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Abstract

In this research we develop an alternative to the Feltham Ohlson investment valuation model.
While the Feltham Ohlson model has no transparent role for management, in contrast, in our
model management need to make optimal investment or divestment decisions on a period by
period basis. We establish the functional relationship between accounting reports and optimal
investment decisions. Our model provides both an alternative rationale for published accounting

numbers having information content and an alternative framework for specifications of empirical
testing of the value relevance of accounting data.



1 INTRODUCTION

The research is organised as follows. In the first subsection immediately below we discuss the es-
tablished Feltham Ohlson valuation model and briefly review the main findings. We argue that the
approach excludes consideration of important real options that typically arise empirically when mak-
ing investment decisions. This is outlined in more detail in section two. In section three we introduce
a new investment model in which real options naturally arise and can be solved for optimally. In the
following section we then introduce the possibility of accounting based valuation. We consider how
the optimal decision making arising from application of the the standard real options approach can
be replicated by reference to appropriately defined accounting valuation routines. The new derived
model of valuation based upon accounting numbers provides an alternative theoretical basis for test-
ing the information content of published accounting numbers. We present concluding comments in
section five.

1.1 The Feltham-Ohlson Model

There exists a number of review papers of the Feltham Ohlson (FO) approach such as Lo and Lys
(1999) and Walker (1997) which thoroughly review the model and provide a critique of the approach.
However, having critiqued the model these papers do not provide constructive alternative valuation
approaches. Our focus instead is upon one of the central limitations of the FO approach; its lack of
a well defined function for management with respect to project selection. In the following section
we derive an alternative valuation model in which management have a role to play in (real options)
project selectioh

The FO model is normally developed by first considering a transformation of the traditional dis-
counted future dividend valuation model:

Wi = i WTEt(dtJrr)- (1)

=1

Here W, = market price of equity in the firm/project at dated; = dividends paid at the end of

each period, v = (1 + r)~! the discount rate anfl; = the expectations operator. There are two
natural interpretations of (1). The first has expectations computed using an equivalent martingale
measure for the equity price (a modelling assumption that such exists) and then the discouist rate
interpreted as the riskless rate. Alternatively, if the returns on egjgigre modelled as independently

and identically distributed (i.i.d.; assuming such a belief on the part of investors), then the physical
probability for the distribution of equity price may be used as an equivalent procedure, in which case
the discount rate becomes the constant expected rate of return and that of necessity is set equal to the
‘required rate of return’ for the given class of risk. Our model is based on the latter premise; that is

to say the model assumes that management control economic activities so that expected return is set

1To the best of our knowledge only one other author considers a similar modelling approach. Yee (2000) also incor-
porates project selection but as we shall see, his model is different in certain crucial ways.



equal to the ‘required rate of return’. The precise significance of this rule is studied in later sections
and involves recognition of embedded investment call and put options which are the hallmarks or the
real options approach to investment. An objective for the analysis is to identify the risk class of a
project and hence the required rate of return.

Equation (1) requires a technical assumptioRrom this equation, and also subject to a similar
kind of technicality, appealing to the clean surplus identity gives:

By =B 1 +v —d; (2

(whereB, = book value of equity at, v, = earnings at the end of periad leads to the identity:

W, = B, + Z V" By (Vpgr), (3)

T=1

where residual income, or ‘abnormal earnings’ as it is sometimes alternatively called, is defined by:
27t = V¢ — 7"Bt71.

The most attractive feature of this approach is that it links valuation to observable accounting data.
The ability to re-express (1) in a way that gives accounting center stage via (3) has been well known
for a considerable time. Ohlson’s particular contribution was to set out a specific proposal for how
Uy, came about. In particular he posited that:

T)t—&-l = wT)t + xy + Etr1 (4)

where0 < w andz, = value relevant information not yet captured by accountingand = is a
mean zero disturbance term. In turn he assumed:

Tyl = 9Tt + M1 (5)

whereg < 1 andn,,; is a zero-mean disturbance term. Together (4) and (5) imply that abnormal
earnings follow an AR(1) process. It is apparent immediatedly that the Ohlson approach assumes a
black box model of management since nowhere does the Ohlson model consider project selection or
opportunities. Similarly the FO extension which allows for conservative accruals is silent with respect
to project opportunities (real options). Thus while the FO approach does establish a dependence of
abnormal earnings on book value it does so via a simple (decision opaque) mechanistic formulation.
In principle this exogenous method used to establish a dependence may be satisfactory if the
assumed dependence is empirically supported in a robust fashion. However, as has been argued by
numerous authors including recently Yee (2000), there are concerns that it is not. At the heart of the
various limitations of the FO approach is the lack of a role for management in decision making. We
shall now establish this limitation more formally by comparing and contrasting the FO approach to

2The ‘no bursting bubble’ assumptiori E[IW,.] — 0 asT — oc is required here.
3Namely: v"B, — 0 ast — oo, i.e. book value does not grow faster than the riskless or required rate of return
(whichever is appropriate).



the general real options valuation model. This allows us to see directly that a major limitation of the
FO approach is that it is essentially a static theory of investment in which once management make an
investment they implicitly ignore the type of strategic new investments and divestments that typically
characterize the rich empirical setting in which investment decisions are taken.

To summarise then, our objective is to develop an alternative model to one in which the dynamic
path foro,, . is imposed via a simple restrictive recursive assumption. Instead we wish to derive an
optimally dynamic flexible decision rule which requires investment levels to be dynamically adjusted
by management in response to time varying stochastic conditions. Put simply, we wish to develop a
model in which management, responding to current period reported poor (good) residual accounting
income may reduce (increase) investment. That is, we suggest that our model provides a more natu-
ral bridge to structure empirical observations in which firms routinely contract, shut down or expand
investment projects. Critical to our approach is the ability to identify optimal dynamic investment
strategies. Given the complexity of such problems in general, we shall adopt a simple stylised ap-
proach for capturing the investment environment in which firms operate. However, before presenting
our formal model we shall next briefly review an influential real options paper which leads naturally
to our model specification.

2 The Real Options Approach to Investment Valuation

We commence our discussion of the real options approach by first briefly reviewing the work of
Abel, Dixit, Eberley and Pindyck (1996) which presents an easily accessible introduction to the lit-
erature and clearly demonstrates the above outlined limitation with the Feltham Ohlson approach.
After setting out the ADEP model we discuss various extensions which lead in a natural way to the
specification of our alternative model.

In a simple two period setting the model considers the problem of whether a firm should add to
or reduce its opening (first period) stock of capika) which is purchased at a unit price @f This
is to be determined given the following three complications: the future (period one) purchase price
of capitalby may exceed its current price (costly expandability; > b,); the future resale price of
capitalb, may be less than its current price (costly reversibility;< by) and finally second period
revenues from employing capital are stochastic. The stochastic element is introduced a$.ftdiows
the first period total revenue from installed capitat(%,), however in the second period the revenue
denotedR (K, a), has a stochastic component determined by the realisationSxfbsequently in the
second period afterhas been revealed the firm adjusts the capital stock to a new optimal level denoted
K (a). Differentiating the revenue function with respectiothe following two critical values of:
are identified:

Rk (Ko, ar) = by, and Ry (Ko, ag) = by

that is, the optimal (marginal) decision rule is:
- whena < ay, it is optimal to sell capital to the point th&tx (K,a) = by,
-whena; < a < ay it is optimal to neither purchase nor sell capital, thakiiga) = K,

“4For brevity we are not including details of all the regularity conditions since they can be found in the original text.



- whena > ay itis optimal to purchase capital unfilx (K, a) = by;
and so the present value of net cash fléwg<,) accruing to the firm commencing with capital stock
Ky in period zero with inter period discount rateis given by:

V(Ko) = r(Ko)+ 7 / " LR(KL(a), a) + bo[Ko — Ky (a)]}dF(a) (6)
—I—’y/ R(Ko,a)dF(a +~y/ (R(K\(a), a) — by|K 1 (a) — Kol }dF(a).
Thus the period one decision faced by the firm is:

Ky = argmax V (Ky) — by Ky,

and the Net Present Value Rule can be interpreted from the first order condition as requiring:

VI = () + b (an) +y [ R (Ko a)dF (@) +aball - Flag)] ()
= bo.

