s — 1.

Proof. Observe first that, according to (1.5), variables appear at the same row if and only if they have at least s indices
in common (common values for indices belonging to m ).

Given that PI('“’S) # () and s > 2, consider the point z’ € P}k’s) having 1.1 s cmb = T1.imgemk = ©°-
= Ty..1ms..mt = L. Such a pointalways exists, since rows (1,...,1,m%) € My x Ma--- x My, j =1,...,n must
have exactly one variable equal to 1. Also note that all indices m§,j = 1,...,n, must be pairwise different since

otherwise a constraint would have a left-hand side equal to 2. Consider the following sequence of points:

z® =12'(m] #1tm3 < 1)+ (md #ntm, < n)s

2 =2t (miT £ 1m0y - (mETE #£nmET oon) g

oF = 2Pk £ 12mb o 1) (mE # ntmk o on),
Let 2 = z*. At point = we have z1...;1..1 = 21...12...0. = --- = Z1...15...n = 1. The notation implies that the first
s — 1 indices are equal to 1 and the indices s, . . ., k have the same value. Point = must satisfy all constraints including
row (2,1,...,1) € My x M, --- x M. Consequently, there must be exactly one variable of the form xo;...1 s +1...m*
with value 1. None of the indices m*T!, ..., m* can take the value 1, because the left-hand side of a constraint would
then become 2. For the same reason they must be pairwise different. Therefore, at most n — 1 values must be allocated
to k — s indices. Thisimpliesk —s<n—-1&k<s+n-—1. O

For s = 2, this theorem states the known fact that there can exist no more than n — 1 MOLS of order n ([17,
Theorem 2.1]).

Let us explore the relationship between the (&, s)AP,, and the problems arising by decreasing by one any of the
parameters k, s. Recall first that a member of powerset Wy is equivalent to n disjoint members of powerset W_1,
i.e. ton sets of n®~! (k — s + 1) tuples each. It follows that a solution of (k,s)AP,, is equivalent to n disjoint
solutions of (k — 1, s — 1)AP,,. Equivalently, a vector z € P}k’s) can be used to construct n linearly independent
vectors z' € P}k_l’s_l), i = 1,...,n. The construction is quite straightforward: for a certain index m?,¢ € K, and
T € PI('“), define 78 = (e;mty forall ¢ € Mye\(ar,y,% = 1,...,n. Itis easy to verify that 7° € P](k_l’s_l),
fori=1,....,n.

In an analogous way, a solution of (k, s)AP,, implies a solution to (k — 1, s)AP,,. Observe that the (k — 1, s)AP,,
requires an integer solution with n*® variables set to one, but with one index less (i.e. n® (k — s) tuples). Let the index

Pk,k—1
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dropped be m? € M;, t € K. Assuming z € P}k’s), a vector 2’ € P}k_l’s) is derived as follows:
,_{ 1,if Imte My: z

“e =\ 0, otherwise
In contrast, a solution of (&, s)AP,, cannot give rise to a solution of (k,s — 1)AP,, and vice versa. Note also that

the inverse of the above is not true, i.e. a single solution to either (k — 1,s — 1)AP,, or (k — 1, s)AP,, is not always
extendable to a solution of the (k, s)AP,,. The hierarchy implied by these observations is depicted in Figure 1.

Figure 1: A hierarchy of assignment polytopes

ork—1(c,mi) =

,Ve € MK\{Mt}

The only exception is the case of (k—1, 1)AP,,, whose solutions can always be extended to solutions of (k, 1)AP,,.
Observe that a solution to (k — 1, 1)AP,, is a collection of n disjoint (k — 1)-tuples, whereas a solution to (k — 1, 1)AP,,
requires a collection of n disjoint k-tuples. By defining an additional n-set M}, adding a different element m* € A1,
to each of the (k — 1)-tuples constituting the solution of the (k — 1, 1)AP,,, results in a solution of the (k, 1)AP,,. This
observation has obvious algorithmic implications: instead of solving the (k, 1)AP,, directly (especially for large values
of k), one can solve a lower dimensional axial assignment problem (k’, 1)AP,,, for k' << k, and, consequently, extend
the solution to a solution of the higher dimensional problem. This algorithmic aspect is exploited in [24], within a
scheme based on Langrangian relaxation. It also appears in [6], the authors of which propose simple heuristics, which
extend a solution of (2, 1) AP, to a solution of (k, 1)AP,, by sequentially solving (k — 1) bipartite matchings. Branch
and bound methods, incorporating this characteristic to extract lower bounds on the optimal solution, are proposed for
the (3, 1)AP,, and the (3, 2)AP,, in [5] and [18], respectively. The principle is also applicable for s > 2, the difference
being that solutions of (k — 1, s)AP,, might not be extendable to solutions of (k, s)AP,,. A simple case is that of pairs
of MOLS, i.e. solutions to (4, 2)AP,,, which are not always extendable to triples of MOLS, i.e. solutions of (5, 2)AP,,.

A statement summarising the above, in terms of polyhedra, is the following.

Remark 4.2. projmep(k_l‘l)(p}kvl)) _ PI(k—1,1) and
I

Proj, . p(r—1.0) Py c pF) for s > 2
I
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5 Theaxial assignment polytopes

The two most prominent representatives of this (sub)class are the polytopes P{*"and P*"). We have seen that
dimP{*" = (n — 1)2. Other basic properties of P{**) can be found in [8, Theorem 1.2]. The facial structure
of P}g’l) has also been substantially studied. As mentioned earlier, the dimension of this polytope is established,
independently, in [3, 9]. Several classes of facets, induced by cliques and odd holes of the underlying intersection
graph, are identified in [3, 27]. Separation algorithms, for some of these classes, are given in [4].

To the best of our knowledge, (2, 1)AP,, and (3, 1)AP,, are the only axial assignment problems, whose underlying
polyhedral structure has been studied. However, several applications of axial assignment problems, for £ > 3, have
been reported (see [8, 22] for a collection of applications). This suggests that the study of P}k’l), for general k&, is of
practical as well as of theoretical interest. We have already mentioned that P}k’l) # 0,Vk,n € Z . Further, it can be
proved, by induction on n, that the number of vertices of P}k’l) is equal to (n!)*—!. Next, we establish the dimension
of "V thus unifying and generalising the corresponding results obtained for P> and P{*"),

Theorem 5.1. Forn > 3, dimP{*") = S22 (}) . (n — 1)k,

T

Proof. From Corrollary 3.5, we know that dimP{*"") < ko2 (%) - (n — 1)*=7. strict inequality holds if and only if
there exists an equality ax = aq satisfied by all z € P}k’l), which cannot be expressed as a linear combination of the
equality constraints A,(f’l)a: = e. Proving that no such equality exists, essentially proves that the system Aﬁf“’l)x =e
is the minimum equality system for both P{*") and P i.e. dimP{*"") = dimP*-1),

Assume that every z € P}k’l) satisfies the equality axz = ag for some a € R and ag € R. Then there exist
scalars \E AL LA L Vmt € My,.. ., mP € My, satisfying

mls mk

Atz = A+ A4 AL Ymt € Myt € K (5.1)
ag =Y AN A MNT 4 AL (m m? L mE) € Mk} (5.2)
We define:
/\,lnk = Q..amk
Afnk—l =  Qp.Q1mk-11 —0a1...11
/\fnkfz =  Qq..amr-211 — A1--11
/\fnl = Qpl1...1 —a1...11

Note that the superscript of As is given by the function defined in (3.1).
By substituting in (5.1), we get

Applm?2...mk = Amply...1 + A1m?21..-1 + -+ A1q...1mk — (k' — 1)(11...1 (53)

By observing that a;...;pt1..1 = a ir),(1,...1)) forall t € K, we re-write (5.3) as

er,1((m
amlmz,,,mk = Z{awk’l((mit)’(lwa)) ot c K} — (k — 1)(11...1 (54)

Observe that (5.4) is true for every k-tuple having at least £ — 1 indices equal to one.