This equates the period-one and onwards marginal return to capital to the initial marginal cost; note
that the terms after ( Ky) which take into account the optimal change in capital stock in the following
period. An alternative interpretation is also available. ADEP point out that equation (7) can be
interpreted using Tobin’g-theory of the marginal value of capital. In this instance the marginal value
of capital is

q = V'(Ky),

and so the optimal investment rule can be identified by management if they detgrmine

With respect to implementing this rule ADEP (p 761) comment that this (theoretically correct) rule
can be difficult to aply in practice because “for a manager contemplating adding a unit of capital, it
requires rational expectations of the path of the firm’s marginal return to capital through the indefinite
future” and thus in practice the most commonly used proxy for the correct NPV “treats the marginal
unit of capital installed in period 1 as if the capital stock is not going to change again”. In this case
the marginal value oV’ ( K) is approximated by:

V/(Ko) = 1'(Fo) + [ O:o Ruc (Ko, a)dF(a) ®)

and ADEP describe this replacement for the left-hand side of (7) as yieldinpthe NPV rule

At this point it is very helpful to note that the difference betwééitk,) andV’(Ky) is given
precisely by the embedded put and call options present in the problem. To see this we can rewrite (6)
as:

V() = T(K1)+7/_O:O R(Ko, a)dF(a) o
+v /_‘:{[R(Kl(a), a) — b K1 (a)] — [R(Ky, a) — b Ko|}dF(a)

4y TR @), ) = b )] = (RO ) = b ol (o)
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or more succinctly as:

V(Ko) = V(Ko) +vP(Ko) — vC(Ko) (10)
where
Vi) = r(o)+7 [ R(Ko,a)dF(a).

P(Ko) = /_a;{[R(Kl(a)aa)—bLKl(a)] — [R(Ko, a) — b Ko]}dF (a)

Q
5
1

/a:{—[R(Kl<a>’ a) — by Ki(a)] + [R(Ko, a) — by Ko|}dF(a)

WhereV(Ko) is the expected present value over both periods keeping the capital stock fikgd at
i.e. not allowing expansion or contraction of the capital stock. Now

P(K,) = /_ ‘:{bL ~ R(Ko,a)}dF(a) = Elmax{b, — R'(Kq),0}]

is the value of a (marginal) pubn the marginal product of capital with exercise prigecorrespond-
ing to selling back. SimilarlyC’(Kj) is the value of a (marginal) call on the marginal product of
capital with exercise pricéy:

C'(Ky) = /_ a;{—bH + R(Ky, a)}dF(a) = E[max{R'(K,) — by, 0}]

Thus, given (7), to capture the incentives to invest and divest we can decompose the marginal value
into three components:

q=V'(Ko) = V'(Ko) +vP'(Ko) — vC'(Ko).

Notice that the present value of expansion requires additional outlay (hence the negative term),
whereas contraction generates additional income (hence the positive term)
To summarise in the first period optimality requires management to chigpse that

V'(Ky) = by — vP'(Ko) + vC'(Ko). (11)

That is under theaive rulein which management sé?f’(Ko) = by, management are ignoring
(strategic) options values to contract or expand in the second period and hence typically would choose
K suboptimally.

5The put corresponds to the option to reduce the capital skocky selling k of the existing stock at;, whenever
a < ar,. Thus the realized value of the firm when the realizatios beloway, is to first order

(K1) + v (R(Ky — k) — R(Ky) +brk)
= T(K1) + ’yk(bL — R/(Kl)).



Moreover it is straight-forward to shéwhat the FO model is an implementation of the naive in-
vestment rule which ignores the options to expand and contract available in most real options settings
and hence accounting valuation theory based upon that approach is unlikely to be able to capture how
accounting valuation impinges upon actual firm dynamic investment strategy including both expan-
sion and contraction possibilites.

The objective of the next section is to develop a simple model which overcomes this deficiency in
that management formally need to evaluate options to expand and contract each period and moreover
it extends the two period ADEP model to more realistic investment horizoiNs:ef2 finite periods.

After setting out the revised finite horizon investment model we then return to consider accounting
valuation issues in the following section.

3 Optimal Investment by Management Allowing Contraction and
Expansion

Our model specification is somewhat different from that of ADEP. At the heart of the difference is
the way in which capital is utilised, in particular we develop a model of (installed) capital in which
capital depreciates through use (as directed by management) rather than at a constant rate or not at all.
We make this assumption to allow for the possibility that the net book value of an investment asset
after subtracting accumulated depreciation could in principle be equal to the economic value of the
asset to the organization. In contrast in the ADEP framework the asset is assumed never to depreciate.
In addition we extend the investment planning horizon beyond a simple two period framework to a
general finite horizon setting. In order to introduce the difference in specification as transparently as
possible we first consider a two period model variant of the ADEP model.

3.1 The two period model

In general firm investment is subject to multiple sources of uncertainty. In the ADEP model the source
of uncertainty is the price of finished output. In contrast in our model we focus upon the input price
of capital as the principle source of uncertaint@ur objective here will be to characterigé K, ) the
optimal value function for capital usage. As we shall see by making certain functional assumptions
for the operating environment we will be able to go further than ADEP since not only can we identify
equivalent optimality conditions to (10) but moreover we can solve for the conditions once we have
derived the funtional form for the optimal value functibii /).

6See Lo and Lys (2000). The FO approach simply assumes constant expansion (such as in the Gordan growth model)
rather than period by period expansion or contraction as will be allowed for in the model developed below.

"This is not the only difference between the two models. As we shall see in the following section there are a number
of other differences the most significant perhaps being that in our model setting depreciation occurs through use rather
than at a constant rate or alternatively not at all as in the ADEP model.

8 A generalised version of our model in which both the input price and the output price are stochastic is available from
the authors. The two sources of uncertainty complicates the analysis by requiring consideration be centered around the
ratio of output to the input price without changing the general nature of results substantitively.



We now develop our model via direct comparison to the ADEP approach. Simplifying the output
return sidé we take the time = 0 revenue to be(K) = 2v/K and the time = 1 revenue to be
R(K,a,) = 20,V K wherea; > 0 represents the unit sale price of the output at ttme 1. To
further simplify the analysis since in our model the the input price is the prime source of uncertainty
we shall takea; = 1. Concentrating upon the source of uncertainty we shall alipihe input
purchase price of capital at time= 1 (corresponding to the constant considered by ADEP) to be
stochastic. In addition, we assume that the resale price of the input;igit timet = 1 (instead of
by, in ADEP notation) where the discount factor < 1 reflects the partial irreversibility of earlier
investment. For clarity of expositiapy is deterministic in this model, but the model can be adapted to
allow ¢, to be stochastic. The fractional valueggfis assumed to result from the input not being freely
tradeable and this creates a fundamental incompletenesses in the specialist capital input market. This
has important implications for the valuation of the firm; the assumptions of the standard martingale
approach in real option theory posit the existence of a ‘traded twin security’ perfectly correlated with
the real asset. In our case the real asset is the additional capital for which the purchase and sale prices
diverge at timeg = 1 by the factorp, so that it is no longer possible to hold long and short positions
at one price. We therefore abandon the simple martingale appfcauthinstead adopt the standard
‘private values’ dynamic programming approacfor valuation using the physical distribution of the
input priceb;. This is the approach also taken by Abel and Eberley (1995) in their continuous-time
infinite horizon model.

Commencing at time,, we assume that a firm hag = u,, (u;, > 0) units of capital in stock.

Given the firm can purchase some more capital in the next period the decision of how to allocate
capital stock optimally between the current and latter period will ceteris paribus be driven by the
capital input price process. We shall denote the one-period discdiptéck of capital byb,.

Although in general we use a sequence of times and corresponding prices that evolve geometri-
cally, the price is nevertheless presented as though it evolves continuously as a geometric Brownian
motion. Such an approach is dictated purely by mathematical convenience; the mathematics of op-
timisation is much streamlined by the assumption that at each time, price is distributed continuously
rather than multinomially; the presence of interperiod prices is not referred to in any way because
we have periodic management decision making. The pribas positive drift! (anticipated growth)

9In general we need not restrict attention to a square root formulation, all we need is concavity. The role of the square
root specification is to maximize the simplicity of the presentation.

10A related situation is that of a four state model in which prices of a traded asset move up or down and an investor
receives a preference shock to buy or sell. This single risky asset model is evidently incomplete and at best presents two
martingales one for expansion and one for contraction if the appropriate buy:sell margin ratio is interpreted as a discount.

1See Dixit and Pindyck (199) for an extended discusssion of this point.

12Notewy in our notation corresponds 6, in ADEP notation. We do not adopt their notation because of the different
way in which capital is “consumed” in the two models.

13By one-period-discounted we mean that if the asset is purchaseg fer p;, at the commencement of the time
interval [t,,, t,,+1), then the unit opportunity cost of funds tied up in the assepafeé + r) = b,, whereb,, stands for
b, andr is the one-period interest rate. Alternatively one can regard the supplier as asking a price payable at the end of
the period upon delivery.

14The drift is net of an implicitly assumed constant interest rate. Bhisto be regarded as a depreciated price.



up > 0, and is presented in the traditional stochastic differential form:
dbt = bt ([Lbdt + O-deb (t))

whereW,(t) is a standard Wiener process. Ear s, we letQ(b:|bs) denote the (log-normal) cum-
mulative distribution ob, givenb, and we also le@),,(b) = Q(b,, |b;,_, = 1) denote the (log-normal)
cummulative distribution ob,, = b;, given thatb, , = 1. When the context permits we drop the
subscriptn.

In the simplest model the manager observes the price at discrete times, in this case &f times
and¢, and can purchase/resell capital at these discrete moments which we shall:gerotg and
z1 = z,. In order to track the stock of capital carried forward between periods we shall denote the
periodt, opening capital stock ag,, or justv,, and closing stock as;,, or justu,. Let us now
consider how to determine the optimal amount of capitato carry forward to the next period given
the amount purchased in the period is unrestricted, thaf is 0.

The manager now needs to maximize over bgtt> 0) andz, the profit?:

2\/;0 — boZo + 7%(7)0 + 29 — 2o, bo)

Here Vi (ug, by) denotes the future expected value given the current pri@nd the capital stock
carried forward:, paid for in a previous period. Equivalently, letting = vy + zg — o We maximize:

2\/1’_0 — bo(UO —+ To — ’U()) + ’Y‘/O(UO, bo) (12)

Then when choosing optimally the closing stock of capitgthe first order condition from (12) gives:

VVOI(U(), bo) = by (13)

and®: .
To = 79 (14)

bg

where the prime denotes differentiation with respeci.tblote that (13) implies that for investment
ug to be chosen optimally the unit return need be equated to the constantlretutmamely

Vo (uo, bo)

=yl =(1+r).
b 7= (1+r)

A firm planning to divest, i.e. taking, < 0 faces a similar problem. If the resale discoundighe
firm considers the corresponding problem: maximize over bgtk: 0) andz, the profit” :

2¢/xo — Pobozo + YVo(vo + 20 — 20, by),

15That is choice of the variables to maximise the sum of current profit plus the optimal value fuli¢tioreflecting
future optimal period payoffs.

16This very simple nature of this result is why we utilise the square root specification.

"That ¢ < 1 is standard in the literature, otherwisedif = 1 we would have the possibility of simple portfolio
rebalancing.




or equivalently lettingig = vg + 2o — ¢ ,

2/xo — Pobo(ug + o — vo) + vVo(uo, bo).

Thus the first order condition far is:

YV (u, by) = ¢obo (15)

and forx, is: X
gy
We return to the investment version andidet (by) denote the solution to equation (13).

(16)

Zo

Remark (Identification of the two period optimal value function):
We note that in our two-period model we have:

by, b/
Votwlonstn) =[G+ Qi) +2v [ dgi i) a7)

o0 1
[ (G + b))

whereb, = 1/\/u. The three integrals classify investment by the corresponding three input price
policy range&® according to the ranges of integration, as follows:

(U) The under-invested rangeé € b, < b;), in which additional investment in capital is made. Here
as in (12) one maximises over > 0 the second period profit

2\/‘7}1 — bl.illl

with required inputz; = 1/b2 made available thorugh the purchaserof— u at a priceb; and net
revenue /b, — by (z; — u) = 1/b; + byu. Clearly the extreme case is zero purchase when1/b?
whence the limib;.

(I0) The (endogenously) irreversibleover-invested rangé( < b; < b.,/¢), where all remaining
capital (excess from peridd) is put into production.

(RO) The reversible investment rang}Mgzﬁl < b; < o), where some excess capital is resold. Here
one maximise over; < u the second period profit

271 + ¢1bi(u — 1)

18Equivalent to the three output price ranges in the ADEP model.
19Endogenous in the sense that though reversal is possible, it is never optimal in this setting to choose it and hence the
firm acts as if the situation was irreversible.
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Figure 1:

obtained by reselling an amouant— z; of the capital stock. The required inputis = 1/(¢;)?
yielding net revenu@/(¢1by) + @101 (u—x1) = 1/(p1b1) + ¢1byu. The extreme caseis= 1/(p1b1)>
giving by = 1/(y/u¢;). Thus:

br
br,

by, - ~/¢1 oo
V.o, n) = [ bidQ(bnlbo) +Br [ dQ(nlbo) + [ i),

Again an alternative interpretation is possible with reference to Tapit®onsider a policy of
investment triggered by input prices below a threshold levaboThe average marginal benefit of
such a strategy corresponds to the value of Tobin’s margin#&his we may compute from the last
formula by writing B in place ofb;, obtaining the function:

B VB 0
4(B, bo) :/0 bldQ(bllbo)JrB/B dQ(blyb0)+/wB 1614 Q (b |bo ).

At this point it is important to note that our assumption of a Cobb-Douglas type technology gives
rise to the following homogeneity property

q(B,bo) = boq(B /by, 1)

which we will then apply. An inductive argument shows that this homogeneity property extends to all
periods in the context of a Cobb-Douglas production function. The behaviauBofl) is indicated
in Figure 1 (that too is characteristic for multiple period models).

The importance of this function stems from the induced decomposition of the solution of (13) into
two steps. The first step is to solve far

q(b1,by) = bo. (18)

11



and then solving, = b, = 1/+/u for u to obtain
(bo) = 1/(by)%.

We call (18) thecensor equation The solution exists and is unique if and onlydf < E[b; |bo].
i.e. provided prices are expected to rise. We call the valug gfven byd; above i.e. solving (18)
thecensorThe homogeneity property of the censor implies that the censor is linéastmwe have
for a constang; (the input price persistence factor)

bl(bO) = §1b0 (19)
Thus .
albo) = 753 (20)

The corresponding problem for divestment calls for the solution of

Q(5¢7 bo) = Poby

or equivalently N
q(bg, 1) = o (21)
and this will have a solution if and only if

The intuition is simple: if there is no solution, then there is no resale possible in that period.
Comparing (6) and (17), we can make the same re-arrangement as ADEP to give:

Volu.obo) = 2y/a(bo) + 12Vt [ dQerfbo)

+ /ObL<b11 + blu - 2\/6)61@(1)1“)0) + bj¢1<¢11bl + ¢1blu - Qﬁ)dQ(b1|b0)]

thus re-defining their notation rather than introducing new notation (since we will not use their repre-

sentation again), we have similarly to (10)
Vo(u) = Vo(ulbo) — P (u, balbo) + YC'(u, ba[bo)

where

Volulbo) = 2y/x(by) + 2V /Owd@(bnbox

- br 1
P(u,bilby) = /0 2/ = (3 -+ byu)dQ(br|bo)

~ o 1
C(u, blybo) = ALM)(M + ¢1b1u - 2\/E)dQ<bl‘b0)

12



with b, = 1/,/u and where as beforé,(b,) is the expected present value over both periods keeping
the capital stock carried forward fixed:@atNote that in view of the reciprocal relation betweeand
b the put and call have switched roles vis a vis ADEP.