For n > 3, consider the point z[q] € P}k’l) which has z1...1, 2 , Where

_ P ; .
erg((mitsmy ™™ mg?), (mg? L mh))

2 < q < kand 1,m}, m} are three distinct elements of M, for all t € K. We can derive z[q] as follows. At 229,
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let z, (v = (m1 mk)) denote a variable set to one, other than z;...,. Then, z[q] = %9 (mi £ mimi &

teeom
My )iy e (M A m T Im T o myt )i (maf # mg tm e met )i, - (mik # mitmi o mi ),
Let 2'[q] = z[¢](1 «+ mff)iq. At z'[q] the two, previously exhibited, variables are set to zero. In their place,

we have z’ ; =z . ; ; ;= 1. Since z[q], 2'[q] € P(k’l), both points
_ Ora (1o lmg?), (1) i g ((my! om0 1) (mg™ mgh)) a _[q] ! P
satisfy ax = ag. Hence, ax[q] = az'[q]. This equation, after canceling out identical terms, yields

ai.., +a ; ig—1 i i i
Cr.a((mit e my® img?) (me? L mgh)
a : +a ; i : ; 55
Proq (Lo limg?),(1,01) T D g((myhomy® 1), (mg? T mgh)) (5:5)

Consider points #[q] = ='[g](m{' <> 1), - (mg" "o 1), , and Z'[q] = i:[q](mff < 1);,. Since Z[q], z'[q] €
P}k’l), both points satisfy axz = ag. Hence, aZ[q] = aZ'[q], after canceling out equivalent terms, yields

a‘pk‘q((mél""’mf)q_l’méq)’(lv”'vl)) a‘ﬂk,q((mlv ’m1q ! )’(mEQ‘Fl’“.’mék))
T Yonal(myt mgT 1), (1,0) +awk‘q((m?,---,mi"‘l,mé"%(mé"“,---,mé’“)) (56)
Adding equations (5.5) and (5.6) results in
@ (el (1)) T Py g i 1, e1)) T B (ealamg®). (1) ~ W01 B
Equation (1.2) implies
a@k,q((mgla 7m0q 1’1)7(1""71)) - aﬂok‘q—l((m07 7m0q 1)7(1,---,1))
Yora((Ltmp), (1))~ Yopa((mf?),(1,...,1))
Hence, (5.7) becomes
= —ay...1 (58)

acpk,q((mél,~~~,m3‘1),(1,~~,1)) awk‘q,l((mo, ™YY, (1,...,1)) +a<ﬂk,1((méq),(1,...,1))

Consider the recurrence relation (5.8) for ¢ = k. By recursively substituting term a a2 (i1 mia 1) (1, 1))
until ¢ = 2, we obtain equation (5.4) for m* = m{ € M, \ {1},t € K. To prove (5 4) for a k- tuple with 7
(1 < r < k— 2)indices equal to one, we perform the recursive step starting from ¢ = k — r. This proves equation
(5.2).

To prove equation (5.2), consider az%1%9 = aq :

ag = ai...1 +as..o+ -+ an.n
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or (by substituting all terms, except a; . 1, from (5.3))

ap = ai.i+[a.a1+ a2+ -+ a2 — (E—1)ai.4]
+-+anta + Gip1ea + o F a1 — (B —1)ag..4]
= [(a21.1 —a1..1) + -+ (ap1..1 — a1..1)]
+--+[(ar.21 —area) + -+ (101 — @1..1)]
+(ay..1+ay.a2+ -+ ai.an)

Equivalently (substituting from the equations defining As)
ag = Z{/\fnl + )\fn_zl + ot )‘in’“ s (m',m?,...,m") € Mg}

This completes the proof. O

Let us examine which of the faces induced by the constraints of P(¥:1) constitute facets of P}’“’l). All the equality
constraints (i.e. equalities (1.5)) are satisfied by all points of P}k’l), therefore they define improper faces of P}k’l).
For ¢ € Mg, the inequalities 2. > 0 define facets of P}k’l); in contrast, the inequalities z. < 1 are redundant, i.e.
implied by the original constraint set.

Proposition 5.2. For n > 3, every inequality z. > 0, for ¢ € M, defines a facet of P}’“’l).

Proof. For any ¢ € My, consider the polytope P*"V° = {z € PV . 2, = 0}. It is sufficient to show that
dimP*V¢ = dimP™Y — 1. Evidently, dim < n* — 1 — rankA%"° where A%V is the matrix obtained from
A% by removing column . It is not difficult to see that the rank of A%"is equal to the rank of A%V, This
is immediate, if the column a° is not among the columns of the upper triangular matrix described in Theorem 3.2,
otherwise it follows by symmetry. Therefore, dimP{**") < $°F72 (¥) . (n — 1)~ — 1. To prove that this bound is
attained, we use the same approach as in the proof of Theorem 5.1, i.e. show that any equation az = ag (different than
x. = 0) satisfied for every = € P}k’l)c is a linear combination of the system A%’“’l)‘:x = e. The proof goes through
essentially unchanged. O

Proposition 5.3. For n > 3, every inequality z. < 1, for ¢ € M, does not define a facet of P}k’l).

Proof. Forany ¢ € My consider the polytope Pl,('“’l)C ={z € PI('“’I) : ¢, = 1}. We will show that dimP}k’l)c <
dimP*" — 1. We know already that dim PV < dimP*:)e where P(:De is the LP-relaxation of P{¥1)°,
Setting z. to one is equivalent to setting the variables, which appear at the same constraints with z., to zero. Note that
a variable x4 appears at the same constraint with z.., if and only if it has at least one index in common with z., i.e. if
and only if |c N d| > 1. The number of variables z 4, such that [c N d| = 0 is (n — 1)*. It follows that the number of
variables having at least one index in common with z., i.e. set to zero, if z. = 1, isn* — (n — 1)*.