As before looking at the first order conditichsve have, writing} for EL:

, by - g1/¢51
Vitulorbo) = [ bidQ@bilto) + B [ dQbl) +
1

+¢1j[ b1dQ(b1]bo)
b1/¢1

= b /OOO dQ(by]b) — /Ob1 (br — b1)dQ (b1 ]bo)
+én /;%(bl — B1/61)dQ(b1|bo)

= 51 — E[max(gl — bl, 0)] + E[maX(¢1b1 — 51, O)} (22)
= Vy(bilbo) /v — P'(b]bo) + C' (b bo)

Comparison of (22) and (11) yields the key insight that the firm should evaluate the embedded invest-
ment call and put options with strike price given by the censor. In this respect the éedstgrmines

the effective ‘future’ unit price (effective expected next period price) of inputs and thus delivery at
that price requires the planner to: (i) receive compensation against that price for surrender of ex-
pansion potential and (ii) pay additionally to that price a compensation for enjoyment of contraction
potentiat!'.

20Wwith due consideration for Leibniz Rule.

21 Alternative interpretation: The naive non-linear view is that one unit of capital next period will be Woathd leads
to an inventory oG(@l) but the marginal valuation ignores the present value of the option to expand when it is cheap to
do so (i.e.b; < 51) and this will call for extra outlay (hence the negative sign of this PV) and also ignores the option
to contract wherb; > El/cﬁ so that it is worth selling fopb; which brings in extra income. It is possible to use put-call

symmetry (parity) to obtain

b1 _ bi/e
Fl(u,d,b0) = [ big(bilbo)dbs + by [ a(ba[bo)dby +
0 b1

o0

+¢ b1¢(b1]bo)dby
bi/é

bi/¢ .
= E[bl] — jé (bl — bl)q(b1|b0)db1 —+
1

(1-¢) A  baaClbo)ie

This may be interpreted as comprising first: the naive expected value of holding one unit of stock, short a limited call
(operable in a limited range) arfd — ¢) units short of an asset-or-nothing option..

13



Remark: The optimal investment rule is determined by evaluating the optimal investment or divest-
ment such that the marginal benefit of capit@l 6 equal to the naive NPV together with the value

of the marginal (short) put and (long) call options which have a strike price given by the optimally
chosen censor.

3.2 Finite horizon (n > 2): Identification of V,,(.)

We now adopt the following notational assumption in aid of reducing subscript use. If at the end of
periodt — 1 we haveu,_; capital stock left over for the commencement of production in periagc
denote the capital stock at commencement of new production by:

Ut—1 = Vg.

Then when the period of analysis is unambiguous we can thus drop the time subscript and simply refer
to opening stock and closing stock: for the period under consideration. Applying this simplified
notation the following general characterization is then possible: for eattiere exists a ‘capital
carry-forward functionw(v, b), and a input price censor functiéfw) and a constant such that:

, b(v) Yb(v) _
Vn(U, bna ¢n+1) = /0 bn+1dQ(bn+1|bn) + /b(v) (U - U(U, bn-i—l)) 1/2dQ(bn+l|bn)

+ / ¢n+1bn+1dQ(bn+1’bn)'
Pb(u)

Assuming a general concave revenue funcfign) in place of the square-root form, the presence
of an additional period of production moves the exercise price (trigger) down. Here is the intuition:
the provision for the future is the greater the further the horizon, but the trigger varies inversely with
guantity so the the trigger is smaller the further the horizon; at the same time the manager is less likely
to sell stock back at a discount if he has the option to use that same stock at a later date. The general
formula, though daunting, is not much differé&nt

(tn| Py br1) = b, — E[max(gn — by, 0)] + Emax(¢,b, — by, 0)]

bn /bn ~
L @l 2)) = B)AQBb)

V/

n—1

hn (ZH 7¢7L) , ~
U el ) = B)AQ(buf ),

where the first line refers to a strategy of not carrying forward capital. Here b, (u, 1) and
z,(u,b,) is the optimal demand in periodfor input given a stock: of input and current input price
of b,,.

22The form of the optimal solution changes as we change the number of periods as follows. As we increase the number
of periods this increases the range of inactivity since with more periods (to act on the volatility) the chance of eventually
experiencing sufficiently good demand conditions to use up existing “excess” stock increases and hence the benefit of
selling it at a discount commensurately reduces.
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Generalising the two period model we can then sHahat the future expected value is given
by a formula incorporating three expected values according as the firm uses one of its three options:
investment, divestment or mere partitioning of its capital stock between current and future use. The
exact form of the formula is (see Appendix A)

Vac1(v,b,q) =
L7 FG0) ~ 5,00+ bl — (1, B)) + Vil 1,2, b))

b(v,9)
[ 0= 0 (0,52)) + Vil (0,80, 5)dQu (b)
b(v,1)

4 F(C(8ab0)) = 0ubuG(Oubn) + bt = (i, 1)) + Vi (B, 1) b ) Qulb),
whereuv is the opening stocky,, the discount factor for the next periad, (1, b,,) is the carry-forward

into a following period when investingi,(¢,, b,) is the carry-forward when divesting ang(v, b,,)

is the carry-forward in the absence of investment or divestment. Under the integral signs we see
periodn production income, future costs of additional investment or future income from divestments,
all these grantea is treated as having sunk cé'st It is the first two terms on the right, namely
f(G(bn)) —b,G(by), which merit particular attention. Het&(b,,) = (f')~'(b,) is an internal optimal
demand for input maximising(x) — b,z over x; let us denote it temporarily by,. Sinceb, =
f'(G(b,)) = f'(x,) we see that the indirect profi{ G(b,,)) — b,G(b,) can also be written ag* (z,,),

where f#(z) = f(z) — zf'(x). An inductive application of the recurrence formula coupled with
some re-arrangements of the other terms yields the following identity in terms of indirect profits for
the undiscounted future value of the project given a current capital stpck

Va(tnlbn) = @uttngr + E[ D ™" (a7,)], (23)

m=n+1

that is, on the right-hand side we sum the existing carry-forward capital stpckevaluated at
Tobin’s ¢, plus the sum of all future indirect profits where:

i) f#(x) = f(x) — 2 f'(x) denotes the indirect profit function associated with the production function
f(@);

i) Umt1 = Umi1(Um|bn, ..., by IS the optimal carry-forward from period to periodm + 1 given the
price historyb,,, ..., b,,;

i) ¥, = 2 (um—1, bn) is the general optimal demand for input at time(so that in certain circum-
stances), = z,,);

V) ¢ = Gm(um, by) is the periods Tobin’s marginaly, defined as the average marginal benefit of
utilization of a unit of input in periodn given the current value @f,, and theopeningstocku,,, of the
current period. Here is characterized along the lines of ADEP as being composed of:

23Technical details are avaialbale from the authors upon request.
24Thus the total value of the firm in timg, money must add to the given formula past income and the historic cost of
v Suitably compounded.
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- a certainty equivalent price less the put option to expand plus the call option to contract plus the
option to carry forward unused stock, i.e. typically is of the form:

Qo — 51 — E[max(gl — bl, 0)] + E[max(¢1b1 - 51, 0)]

_i_%h(bl,(ﬁ)(f/(xl(u? b)) _El)dQ(b1|bo).

b1

Note that the value of the firm measured in timevalues and ‘ignoring the past’ is

N
fH (@) + Ve = f7(2}) + Yanuns + B[ Y0 A" (a,)]

m=n+1

To summarise we can generalise the model to multiple periods and we can identify after taking ap-
propriate discounting the form of the optimal value function as taking the specific form:

- ¢ adjusted value of the opening capital stock plus the sum of expected indirect incomes

At this stage we could potentially still be lost how to implement this rule because we may not know
how to predict expected indirect income. However we have established that given a Cobb-Douglas
technology or more specifically square root functionality:

- the periodn indirect profit function takes a notionally simple form; itigb, when the project is
under-investedl /(¢,b,) when it is over-invested, and an intermendiate value in the third regime.
Thus we can identify,, (u,|b,) by forming expectations over the input price procgsd-urthermore
forming this expectation simply requires looking at the appropriately censored sum of the current
input price weighted by the input price persistence faciprthe generalised versiénof (19).

Having now identified the optimal value function which guides mangement adjusting investment
behavior in response to time varying stochastic capital input price changes we now turn to consider
the implications for the usefulness of accounting based values such as residual income in guiding
optimal managerial decision making.

4  Accounting Based Investment Decision Making

In order to illustrate the link between our results and that of the FO model we shall commence our
discussion by considering a special case of the investment model we developed in the previous sec-
tion. In this section our principle concern is to consider the possible justification for management
basing investment decisions on the level of accounting residual income. In their model FO posited a
linear model relationship. In contrast in our endogenous model setting we shall show that linearity
does not hold with generality. However, in order to aid development of intuition we first consider

in the following subsection one special case in which our model aproximately agrees with the FO
assumption. In the following subsections we then demonstrate the lack of generality of the FO linear
model.

25We will give a specific example in the next section below.
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This special case where the two models approximately coincide occurs when there is no stock of
capital in place and it is always optimal for management to increase the capital stock. As we shall see
shortly the empirical implications of our model will depend crucially upon what sort of investment
regime we are in, capital contraction, maintenance, or expansion. When testing the model a further
consideration will be the level of data aggregation, that is whether the current input purchase price
for investment is observed or only the physical stock level and its previous cost. We will develop our
analysis in each of the two situations.

Another important factor in our analysis is that we prefer to use an accounting valuation conven-
tion based on current value costs rather than historic costs. We explain in Appendix F that this leads to
a differently constructed residual income stream whose discounted sum, displayed in (23), is identical
to that based on historic cost. It is however more tractable for our analysis.

4.1 Regime (i): Under-invested in capital stock

In the multi-period setting, suppose first that at the start of business, there is no stock of capital. Via
a generalisation of (19) and (20) it can be shown that solving the first order condition for the optimal
value function to derive the optimal capital purchase corresponds to requiring that a capital stock be
purchased of:

~

1
Vo 2++

=t (24)
b% (91,1 * bo)

(G1.v % by)”
where

Inm = Gn " Gn1 " - Gm
andg, ..., gy are the period by period price input persistence parameters of the model, acting like
Gordon growth factors associated with the individual stages of the project. Indeed

. o
vp = ?“'Ul(bogl)
0
1 1
= —+ 55 +0(b
b% + bgg% +U2< 09192)
Ly +
bj - bigi  bigigs
Thus the stock is built up as though the prices in the future were knownitQ beg; - G - ... - Gmbo.
In general at time; the optimal opening investment stock to purchase is given by:

1 1 1

;b)) =s+ub)=+—"——+ .. + ———. 25

(b i (b b7 (Girrin * 0i)? (Gi1,v * b;)? (@)

The significance of this result is that we can recover a valid form of the FO model under regime (i)
when opening stock; < ;. Indeed the current optimal accounting profit is givenily; and the
optimal expected future residual income may be obtained by increasing the stgck to(b;) and
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the value of that optimal expected future residual income is computed from the following formula
derived in Appendix B:

(26)

for some constant’;, . That is the optimal future value of the firm is given by the current accounting
profit multiplied by a certain constant (which is dependent on volatility).

Since management find themselves with insufficient opening capital stocky;, they respond
at timet; by:

- making an additional purchase @f— v; units of capital at a pricé;

- allocating1/b? to current production thus producing a residual incameponeny; = 1/b;;
and thus management estimates the optimal expected future residual income from the project is of the
form o

Vi= I;N = CinYi

which is linear in a component of the current period residual income as in the FO model.

The cash payment of[v; — v;] is a further component of the full residual income which we denote
Y; and which is:

2 m(1)
1 94a(1) [1 — i (1)]

- - _ oy = e
bi [ b? z] i bz + v;b;

Notice that since; is assumed less thanwe haveY; < 2/b;; the minimum ofY; relative tob; occurs
When(b,-)2 = [1 — ’/U\H_l(l)]/UZ i.e. Vi = 6l<bl)
Our analysis now splits into two cases according as the valug of alternatively the value of
b;, is empirically observed. In the first case we establish the relationship between futurévahde
residual incomé&’; by eliminating the unobserved varialdle We obtain the relation that
. c

V; . .
C-.N [1 — Ui+1<1)] + UZ7’N (27)

Y, =

(2

This relation holds only foF; < 2/b; and we need to consider the complementary interval in order to
specify the relation fully (and that will be obtained in the following subsections). For now notice that
the formula derived is hyperbolic, and so inverting it we see only the asymptotic linearity:

Oi;N

YR )

Y;
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in play when the project is under-invested. Note that the slope of this line depends on volatility.
Furthermore note that in genei@l y # C;;1.y and so the linear coefficient will be time varying.

In the second case we need only note the self-evident linear relation between the total value and
the residual income which is

TV = Vi+Y
= Gy, (28)

with the parameters andC;. xy known. We return to this formula below.

Having said our model is in partial agreement with the FO model when the firm is expanding its
investment we shall now show that under the two other regimes our model contrasts sharply with that
of FO.

4.2 Regime (ii): Reversibly over-stocked in capital

The case of a costly divestment is somewhat different as there is now the option to contract. For
a given priceb,, there are now two bench marks for stock levels. The first and lower value is the
optimum levels,, (computed as above) below which the stock level should not fall but there is now
a second, larger, upper optimum lewgl ¢,,), dependent on the current resale rate, above which the
stock should not rise.

At time ¢,, the optimal highest stock level worth keeping exists and is given by

_ 1 1 g QA
Un(On, bp) = + 1+ = + .o+ = ,
( ) (bn¢n>2 (b7z¢ngn(¢n))2 gr2z+2,n+2 9721+2,N

i.e. as though the current price wasb, and future prices were to big, .1 = ¢,b, - gn(dn),
buto = OnbnGn(Pn)Tnt2s -y b = Onby - Gn(Dn)Gnto,m, ... . Corresponding ta,,(¢,,) there is an op-
timal current revenue from production, namely ¢,.b,,), and an optimal carry-forward, (¢,,, b,) =
Un (@, bn) — 1/(bnon), i-€. of the formi,,(¢,) = k/b2. As before the future value from carrying-
forward is: .

F(an(gbm bn)7 bn) = FF(an<¢na 1)7 1)

n

which we can write as:

Co n
This is linear in the production contributiop = 1/(¢,b,) to residual income. However, when price

b, is low enough so that the firm opening stogkijs abovey,, (¢, ), there is an additional contribution
to residual income arising from the optimal amount to sell off namely- v,,(¢,,)] whose value is:

7 =

(=

1
(bngn)?

b [Un — Un(dn) — J-
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The relationship between the full residual incolmegiven by

2 R 1
Y, = o + b [Un — Un(Pn) — W]
1.1
— a[@ — /{zqﬁn] + by Or Uy,

Note thaty,, > 2/(¢,b,). Eliminatingb,, as in the previous section, relates the future residual income
to the expected future value of the project on the assumption,tisnhot empirically observable. We
thus obtain

c? V, 1
Yn - Unqsn?:v - CTW[T - k¢n]7 (29)

which is thus hyperbolic, just as in the overstocked case, however for dgrggeas no longer the
asymptotically linear arm of the hyperbola that is significant. Instead the dominant behaviour is an
inverse linear relation:

Cox

Vi, = vp o, v

forY, > 2/(¢uby,).
Of course it is also the case that

TV = V,+Y,
¢

C
- Gy, (30)

which is a different linear relationship to (28) albeit a parallel line.