Hence, dimP*-1e = nk — [k — (n — 1)*] — rank AFD° where A%1° is the matrix obtained from A% by
removing the columns corresponding to the variables set to zero. Obviously, mnkA,(f’l)C < mnkA%k’l). It follows
that

dimP®De <pk —[pk — (n — 1)*] — rank AR < dimPI(k’l) — [nF = (n = 1)k

Taking into account that n — (n — 1)k > 1 forn > k > 3, it holds that dim P(:"D¢ < dimP**") — 1. The result
follows. 0
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6 A family of facetsfor the axial assignment polytope

Let C denote the index set of columns of the 0 — 1 matrix A. We refer to a column of the A matrix as a forc € C.
The intersection graph G4 = (V, E), has a node ¢ for every a® € A and an edge (cs,¢;) € E for every pair of
nodes with a® - a® > 1. Let G4 = (C*1), E®:1)) denote the intersection graph of A", Then, 1) = My
and (cs,¢;) € E®Y forall ¢z, c; € C*D with |e, Neg| > 1. By definition, ¢ € O refers to the k-tuple
(ml,...,mk) € Mk. Hence, the variable z. is equivalently denoted as T(ml .. mk)-

Proposition 6.1. The graph G4 = (C*1), E*) is regular of degree "1~ (¥)(n — 1)* .

Proof. Foreach ¢y € C(’“’l), there are exactly (n — 1)’C nodes with no index in common with ¢g. Since ¢q is incident
to all other nodes of G, the degree of node ¢ is n* — (n — 1)* =1 =37 ((F)n - —(n—-1* -1 =

=1 (5 (n -1k, O

Corollary 6.2. |E*®D)| = w
Proof. The number of edges is equal to the sum of the degrees of all nodes divided by 2. O

For co € Ck1), define
k
Q'(co) = fer € C¥V s [N > bJ +1}

Definition 6.3. Consider co,c; € C*Y, with |co N ¢;| > 1. The complement of ¢; W.r.t. ¢ is any node & (co) €
Ck:1) such that let NE(eo)| =0, |eo Net| + |eo Né(eo)| = k.

Note that (c;, & (co)) ¢ E*D. For the rest of the section, assume & > 3. A clique is defined as a maximal
complete subgraph.

Proposition 6.4. For each ¢, € C*1) and k odd, the node set Q*(co) induces a clique. There are n* cliques of this
type.

Proof. Let ci,ca € Q'(co). Since both ¢y, co have [gJ + 1 indices common with ¢q, they must have at least one
index in common with each other. It follows that (c1,c2) € E*:1). To show that Q' (co) is also maximal, consider
cs € C*D\ QY(co). This implies co N e3] < |£|. Because of k being odd, it holds that |co N és(co)| > | £ + 1,
implying 3(co) € Q*(co). Since (c3,é3(c)) ¢ EU1), the graph induced by Q*(co) U {cs} is not complete, i.e. a

contradiction. There is a distinct clique of this type for each node of C'*+1), i.e. the total number of cliques is n*. O

Observe that Q" (co)| = Zf:L%JH (5) - (n = 1)k,

For k even, it can be verified that Q' (co) is not maximal, i.e it has to be augmented by introducing additional
nodes. To describe the set of these nodes, a number of intermediate definitions is necessary. For ¢q € C'*:1) and
S C K, define:

Cgk’l)(c(]) ={¢ € ck:1) . (coNer) € Mg}

Itis easy to verify that |c;Ne, | = 0 forall ¢; € C(Sk’l)(co), Cu € Cﬁf\ls) (co). Forkeven, defineG = {SC K :|S| =%},

k
2

sets GT, G, suchthat G = Gt UG~ and S € G* ifand only if K\S € G~. There are 25! such partitions. Define,
finally, the set of nodes

k
|G| = < ) . Observe that, for k even, S € G if and only if K'\'S € G. Therefore, the set G can be partitioned into

Q2% (co) = U{C¥V (¢), 5 € G}
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The node set QZ,_ (co) is defined analogously. It follows that and ¢; € Q% (co) if and only if & (co) € Q% (co).
Proposition 6.5. For each ¢o € C*>1) and & even, the node set Q%(co) = Q*(co) U Q% (co) induces a clique.

Proof. Leter, o € QM(co). Ifboth ¢1, e € Q' (co) Or both ¢y, ca € Q% (co), it is easy to verify that [c; N o] > 1,
i.e(cr,c0) € E®D Ife; € Q'(co), c2 € Q%4 (co), e1 has £ + 1 indices in common with ¢y and ¢, has & indices in
common with ¢q. Because of & being even, it follows that c¢1, co have at least one index in common.

To show that @*+2(co) is maximal, consider c; € C*1) \ Q1?(cy) and note that either [cz N o] < & — 1 or
les Neo| = £. The first case implies that |¢3(co) Nco| > & + 1, i.e. €3(co) € Q' (co). Hence, the graph induced by
Q"*(co) U {cs} is not complete. In the second case, clearly, c3 ¢ Q. (co). Hence, there exists at least one element
of Q% (co), namely ¢4, such that |c3 N ¢4| = 0, i.e. the graph induced by Q'*(co) U {c3} is not complete. O

For k even, it can be verified that:

k

@)= 3 (7) o0 g (5) -

—k
t=k41

ol

Theorem 6.6. For k > 3 and odd, n > 4 and ¢ € C*:1) the inequality
d {zg:q€ QN (0} <1 (6.1)

defines a facet of P{**"),

Proof. Since Q' (c) is the node set of a clique of G 4 (C*:1), E(k:1)) then the inequality (6.1) defines a facet for P{*1).
since P{*") ¢ PV it follows that (6.1) is also valid for all z € P{*"").

Define P{**"(Q'(c) = {= € PV {w, : g € Q'(c)} =1}

To show that P}k’l)(Ql(c)) # (), consider an arbitrary point z € PI(’“’I). Let z, be one of the variables set
to one at this point. Letq = jvNel. Ifqg > [£] + 1.2 € P¥Y(Q1(c)). Therefore, assume that ¢ < |£].
Let w.l.o.g. v = ¢ o((m2 ...,miﬂ,(mfﬁ“,...,mf})), where mit # mé fort = g+ 1,..., k. Derive point

F=a(mi o mith, - (mis o mi);,. Since F, = 1,7 € P (QY(0)).
To show that PV (Q1(c)) # PV, consider an arbitrary point z € P{*") (Q1(c)) with 2, = 1. At this point,
[%] 1%]

for n > 3, let z,,, z,, be two variables set-to-one other than z.. Let 2 = z(m) < ml); - (m?? & mg )H
2

C
L3 k
(mcL2J+1 “ mLﬁJH)L%JH. i€ P}k’l) \P}k’l)(Ql(c)) since there are two variables, each with a distinct set of
[gJ indices from ¢ and one variable with the remaining index from c.
Assume w.l.o.g. that ¢ = ¢,, = (n,n,...,n). To show that P{*")(Q(c,)) is a facet of P, we will exhibit
scalars m, AL, A2 M ¥m! € My, ...m* € My, such that if az = ao forall z € P}k’l), then

mk=17 35\l

AL A2 s )\ 1 2 k C(k,l) 1 n
am1m2,,,mk :{ mk + mk—1 + + ml? (m ’m ? 7m ) € \Q (C ) (62)