4.3 Regime (iii): Given¢ < 1 the firm is neither over invested nor under
invested

In this intermediate input price range
bu(v,1) < by < bu(v, dn), (31)

which corresponds to

2 <Y, < 2
the firm neither invests nor divests. It partitions its stogknto current optimal consumptia, (v,,, b,,)
and investment carried forwaidg, (v, b,). The residual income is thus

Y, = 2v/xp(vn, by),

a functional relation from which,, can be deduced from the observablegiven knowledge of,,.
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Figure 2:

In the case whem,, is empirically observed anbl, is not, we can interpolate the graph of the
future value of the firmV/, (u,,(v,, b,), b,), @gainsty,, to fit between the two relations given implicitly
by (27) and (29), and here the approprigteange for the interpolation is given by (31). The resulting
graph is given in Figure 2.

In the case wherg, is observed and, is not, the total value of the firm is

TV = Vy(up(vn, by), by) + Y. (32)

We show in the middle section of Figure 3 an example pldf’'of againsty,, in the appropriate,,
range given by
Un(bn) < Uy < Up( P, by).

That section of graph is in fact non-linear despite its appearance. Together the three relations (28),
(30), (32) define an almost piecewise linear graph for the dependence of total value on residual income
given in Figure 3.

The future optimal value of the firm as a function of residual income viheamains empirically
unobserved is flat, joining the other two hyperbolic curves. To understand the nature of this functional
form we invite the reader to consider an extreme case, where there is no divestment possible.

4.3.1 Regime (iiia): Special case of irreversibly overstocked project

We begin by assuming there is no option to contract and for simplicity we consider a three period
model. Suppose the second period pricg iand the last period price i = b;h. The framework
adopted naturally allows the project in the middle period to be overstocked. In such a case the current
residual income ig (z7) since the optimal input given current opening stogks = = 7 (vq, by),

is taken entirely from existing stock. This leaves= u;(v;, b;) for the final period. As before, the
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Figure 3:

future value isF'(u?, b,) and as before

Plui.by) = 5 Flui ()8, 1)

but its explicit dependence dn is most easily traced through numeric work. Figure 2 graphs the
relationship betweerfi(x7) and the future value. It is clear what is going on; irreversibility in the final
period leaves final residual income constant thus leading to a flattening of the curve. This feature is
similar to the Kenton Yee (2000) graph. In order to develop a relatively simple generalisable intuition
for the result, we develop the following informal argument. First we proxy the residual income of the
second periodf(z%) by 1 = b;' (which thus equals; 'h). This being a quantity of the right order

of magnitude close to the frontier of this regime. Secondly, we assume some judiciously chosen fixed
positive proportion of the stock is allocated to the final period (selected according to some expectation
of the next period’s price). A ' — 0 it is the case that als&[b, ' |b;] — 0 and so in the limit the
partitioning of the opening stocly into current user; — u; and final period use;; amounts to
maximisation of the revenue

2[Vvy —uy +vy/ud,
which leads to the first order condition
1 gl
Voii—u yu

and so the partition of stock between current and future use is asymptotigte= (1 + 7). In any
case the ratio of current to future use is between the asymptotic valug.and

So if the stock carried over to the final perioduis= u; then we have understocking in the final
period ifu < by?,i.e.y; = by' > hy/u; in this case the optimal profit is obtained by buying in extra
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stock where upon the final period profit is:

20/b5% — ba(by? —u) = by " + bou = h™tyy + huy; .

Now the minimum value ob, ' + bou occurs at, = 1/\/u and is equal t@,/u = f(u). On the
other hand, whep; = b;' < hy/u the firm is overstocked and, in the absence of resale possibilities,
all of the input is committed to production so that the revenue is constgfily Thus, giveni the
dependence of profit in the last period on previous period proxy residual ingoimegiven by:

I (y1]h) = { 2V if y1 < h/u,

h= 'y, + huy ' if g1 > hy/u.

The graph of profifl, againsty, (for i fixed, andu fixed) is convex and initially flat and thereafter
asymptotically linear. It follows immediately th&t(y,) = E,[I12(y1]h)] is likewise convex (being a
convex combination of convex functions) and for a log-normal distributicinftdt at the origin.

In the multiperiod case one argues similarly that as the price> oo so thaty,, = b,' — 0 the
limiting problem is to maximize:

V =2(\/Zo + 7@ + o AT T )

subject to
To+T1+ ...+ Tp_1=0.

A simple Lagrangian analysis shows that again the future Vidlisproportional t®,/v and so the
earlier observation of flatness near the origin does generalize to a multiperiod setting. In either case
the more the project becomes over-invested the more the relationship flattens out.

Comment. In the general analysis for a Cobb-Douglas production funcfigr), the functions
xf(v,b) andu’ (v, b) can be derived from certain ‘special functions,(v), which identify the op-
timal carry-forward when the current price is unity (so that the actual carry-forwgrd b,,) for a
priceb, is obtainable by the substitution, (v, b,) = @, (vbY/*)b '/« if the Cobb-Douglas index is).

To summarise the above analysis, we see that, in contrast to the FO model, our real options model
predicts the relationship between accounting residual profit and firm value will be approximately
linear and non decreasing only if the firm is exercising the option to exXpatfdt is exercising the
option to contract or chooses not to exercise either option the FO model and our model is at odds
concerning the link between firm market value and accounting residual income.

At this point it is interesting to note that a number of authors, as for instance reviewed in Yee
(2000), have found empirically that for low accounting profit the non decreasing linear relationship in
fact becomes convex which agrees with our model prediction. However in the model of Yee (2000)
the link between residual income and firm value being convex arises for somewhat different reasons.
In particular although his model is also a real options model, in his setting management operate within

26Recall the FO model implicitly assumes that the firm expands at a constant rate every period.
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a FO framework but are subjected to project payoff shocks which means certain projects may earn
only a small return. In such a case Yee argues that managers may switch out of poorly performing
projetcs and hence the concavity arises precisely because managers discretely switch out of poorly
performing projects. Thus the principal difference with our model is that he does not allow for the
option to contract as we do; in his model managers must switch to some exogenously provided project
if they are to not locate in the low valuation range whereas in our model setting they endogenously
cut back investment in existing projects.

5 Conclusion

For the FO model recall that FO superimpose (4) and (5) on (3). However, as has been argued exten-
sively above, superimposing this simp¥?(1) process on the way residual income grows, consid-
erably restricts the type of underlying investment behaviour that could be consistent with the model.
As Figure 2 illustrates, the objective of the previous section was to establish a more flexible model
which will allow an alternative representation®f(v,,.) based upon optimal managerial real options
evaluation. These findings are significant because the Feltham Ohlson valuation framework has been
used by empiricists to test the value relevance of accounting data. Some researchers have criticised
how empiricists have used the model to try to specify appropriate empirical testing procedures for the
value relevance of accounting information. In contrast, we show how, independently of specifications
issues, the underlying constant growth assumption which is central to the Feltham Ohlson framework
removes the possibility for management to have a role in deciding whether or not to exercise expan-
sion and contraction possibilities which do occur with most investment projects. Given this limitation
we develop an alternative valuation framework which does not suffer from these limitations because
the option to expand or contract optimally is given centre stage in our model of managerial decision
making. We hope in a future paper to present a further refinement of our model in applied empirical
settings which will aid researchers to re-appraise the value relevance of accounting data.
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6 Appendix A: NPV Rule

In this section we derive the NPV Rule. This follows from results obtained in from Gietzmann M.B.,
Ostaszewski A.J. (2000) page 42. The notation is as folldws; b,, ¢) denotes the discounted future
maximum expected profit ignoring the historic cost of the carry—forward inptihus, for example