A+ X+ A (mtm? L mb) € QY ()

and

k
ag=m+Y > AL (6.3)
t=1

mktl—te My 14

We define the scalars /\1”,@ - ,/\’:n1 as in Theorem 5.1.
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Substituting the left-hand side from (6.2), for (m', m?,...,m*) € C*1\ Q'(c,), we obtain

k
Qe = ) Gy y(mt), (1)) — (k= Dartn
t=1

or equivalently
k

Uizt = D Ay (i) (1,-.1)) — (k= Darz. (6.4)
t=1
For n > 4 there exist m{ ,mi* € M;, \ {1,n},Vt € K.
Consider d € C¥:Y). For d to belong to C*-) \ Q' (c,,), we musthave 0 < r = |[dN¢,| < [£]. W.lo.g. assume
thatm’ =n,t =1,...,randm’ =m{,t =r +1,...,k Evidently, if r = 0 no index of d is equal to n.
At point 249 let z,, = 1, such that v # (1,...,1). Let Z[q] = (m& # mi*?mit & mit);, -+ (my™' #
mie ImiE T o mlf’l)iq_l (mis # milq mis milq)iq o (mi £ miFmi < mi),, . At point Z[g], we have

T1..1 =12 =1

Pra (i ooy mi) (mftmi)
Let irw': 1, w ;éu Clearly, mi: # l,m’f,t = 1,...,q — 1 and m¥ # 1,ml§‘,t = q,..., k. Then, z[¢q] =
Z[g)(muytt £ n?my < n);., -+ (mik #£n?mik & n);, . Note that the two previously exhibited variables are set
to one, at both points x[g] and #[q]. Hence, z[q] € P}k’l)(Ql(cn)), since there is one variable with at least |£| + 1
indices equal to n. The same variable is also set-to-one at point 2’[¢] = z[g](m,; < 1);,. Therefore, z[g], z'[q] both
satisfy az = ayo, yielding az[q] = az’[q] or

aj1..1 +a

, P ; .
erg((myitemy ™ mi?) (m 2 mik))

= a i +a

paa((mi3),(1,...1) (6.5)

. i ; .
Prg((mit e m @1 1), (m 2 m )

Let #[q] = a'[g](m}} ¢ 1), --- (mla~™" & 1);,_,. At this point, we have

Gg—1"

T (i1 o) (1,001)) =1

=z ; g i ;
@r,q((myt,...,m,? 1’1)7(mdq+17___’m;k))

Let &,, denote another variable set-to-one. Let z[g] = &[g](mu*' # n?mu™ < n)i,, - (mi # n?mik & n);,.
Z[q] € P}k’l) (Q'(cy)) since there is one variable with at least | £] + 1 indices equal to . The same variable is also
set to one at point z'[g] = Z[g](m}; < 1);,. Therefore, both Z[q], z'[¢] satisfy az = ao, yielding aZ[q] = az'[q], or
equivalently

a : , +a : o , L
P q((mgsesmy®) (101)) T Dn g ((mytemi? ™1 1), (m L mi)

= a g1 +a ig_ (6.6)

Prigm1 (M mg ™), (11) T Cng (il em ™ mi) (gt mik))

Adding equations (6.5) and (6.6) gives (after cancelling identical terms):
1)) —ail...1 (67)

a : i =a i g +a i
Gr,q((mi},.omi?),(1,...,1)) Ghyq1 (M eom71),(1,...,1)) er1(my),(1....,

As in the proof of Theorem 5.1, the recurrence relation (6.7) proves (6.2) for any k-tuple belonging to C'(*:1) \
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Q' (cn), since all points used for 2 < ¢ < k belong to P}k’l)(Ql(cn)).

Next, we consider k-tuples belonging to Q' (c,,). Let (m?, ..., m*) be one such tuple, with ¢ indices equal to n.
It is necessary to have | %] + 1 < ¢ < k. Assume m® =n,Vt =1,...,q,m" # n,Vt = ¢+ 1,..., k. Hence, for
rq((n,...,n), (mia+r ... m™)) € Q' (cy), we define

k
Mna(nsee (08 o) = B o041 i) ™ D At = D A -
=1 t=k—q+1
First, we will show
Tnn-n = Ty g1 ((npen)(m**)) = T 1 o ((nseyn),(mk =1, méx))
= ...= ﬂ-(pk‘L%J+1((n7.”’n)7(milk/2j+2“”’mik)) -7
or
Tokq((nyn) (miatt min)) = Moy g ((nye ), (mie,min)) = T EJ Freast 7

Letmb € My \ {n},Vt € K, i.e. m} may be equal to 1 for some t € K. At 2499, letz, = 1,v # (n,...,n).
Let & = 2% (my # myTmy <> mb)1--- (my # m5?my < m5)g. At T We have Zp...p = T3 3.k = 1. Let
z[q] = Z(mY © n)y ---(m2 < n);,. Forg> |%] +2and k > g, points z[g], z[g — 1] € P('c 1)(Q (cn)) since at
both points there exists one variable set to one with at least LQJ + 1 indices equal to n. Both points satisfy az = aq,

which implies az[q] = az[q — 1] or

i i +a i i
ryq(Meeem) (ma™ ! omF)) T Tk g ((myh e omy?),(n,..in))

(6.10)

a i i« + a ; iy
@k, q-1((n,-n), (M7, .ma*)) Org=1((mal .. oma® 1) (n,...n))

The first terms of both sides are indexed by &-tuples belonging to Q*(¢,,), whereas the other two &-tuples belong
to C51 \ Q'(c,,). Therefore, substituting the first terms, of both sides, from (6.8) and the rest by (6.2), we obtain

k—q
Z/\t ”“rl ot Z /\t +7T</7 a((nyeen) (my™ L mik)) +Z/\% Z A ”Hrl t

t=k—q+1 t=1 t=k—q+1
k—q+1 k k—q+1
SR T ) NI DI TR
1’“"’1 ! </7k a—1((n...,n), (mz yeemgk)) ”“‘*’1 t n
t=k—q+2 t=k—q+2 t=1

Canceling out identical terms, yields (6.9).

Consider now two distinct k-tuples v, w € Q' (c,) \ {cn}, €ach having a different set of indices equal to n, but of
the same cardinality ¢ (| £] + 1 < ¢ < k). We will show that 7, = 7,,.