Fy(v, by, ®) = vVo(v, by, ¢) and the corresponding value of the firm ignoring past costs and revenues
is Vo(v]bo) = f(G(bo)) — boG (bo) + Fi(v, by, ¢). Now we have

YLE (v, by, ) = /Ob(vyl) [F#(G(br) + by (v — AL, b)) + Fo(@(1, by), br) | dQs
b(v,0) _
+/b(“ {f(v—u(v bl))—i_F-&-(u(Uvbl)abl)} dQq

o [oh(w—(6.00) + FH(G(6b) + Fu(a(o.br).by)] d@s

Hence proceeding formally and applying the Liebniz Rule

. b(v,1)
Y F(Uvb()agb) = / bldQl

+/W¢ (v = u(v,b))(1 =) + Fy (u(v,br), b)) Qs

b1dQ),.
+/b(v,¢>)¢ 1dQ1
But f'(v — u(v,by)) = Fy (u(v,by), by) by definition ofu(v, b;). So
b(v,1) b(v,p) 00
/ _ ") —
F (’U,bo, ¢) = /0 bldQl + b(v,l) f (’U U(U,bl))dQl + /b(v7¢) ¢b1dQ1
Hence
—1 v _
b ) = [ 1+/u1 2, b))+ [ b,
ha (b1,9) ,
- / bdQs + [ o b))Q+ [ ohid@y
by hi( b1,¢ ~
= b+ (b1 — bl )d@Qy +[ (z(u,b1)) — b1)dQ:
+ [ (¢b —b1)dQy.
hi(b1,9)

27"We do not show cancelling terms.
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7 Appendix B: The optimal replenishment policy.

We prove the Recurrence Lemma

~

1 (b; Gni1) = Gbug1 (00)) + (b1 (Br), Bus2).
Proof. Recall that the functiom = 4, (b, ¢) is defined by the equatiéh
F! (u,b) = ¢b.
We work inductively. To obtain the solutian= 4,1 (b,, ¢,+1)0f the first order condition

F7/L+1(U7 bn) = ¢n+1bn'

we begin by first solving the censor equation

Qn<Ba ¢n+17 ) bn) = ¢bn

We denote the solutidhby b, (b,, ¢). Recall that

B
(B, Gt b)) = /0 b dQ (b b1)

hin(B,¢m+1) . 00
+f I @ (V5 b)) Qb 1) + s [ bd Qb 1),

m yPm+1

Herev™ = G(b) + (b, ¢mr1), andG(b) = {f'}~1(b). Now for an appropriate functioB,,, ; (v) we
have
F’rl7,+1 (Uv bn) = Qn(BnJrl(U); bn);

sSo we now need to solve )
Bn—l—l(@) - bn+1 (b’rm ¢)

But recalling that in generdf’ (v, b) = f(v — u(v,b) + F'y (u, b) we have
Fra(vs,b) = (v —u(op™,0)(1 — ') + F o (u, b’
= f'(v — u(oj b)) =b.
Thus we have the identity

By (vg™) = FL(vg™, B (vpH)) = B.

28Recall the convention that = V.
29In the Cobb-Douglas case

bn+1(bn) == ¢b71§n(¢)
for some constart, (o).
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Hence forB = lSnH(bn, $) we have identified that = v". In conclusion we have

,¢), 1)
1(bn, 9),1)) + ...

Corollary. The analysis prescribes an aggregate demand of

~

anJrl(bn; ¢) = G(bn+1<bn7 (b)) + un

(b1 (bn
= G(bn41(bn, 8)) + G(bnya(bar

D (by) = G(bp41) + .. + G(b) +

whereG(b) = {f'}~'(b) and the sequendg,,; is given by the iteration

~

bn+1 - bn+1(bn7 ¢)7
bn+2 - bn—‘,-l(b ]-)
byt

buss = bpys(bpia, 1),

It is now easy to describe the replenishment programme. Suppose we paveds remaining
and we have a stock. The acquisition programme calls for an optimal aggregate demand to be
purchased of R A
D} (b,) = G(byyr) + ... + G(b) + ...,

(i.,e. with¢ = 1) and either we have below this amount in which case we need to top up to
this amount or else we are moderately over-stocked and must carry-fomvards,, 1, b,) without
selling, or else we must sell to the point where the stodk4s+ (b,).Thus

Un(1,b,) by < bp(v,1)
ur(v,by) =9 w(v,by)  by(v,1) < by < by(v, Prs1)

Un (o, by) by (v, Gps1) < by
8 Appendix C: Derivation of Valuation formula
We study first the general two stage situation. The current prigetlee next period price is; and the
resale rate i®. Our notation in this section for the maximum expected value given a stothputs
and given the knowledge @f = ¢, is F'(v, by, ¢); onceb, is revealed and is carried forward into
the future the maximum expected revenue from the period beydnd(is b, ) where the bar signifies

expectation ovet,.
We note thatF’ = ~V.

8.1 Step 1. We prove a recurrence
W/ilF(Ua bOa ¢) = Eln [f#(l’*(?}, bl)) + FT#(?L*(’U, b1)> bl)] + yvq
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where the notation is as in section 3.2 above and is recalled below.
Proof. We have (from Gietzmann M.B., Ostaszewski A.J. (2000) page 42) that

b(v,1) _
Tk 0) = [T [F(G0) =G + b = A1) + B (@1 b, b)] dQy
[ 0 uo b)) + Fr(u(o.by).b)] dQ
b(w.1) U —=ulv, 01 +{u(v, 01), 61 1

o [0 =0, b)) + F#(G6h) + T, br),b)] dQ.
To understand the first integral (corresponding to the understocked situation), note that the additional
purchase: is specified byv + z = G(b1) + @(1,b;) and so the revenue 5G(by)) — b1 (G(b1) +
u(1,by) —v).

Now we reorganize the expression on the right. First notefthat) = f(z) — = f/(x) and since
G is the inverse off’ we have

f#(G(bl)) = f(G(b1)) — blG(bl)'
Similarly F, " (z) = F (z) — 2F, (z). But sinceu = @(1, b;) solves
by = ’YVJIr(uv bl) = El<u7 bl)

we have
F (1, by),by) = Fo(@(1, by), by) — brai(L, by).
Likewise
FL (0,01, b) = Fi (i, b1), by) — gbaii(g),by).
Lastly v = u(v, b;) solves
flw—u) =V (u,by) = Fy (u, by)
hence
F (u(v,by) b)) = Fi(u(v,br),by) — u(v,b) /(v = u(v, b))
= E(u(v7b1)7b1> — u(v,b1) f'(x(v,b1))

wherex(v,b;) = v — u(v, by). Of course

f#(x(v, bl)) - f(I(U, bl)) - ZE(U, bl)f,(x(vv bl))
We thus have, writing: for = (v, b;)

b(v,1)

v LF (v, by, ) :/0 [f#(G(bl))+F+#(a(1,bl),bl)}dQ1+v[/Ob(v’l)bldcgll

b(v,0) _ b(v,p)
o PF@FF b b)) dQut [ e f @) +ule, b 7 ()] dy

b(v,1

b(v,0) v,

[ [HGob)) + L (@(6,b), b)] @ + o [ / :Ow ¢b1dcz1]
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or just

TP be9) = [ R Gm0) + T @ ), b)) dey
[ )+ T o), b)) s

(v,1)

+/:¢) {f#( (ob1)) —I—E#(ﬁ(gﬁ, b1)7bl)] d@Q:

+v[/ 1+/ dQ1+/ q&bdQl]

and this may be rendered in a more compact way as asserted above, namely :

YU (0,b,0) = By [f# (7 (0,b1)) + P27 (u (v, b1), b1)] + vg
provided we introduce the notation

G(b) by < b(v, 1)
“(v,b1) { z(v,b1) b(v,1) < by < bv,d)

G(¢b1) b(v,¢) < by
and
17(1, bl) bl < bl(U7 1)
U*(’l],bl) = { U(U, bl) bl(U, 1) < b1 < b1<U, gb)
ﬂ(¢, bl) bl (’U, (b) < bl
where
z(v,b1) = v —u(v,by)
and

b1(v,1) b1 (v,9) , 00
q= /0 brdQ; + (v, 0:))dQy + /b ., Q.

b1(v,1)
It is convenient to define a function by the simultaneous equations

hi(B,¢) = by (v, §), }
B = bl(U7 1)

i.e. hi(B,®) = bi(vy,¢) wherev = vk solvesB = b;(v,1). We identify these functions in the

Cobb-Douglas case in a later section. In conclusion we may define an important fupéfiiras
follows.

h1(B ¢
/ brdQ; + / (v, b1))dQ; + / b,

The solution forB of ¢(B) = by is the censob;, = by (by).
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8.2 Step 2. Deduction from the Recurrence

We prove

Volw, b, ) = B[S 477 (s ()] + v (v, 1).
or N

Fo(v, b, ¢) Z V" (@ (ba))] + Yoo (ba (v, 1)).