Letv = ¢rq((n,...,n), (mis* ... mi*)) and w = Ok.q((n,...,n), (mlett, ... mid%)), where mit € M;, \
{n}, mi+ € Mj, \ {n}, Uf:q+1{it} # Uf:q+1{jt}. Let = denote the point which has .., = Ty 2. = 1.
Since z,,.., = 1,z € P}k’l)(Ql(cn)). Let also z[g] = z(n < mil); - (n mfﬂ)iq . At z[q] there exists one
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variable, set to one, with at least [gJ + 1 indices equal to n. Therefore, axz = ax[q] yields

Ann-on + Qom0 ok
nn n m,um,u m,u

a i ) +a i i
‘Pk‘q((nv---vn)a(quJrl yeensME)) ka,Q((mvl 3o )5 (1,05m))

Substituting terms, indexed by k-tuples belonging to Q'(c,), from (6.8) and the rest from (6.2), we obtain

) ) — & .. —
T () (it mfor [£] +1 < ¢ < k. In a similar manner, we prove mpp...,

T « ) (migtt ivyy = m. The proof of (6.2) is now complete. To show (6.3), in az®99 = q,, we substitute
k,q((12y...,m) (M N 1)

terms from (6.2). The result follows. O

Tnn-.n =

Theorem 6.7. For k > 4 and even, n > 4 and ¢ € C*:1) the inequality
Y o€ Q) <1 (6.11)

defines a facet of P{**"),

Proof. The proof differs from that of Theorem 6.6 in the points to be presented next.

First, observe that we refer to the set P}k’l)(Q1’2(c)) instead of P}k’l)(Ql(c)), where P}k’l)(Q1’2(c)) ={r e
PEY Sz, 1 g€ Q12(e)} =1},

To prove that P{*"(Q1:2(c)) # P*V), consider a point z € P{*"(Q12(c)) with z, = 2, = 1,¢ # v. Let

ik/g Zk/g . - - / _
¢ My )’k/z' At this point, we have xs@k k((mil,...,mik/Q),(mi(k/QHl,---,mik)) B
12

= 1. W.l.o.g. let 2!, be another variable set-to-one. The point Z = z'(m* «

2 = z(mi < mi), - (m

' . ;

P ((mED ) (K4
mik);. belongs to P}k’l) \ P}k’l) (Q'%(c)), since among the variables set-to-one three have indices from the k-tuple
¢, none of which belongs to @1:2(c). It can be easily seen that, one of them is indexed by the complement of a k-tuple
belonging to Q%H (c), one has g — 1 indices from ¢ and one has exactly one index from c.

Next, we must show (6.2) and (6.3). We define the As in exactly the same way as in the proof of Theorem 6.6.

Hence, for (m',m?,...,m*) € O\ Q"2(c,), we must prove (6.4).

Assume that the sequence of indices iy, iy, ..., i) is such that ¢, & (o) (m /24 min)) ¢ Q%H (cn) and
Phe & (mi1 o™ /2) (ny.m)) € Q2+ (cn), where m® € M;, \{n},Vt € K. Observe that for any k-tuple with % indices
from (n,...,n), we can derive such a sequence of indices.

We consider a k-tuple d € CFD \ Q12 (c,) where m’s = n, t = 1,...,7,m = m{,t =r+1,....k and

0<r=|dne,| < g The proof proceeds in the same way as in Theorem 6.6 w.r.t. the derivation of points and
equations. At each of the points derived, for r < g — 1 one of the variables set-to-one has at least % + 1 indices equal

X .
to n whereas for » = 5 we have R R 1, for some m* € M;, \ {n},t =1,...,k/2.
’2

Hence, all points belong to P}k’l)(Qm(cn)), for 2 < ¢ < k. Thus, we have proven (6.4) for an arbitrary tuple
belonging to C'%:1) \ Q12(c,,).

To prove (6.4) for a k-tuple belonging to Q*:2(c,,), we consider two cases: either the tuple belongs to Q*(c,),
or to Q% (cn). In the first case, the proof is identical to that of Theorem 6.6. In the second case, for the k-tuple
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Phk (mit,m™12) (,m) belonging to Q% (¢,), we define

k/2 k
_ _ _ _ t _ ¢
T s ((mitm™/2) (o)) = Yop g (mitcom™/2),(n,...om)) D vt > M (6.12)
=1 t=(k/2)+1
Atz®9 letz, = 1, v # (n,...,n). Letz = 2P (mg # my?my > my)r---(m§ # my?ms & my)y.
At z, we have T,.n = Tp1mz.mk = 1. Leta’ = z(my' & n); - (my* > m);,,,. Obviously, z,2" €

Pl(k,l)(Ql,Q(cn)) implying az = az’ which yields

Apccn + A1k = A i /2

a ik i
b (M m ), (0,0 0m)) wk,g((n,...,n»(mﬂ/”“,...,mqﬁ))

By substituting the second term of the right-hand side from (6.12) and the rest of the terms from (6.2), and can-
celling out identical terms,.we obtain 7 i ix /2

= Tp...n = . O
e,k (it m %) (n,.m)

Note that, for &k = 3, this class of facets is described also in [3].

7 Theplanar assignment polytopes

Each integer point of P}3’2) corresponds to a Latin square of order n (see, for example, [9]). This implies P}3’2) # 0,
since there exist Latin squares of any order n > 2. The polytope PI(3’2) is also referred to as the Latin square polytope.
In [1], a more general relation between the integer points of P}k ) and mutually orthogonal latin squares is presented.
We briefly introduce some definitions (see [17] for details). A Latin square L. of order n is an n x n square array
consisting of n? entries of n different elements, each occurring exactly once in each row and column. Two Latin
squares Ly = ||a;;|| and Ly = ||b;;|| are called orthogonal, if every ordered pair of symbols occurs exactly one among
the n? ordered pairs (a;j, b;;), i,j = 1,...,n. This definition is extended to a set of more than two Latin squares,
which are said to be mutually orthogonal, if they are pairwise orthogonal. In [1], it is noted that an integer point of
PI('“’Q) corresponds to a set of £ — 2 MOLS. Therefore, PI(’“’Q) is called the (k — 2)MOLS polytope.

The connection between MOLS and P}k’z) provides information on the existence of at least one integer vector in
P}“) for certain values of the parameters k, n. For example, it is known that there cannot be more than » — 1 MOLS
of order n ([17, Theorem 2.1]). Thisimplies that k —2 < n — 1 or £ < n + 1is a necessary condition for P}“) #0.
Observe that this fact is a special case of Proposition 4.1. The theory of MOLS provides us with further results, not
implied by Proposition 4.1. For example, it is known that P](4’2) #0,Yn € Z4 \ {1,2,6} ([17, Theorem 2.9]).

Theorem 7.1. For n > max{5, k — 1}, if P***) # § then dimP{**) = 573 (¥) . (n — 1)k

r=0 \r
Proof. Throughout the proof we will assume that PI('“’Q) #0.

We use the same technique as in the proof of Theorem 5.1, i.e. we show that, if there exists an equality az = ay,
satisfied by all z € P}k’z), then the vector (a,ao)” can be expressed as a linear combination of the rows of AR,
This is equivalent to proving that dim P\*) = dimP(¥:2).

Assume that every x € P}“) satisfies the equality ax = ag, a € R ,ag € R. Then, there exist scalars \!

mkrk—1mk>s
k(k—1)
A2 o s AR s 1y Aise , YmE € My, ... mF € My, such that:
1 2 3 MES1)
Aml...mk = Amk—lmk + Amk—zmk + Amk_gmkfl + -+ /\m12m2 (7-1)
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k(k—1)

_ 1 3
ag = E Apb—tgme + - F E /\m1m2 (7.2)
(mkil,mk)eMk_l X M (mlamz)eMl X Mo
We define:
1 _
Amk—lmk = Gr.imk-imk
2 _
Amk—zmk = Gr.amk-21mk — Q1..1mk
3 _
A kmopko1 = Qo gmk=2pmk-1] — Q1 1mk-211 — G 1mk-11 T Q1.1
4 _
/\mk—3mk = Q1..1mk=311mk — A1...1mk
/\5 — _ _
k—3mk—2 = Q1. 1mk-2mkE-311 — Q1. 1mk-3111 — O1.amk-211 T 011

k(k—1)
2 —
Aoz = Gplm211 — Gplle1 — G211 T 011

As in the proof of Theorem 5.1, the values of the superscript of As are provided by the function f, defined in (3.1). We
can easily verify that f(k — 1,k) = 1, f(k — 2,k) = 2, ..., f(1,2) = 2
By substituting the values of the scalars in equation (7.1), we get

Apipm2..mk =  Apipm21..1 T Oplim3t..1 -+ Qpii.amk
+a1m2m31...1 Q21 amk
+ A mE—1yk
—(k—=2)-lapr1..1 + @rm21.a + -0+ Ay
(k—1)(k—2)

o (7.3)

Writing the right-hand side of (7.3) in terms of ¢y, o, we get

k—1 k k
Uit = D D A a((maam () — (K= 2) D Gy s (o). (1,001))
q=1r=g+1 p=1
k—1)(k—2
+( )( )al_ X
2
or equivalently
k—1 k k
Amim2.mk = Z Z %m«m%,mw(l,...,l)—(k—2)Z%m((mw(l,...,l»
q=1 r=q+1 p=1
kE—1)(k-2
LS 0.

where {i1,...,i;} = K.

Each point of P}“) is illustrated a set of (k — 2) MOLS, where sets M;, and M;, are indexing the rows and the
columns, respectively, of each square. The contents of the cells of the Latin square (¢ — 2) are elements of the set M, ,
forall t = 3,..., k. Hence, at point z, the element lying in the cell defined by the row m?* and the column m? of
the Latin square (¢ — 2), is denoted as m (m?,m2). The notation m® (z; m® , m) denotes the same fact, but at a
specific z € P{*?).

Observe that (7.4) is trivially valid for each k-tuple having at least & — 2 indices equal to one. To prove (7.4) for
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every k-tuple, we need the following intermediate results.

Proposition 7.2. Letn >k — 1and P} # . If ax = a, for all z € P{*? it holds that

a i TR a i iy i TR

er2((mylmi?),(mis (mit;mi?),..omik (mit,mi?))) + er2((myt ymy?),(ms (myt my?),.mik (myt ma?)))

+a i1 io i ig i i1 ig +a i1 ig i i1 ig i i1 ig
er,2((my! ,me?),(m 3(m2 smy? )5 amik (Mg ,my?))) er,2((my! ,my?),(m?8 (my! ymy?),..omk (my! ymy?)))

a o L o a L L o
+ er2((my',mi®),(m#a (my! ;mg?),....mk (my! ,my?))) + er2((my' mg®),(m#a (mg! ;my?),...mk (mg! ,mi?)))

+a gy g il ta W i o
ka,2((m121’m112)7(m13(m111’m122)7 ’mlk( m2 ))) ka,2((m121’m122)7(m13 (milamllz)v""mlk (mlll 7m112)))
ra((myt mi2),(m3 (mgt;my?)....,m'k (myt,mi2))) + er2((mytsmg?),(m's (mg! ;mg?),....mk (mg! ,mg?)))
a tmizy) T4

era((m3l;mi?),(mis (my!,mi?) ..omi® (my! m) or,2 (M3t ,ms?), (mis (my!,ms?),..omik (mit,m32)))

+a 2))) +a

Pk 2((m1 am12) (m13(m1 amz )5 . mik (m1 ,m2 Pr 2((m1 ,m22) (mis (m1 am12)7 mik (m1 7m1 )

a it mi2) (i (i

. . ) . . ) . . a .
er,2((myl mi?),(mis (myl ,mg?),..omk (my! m3?))) Fay, o /m32),eomik (gt mi2)))

for mi',m& € M;, andm® m% € M;,.

Proof. Let b, ct,ds,er € M;,, Vt € {3,...,k}. Consider the arbitrary pointz € P}k’z) as illustrated in Table 3. Let

also ' = z(mi & mi);,, T = z(mi? & mP)y,, 7 = F(m? & mi);, . Points z', Z, Z' are illustrated at Tables 4,

6, 5 respectively.

Table 3: Point z (Proposition 7.2)

| || mP - mb .. | | || oomP . mP
m’f b3 c3 m’f by, C
ma ds es3 ma dj, er
Table 4: Point ' (Proposition 7.2)
| || mz . omE .. | || cooomP o m
mlf ds es mlf dy, ek
mgl b3 c3 mgl br Ck
(k,2)

Since z, 2’ € P;7, it holds that az = az’. Observe that

oy o((mi1,mi2),(mis (asmit mi2)....,mik (2;mi1,mi2)))

= Oy o((mi1,mi2),(mi8 (2’ ;mi1,mi2),...,mik (z';mi1 m12)))avm € le \{ml 7m2 }’mzz € Mﬁz
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Table 5: Point z (Proposition 7.2)

12 12 2 12
| || my my | | || My my
mi! cs3 bs mi! Cr by,
ma' es3 ds ma' ek dy,
Table 6: Point z' (Proposition 7.2)
192 19 12 12
| || my my | || my msy
mlf es ds mlf er dp,
mél cs3 b3 mgl Ck bk
Therefore, ax = ax’ becomes
B a (it mi2), (b, sb0)) T Lopa(mi,mi2), (c5,0v0k))
+ Z acpk,g((mil,miZ),(mi3(m;mil,miZ),..,mik (m;mil,miz)))
+a¢k.2((7n;1 mi2),(ds,....dx)) + Aoy ((mil,mi2),(es,..ex))
+ > Qora((mit ;miz),(mis (z;m3! miz),..,mix (zmit miz)))
mi2 € M, \{mi?,m5?}
awk,z((mil,miz)y(dm---,dk)) + a<ﬂk‘2((m§1 7m;2)’(€3,~~~,€k)) +
+ Z o awk‘a((mif,miQ),(mi3(r’;m§1,mi2),---,mik(r’;m§1,mi2)))
mi2€ M, \{m? ,m3?}
s o(mit mi2),(bavenb)) T Yona((mimi2) (caueercn))
+ > Qo2 ((mit miz),(mis (z'mil miz),...mik (a';m3t miz)) (7.5)
miz €M1-2\{mil2 ,m122}
We observe that m® (z;mi', m®) = m¥(z';mi',m™2) and m¥ (z;mi',m®=) = m¥(z';m4, m™2), Vm® €
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M;,,t € {3,...,k}. Thus, (7.5) becomes

a o a o

2 (M mi2),(bs,eesbr)) T Yo a((milmi2). (c30mmer)

+ Z _ _ er2((myt mi2),(miy (zsmyt ,mi2),...om;, (z;my' ,mi2)))
mi2 EM;, \{'m;2 ,'m;Q}

Ty, o(mit mi2) (s, ndi)) T Qo o((mil mi2) (eannrer)

a i . i . i .
+ > o ((mmi2) (i (aimit mi2)oomi (zimil mi2)))
miz2 EM;, \{'mzl2 ,'m;z}

D2 (mil mi2) (dgyerrsdi)) T Popa(mil mi2),(eaemmren))

+ Z _ _ agok,g((mil 7m"Z),(m%(oc;mél7m"2)7...7m,-k(oc;mélﬂniz)))
m'2€Mi, \{m*,m;”}
T (it mi2),(bgnsbi)) T oo ((mit mi2) (c3mmrcr))
+ Z _ _ awk,z((mgl 7m"2),(mi3(oc;mil77rL"2)7...7m,-k(oc;milﬂn’é))) (7.6)
mi2€Mi, \{m*,m;*}
: _ k,2 _ _ .
Since z, 7' € P} ) we have az = az'. By observing that
Qo o ((mit,miz),(mi3 (2;mi1,mi2),...,mk (Z;mi1,mi2)))
- awk,Q((mil ,mi2), (m?®3 (3 ;mi1,mi2),..., mik (i’;m117m’2)))avm e M21 \ {mll ) m21}, m” € Mzg
= — )
ax = ax' becomes

Ty a((mil mi2) (eg,en) T Pona((mil mi2), (bs,...,br)

+ Z asﬂk,g((mil miz2),(mis(z;mil ,miz),..,mik (Z;m}! ,miz)))
mi2€ Mi, \{m;* ,my”}

+a§0k,2((mé1ﬂm§2)7(63a---1ek)) + a¢k,2((m;1 mi2),(ds,...,dx))

+ Z asﬂk,g((m;l mi2),(mis(Z;mil ,mi2),..,mik (Z;mi! ,mi2)))
mi2€ Mi, \{m;*,my}

= Oy o ((mil mi) (e ) T Con a((mil mP) (ds...nnds)

+ Z a(pkg((m;l’m@)’(mi?, (j/;mil ,'m"Z),...,'m"k (j/;mil miz)))
miz EM,-Z\{'mzl2 ,'m;z}

Ty o (mé mi2)(esen)) T Yo a((mit ,mi2), (bs,....bx))

+ Z awkg((m;l’miQ)’(mi3(j/;mél ;miz),. mék (2;mil miz))) (7.7)
mi2€ Mi, \{m;* ,my*}

We observe, again, that m (Z;mi,m®) = mi(&';m®,m®) and m*(z;mi,m=) = m#(Z';mi,m=),
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vm'2 € M;,,t € {3,...,k}. Hence, (7.7) becomes

a i i a i i

er,2((myt,mi?),(ca,....ck)) + er2((my!my?),(b3,...,bx))

+ > Cora((mitsmi2),(mis (zmi! ;mi2),...omik (zim}! mi2)))
mi2€M;, \{mi?,my?}

+a<ﬂk,2((mél,miz)y(ea,nwek)) + awkg((m;l m2),(da,...,dr))

a i . L : . . .
+ > C Qppa((mit miz) (i (Zmil mi2).....mik (Zmil mi2))
miz €My \{mi2,mi?}

a i i a i i
Gra((mil mi2).(es.men)) T Top a((mil mi2).(ds,...dr)
+ E a i1 iz (s il i i (g il i
. . @k‘Z((ml ,m 2)a(m 3(ac,m2 ,m 2),...,?’)’1, k(wva ,m 2)))
m'2€Mi, \{m*,m;”}

Ty (it mi2) (cgen)) T Popa((mil mi?),(ba....,bx)

+ D O (it miz).(mis (35m3tmi2)..om' (z5m't mi2))) (7.8)
mi2€Miy \{m}? ,m;* }
We observe that m (z; m" ,m®) = m¥ (Z; m'*, m®), m¥ (z;mi ,m'2) = m® (Z;mi ,m™=), m (z';mi* , m?) =

mi(z';mit, m'2), mi (z'; mgl ,mi2) = mi (3, mél ,m2), Ym® € M;, \ {m’i1 , m?}. Subtracting (7.6) from (7.8)
yields

Ao (mim2),(bsreb)) T Ypra(mitmi2) (carmmer)) T Pon a((mil,mi2) (ds,n.di)) T @
+a

¢k,2((m121 7m122)7(637---76k))

e a (il mi2) (esremen)) T Yona((mil,mi2) (dsyernsdn)) T Lo a((mit +a

;my2). (€350 ck)) or,2((my!,my?),(bs,...,bx))

- a@ka((m;l M) (daye.sdr)) + a‘ﬂk‘Q((mil’m?)a(eﬁ‘v---vek)) +a
+a

i i a i i
er,2((my',mi?),(ds,...,dx)) + er,2((my! ,my?),(e3,.mm6k))

ora((mimi?) (esrmen)) T Lopa((mitmi2) (bsrensbi)) T Y a((mit;mi®)(esnmen) T Pop a((mil,mi2) (ds,e.di))

Substituting by, ¢;, dy, e by mi (mit,mi2), m¥ (mi, mi2), mi (mi,mi?), m¥ (mi,m), respectively for all
t € {3,...,k}, we obtain the result. O

The equation of Proposition 7.2, when applied to an integer pointz € P2, will be denoted as z (", mi; mi2, mi2).

Lemma7.3. Forn > 4 and P{*? % ¢, let m& € M;, \ {1}, m¥ € M;, \ {1}. There exists the point z € P\**?),
illustrated in Table 7, where m/ (x; l,mff),m“ (:U;mf]1 1) € My, \ {1}, m¥ (x; mél,mff) € M;, fort € {3,....,k}

Table 7: Point = (Lemma 7.3)

my |
1 1,...,1 m® (x;1,m?),...,m"*(z;1,me)
mf]l m® (z;mf', 1), ..., m%(z;mgt, 1) m® (z;mft,m2), ..., m"* (z;mg, me?)
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Proof. Consider the (arbitrary) point o € P}“) illustrated in Table 8.

Table 8: Point zy (Lemma 7.3)
| || 1 mé |

1 biga---abig Cigs--+,Ciy

i1 ) ) ; )
my digy...,d;, €igy ey €

Note that b;,, ¢;,, di,, e;, € M;,, such that b;,,e;, # ¢;,,d;, foreveryt € {3,...,k}. Itis easy to see that
T = l‘o(big 75 171 & big)ig (bi4 75 171 & bi4)i4 s (bzk 75 171 & blk)lk O

(Back to the proof of Theorem 7.1) For n > 5, at point - of Lemma 7.3, there existmt € M;, \ {1, m (z;m{}, 1),

mi(z;1,m), m' (m;mo,mo)},te{i’; k} Let 2°[¢] = z(1 < m3)(1 < mi) - (1<—>m0)3<q§k.
Also let z°[q] = 2°[q)(mg" = m's (] ;mg' , Mg )7m62 “ mlf) where m? is such that m fa(a} ,m0 ,mi?) # myg

210 )

Such an m{* exists for n. > 5. Hence, m's(22 ;mg',m¢) # my'. Letalso z'[q] = 22[q)(1 > mg');, and observe
that

mé (a:?q;m“ 1) = mh (a:l smi,1),Vt € {3,...,k} (7.9)
mb (w?q, mg) = mb(z z; ;3 1,m m),vt € {3, ...k} (7.10)
m (qu’mo amo 5 o= m" (le 7m0 amO °),Vt € {3,....k} (7.11)

Let us denote the left-hand sides of (7.9), (7.10), (7.11) as m1 , m2 , m3 respectively. Then
' [q(1,mg';1,mg) :
@ (L1, (mi i 1,1) T o (Lmi2) (2 oeom ) T (it 1) (mi omi®) Ty o(mid mi2),(mi? ..comif )

_|_a . v +a . . . _|_a . . . _|_a . . . P
er,2((1,1),(m5%,.omz)) T Cor,a((1,me?),(m33 . omi*)) T eg o ((mgh,1),(m5%,.c.omak)) T Vgop o ((mit,mi2),(mE ... omt 1 1,.0,1)

=a ' iy TG ' i iy TQ ; ; iq— +a i1 i i
‘Pk,2((171)’(m1137""m11k)) wk‘g((l,m?),(mgg,...,m;k)) wk‘g((mgl,1),(m63,...,m;q 1,1,...,1)) wk,z((mgl,mff),(m;g,...,m;k))
+a +a

i ipyy TQ i ; . +a . . . .
Wk,z((lvl)’(m?7""m12k)) </7k‘2((1’m82)7(m:)3a~~~7m;q 1’17---,1)) @kﬂ((mglﬂl)v(mgsﬂ'"vm;k)) Pk 2((m0 7m02) (mlsﬂ 7m11k))

z*[q)(1,mg'; 1,mg?) -

a i i +a i ' iy TQ - ; +a i1 i i i
‘Pk,2((171)7(m837""m:)q’17""1)) <pk,2((1,m62),(m123,...,m;k)) ‘pk‘Q((mal’l)v(mllg’ ’m;k)) ‘pk,Q((mgl7m62)7(m;3""7m;k))

+a ' +a - - +a - ; iy, T 0 i i i i
‘Pk,2((171)7(m1337 7m13k)) ‘pk,Q((lvm:]z)v(mllg’ 7m11k)) ‘pk,2((m:jl71)’(m1237---7m12k)) ‘Pk‘Q((mgl’m82)7(m:)37---7m:)q717~~~71))

=a ' +a ' i iy TQ ; ; - +a ip i '
<Pk,2((171)7(m1137 7ml1k)) Wk.2((17m:)2)7(m;37"'7m;k)) ‘pk‘Q((mglJ)v(m:]s""vm:]q71""’1)) @k‘g((mal,m62),(m123,...,m12k))

a . ) . ) ) +a ) . ) ) . . P
‘Pk,2((171)7(m1237"'7ml2k)) ‘pk‘Q((l’m?)v(mgsv“vm:)q717~~~71)) ‘Pk,2((m:]l71)’(m1337""m13k)) @k‘Q((mal,m62),(m113,...,m11k))
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z'[q)(1,mg' s 1,mg) — 2°[q](1,mg'; 1, mg’) results in

a i i i ig—
er,2((mgt me?), (M@ o img? ™t 1,.0,1))

+a

ora((mglme),(mg3,...om?,1,...,1))

@r,2((mgt,1),(mg2,...;mg7,1,...,1)) ¢r,2((1,me?),(me2,....,mg7,1,...,1))

1

—(a ; ; +a ; ; o
( @r,2((1,1),(mg?...;mg7 ,1,...,1)) er,2((mgl,1),(m@,...omg?™ " 1,..,1))

+a ; g)12)

e1,2((1,1),(mi3,.come?™ 1,0,

a 1 1 ig_
ox,2((1,mg2),(mg? ..., mo° 1,1,...71)))

For each term of (7.12), the indices with the value 1 are grouped together, yielding:

. .
@r,q=1((mg o™ 1),(1,00,1))

+a

a , .
@r,q((mgl ... mg?),(1,...,1))

i1 i ' +a i ;
@r,a—1((mglme® ,eme?),(1,...,1)) @r,a—1((me2,me® ,e;m?),(1,...,1))

—(a i i +a : : ig_
( ‘Pk,q—Q((m:]:;7""moq)’(17"'71)) S@k‘q72((m81am837---amoq 1)7(1a---71))

ta ) +a (7.13)

. i ; igo
‘Pk,q—Q((m:]zv"'vmoq 1)7(1""’1)) ‘pk,q—3((m63v""m0q 1)7(1""71))

We consider equation (7.13) for ¢ = k and recursively substitute terms until ¢ = 3. As a result, we derive equation
(7.4) for mg € M;, \ {1},t € K. Asin Theorem 5.1, we can derive (7.4) for a k-tuple with r indices equal to one by
starting the recursive substitution forq = k — r (1 < r < k — 3). The proof of (7.1) is now complete.

Equation (7.2) follows from the assumption that P}“) # . This assumption implies that there exists at least one
T € P}M) such that A,({“’Q)a: = e. Therefore, summing over all equations, weighted by the corresponding scalars A,
and taking into account equation (7.1), we obtain

k(k—1)
ar = Z /\inkflmk +ooe Z /\m12m2
(mkil,mk)eMk_lka (ml 7m2)€M1XM2
Denoting the right-hand side, of the above equation, by aq completes the proof. O

By similar arguments to the ones used in Propositions (5.2) and (5.3), it can be established that, for n > max{5, k—
1} and P}M) # (), the inequalities z. > 0 (z. < 1) define (do not define) facets of P}m). Constraints (1.5) define
improper faces of PI('“’Q) since they are satisfied by all points of P}“).

8 Concluding remarks

This work introduces an IP model for the class of linear-sum assignment problems. This model establishes a frame-
work for unifying the polyhedral analysis of all assignment polytopes belonging to this class. In particular, the dimen-
sion of the linear relaxation of all members of this class is derived. The properties of integer points are encompassed
in the definition of the interchange operator, which exploits inherent isomorphisms. A hierarchy among assignment
polytopes is naturally imposed. Focusing on the classes of axial and planar assignment polytopes, through the use
of the mapping ¢ and the derived recurrence relations, we prove that their dimension equals a sum of terms from
Newton’s polynomial. The potential of this unified approach is demonstrated by identifying a family of non-trivial
facets for all axial assignment polytopes.
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