Proof. We already know that
b(?},l) b(v,qﬁ) 00
“F(v,bg) = V' = q(b(v,1)) = bdQ) (b ! b))dQ(b bdQ(b
o) =V = a0 ) = [T bR + [T (0 )dQ) + [ bdQ()
(using generic notation), hence we may also write
V—vg = 77'F —ug]
= W_I[F('Ua b()?gb) - UF/(U7b0)]
= ry_lF#<fU7b07¢)
= Ep[f*(a* (0, b1)) + F¥ (u"(v,b1), by)]

and taking expectations overwe have

’Yilﬁ*(va bO) = E¢>,b1 [f#(:IJ*(U, bl)) + E* (u*(vv bl)? bl)]

We may now apply this result inductively, the first steps being

VR (0,00,0) = By, )+ B (u (0, 01), by)]

)+ Y En [ # (w3}, 02)) + By (u(uf, bs), bo)]]

)+ Y By | (2}, b)) + 7 B [ (5 (15, b)) + By (1, bs), bo)]]]
) (a3(u}

+ Eb2 [7f# Lo\U 7b2)) + Ebs [72f#(x§(u§, b3)) + ’72?3#@%(“;’ b3)7 bQ)m

AssumingN steps so that'y; = 0 we obtain on suppressing some notation that

v ES (v, bo, ¢1) = 2—21 (by))]-
SO N
Vo(v, bo, 1) —vq1 = 21 bn))]-
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Rewriting we obtain the valuation
f#(xg(v, bO)) + 7‘/0(07 b07 ¢1)

= [ (w50, bo)) + E[Z_:l V" f (@7, (0a))] + vyan (bi (v, 1),

where

B) = [ Qi+ [ Platehbai+ [T ohdgs

In the next section we identify the functional form for the Cobb-DougIas case.

9 Appendix D: The Cobb-Douglas case

In this section we give the explicit form of all relevant auxiliary functions needed to compute the
terms in the accounting identity. In particular we recall relevant formulas and results derived in our
CDAM paper apropriate to the cagér) = z'~*/(1 — o) when0 < a < 1. Note thatf’ = = has
inverseG(b) = b~/* and so

The homogeneity property is given by:
V! (u,by) = b,V (ubl/, 1),

and more interestingly by
V' (u,b,) = BV, (uB"* b,/B).

Thus forg = ¢, or ¢ = 1 the solutionu = (b, ¢) to V. (u) = V. (u,b,) = b,o is of the form
ubl/* =7 (i.e. u = ub, '/*) wherew = 1, (¢) solves

!/

Vo (@, 1) = &,

assuming o
¢ > inf V' (u, 1),

otherwise there is no solution (and therefore no need to sell-back stock).
It may be shown quite generally (see Appendix B) that

anJrl(bm(b) = Cf([;nJrl(b ¢)) +an+2( n+1(bn ¢) 1)

just as in (24).
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Now the equation
V(@ 1) = 6,
is equivalent (see Appendix B) under a transformation of variables to
Qn(B’ bn) = gbbn

and trhis in turn to

Gn(B/bn, 1) = ¢.

So we letg = ¢,,41(¢) solve
an(99,1) = ¢,
with the conventio#f thatg, (¢) = 0 when

¢ < inf gu(g, 1).
Thus the original equation fa8 is solved by setting
B/bn = gn+1(¢)¢

i.e. B = g,(¢)(¢b,). We thus have

Upg1(bn, @) = (gn+1((b)¢bn)—1/a+(gn+2( 1) gns1(0)dby)~ 1/a
+(gn+3(1>gn+2( )gn+1(¢)¢b ) 1/

and

OB 0) = (6ba) """ + (9a11(0)0b0) " + (gns2(L)gnsr (@)6bn) " + ...

= (0b) Y [14 (gas1(9)) ™ + (G2 (Dgnia (0) " + ..

By (33) we have
%b (kn(0b))” Y
where
Fn(@) 7 = 14 (901(0) ™" + (gns2()gnsr (6)) /" +

Note thatxy = 1.Thus the solution = b, (v, ¢) tov = v, is

b (v, ) = ¢ k() o

Note the identity
bn+1(an+1 (bn7 ¢)7 1) = ¢gn+1(¢)bn

(33)

(34)

(35)

39This ensures that the bench-mark stock, above which all is to be sold is infinity, in keeping with the idea that there

should be no resale.
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This is evident if we notice that we have to solve
ﬁ’n+1<bn7 (b) = 77n+1<bn+17 ¢)
= (anrl)_l/a [1 + (gn+2)_1/a + (gn+3gn+2) + }
= (90s1(8)b) " + (Gt (1)gns1 (0)ba) "/ + ..

If the project is overstocked, the carry-forward equation

—1/a

fv—u) =V, (u,b,) (36)
may be re-written using homogeneity as
f/(@ = (@) =V, (ub/*, 1)

wherei = ubY/*, v = vbY/* or in standardised form as

!/

with solution, (). The solution of (36) is then,, (v, b,,) = u(vbY/*)b /. Note also
f([v/u] = 1) =V, (1, byu®)

so the utilization ratio v

S=1+ GV (1, Aabn/bni1 (w)))

is a function of the ratio of the current price and the top-up limit. Hgrés a constant.
Evidently the special functiong,(v) need numeric evaluation. They are defined inductively as
follows. The base of the induction is:

zy(v,by) = U,

uyy1(v) =

av-1(B) = / badQ(by) + / (rn (05, b3) Qb + 6 [ brdQ(bw),
¢N = 1/¢N7
vp = 1/B2,

bN(u71) = 1/\/67

WN H(w) = u+[gn_1(bn(u))] 72,
un(v) = Wyli(v).

The inductive step is very similar.
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To(V,by) = v —Upi1(v),
g 1(B) = / bdQ(by) / (0, 02))AQ(br) + b /B | budQ(b),

Uy = ¢, ’in<¢n) n
1

i (1)28%

bu(v,1) = rp(1) o™ 1/2
Waoi(w) = ut [gu-1(ba(u, 1))
(v) = W, ().

n—1

n _
Up =

Up (v

Itis important to notice that the definition ef, calls for values known from earlier in the induction
namely the numberg,,(¢,,) for m > n. (See (34) above.)

However, before one can use these special functions, we need to know just when to apply them,
i.e when and how much stock to resell. With this in mind, recall the definition of the fundtigns
given by by the simultaneous equations

hin(B, ¢) = by (v, 9) = ¢~ i (0) 107, }
B =b,,(v,1) = k(1) o

Solving we obtain

hi(B,¢) = ¢ km(d) ™ k(1) B = 9B

= hm(17¢)Ba
so that, as asserted earlier in the finite horizon section, the dependeri¢esdmear. Note that
YN = N
As for the carry-forward we have the explicit forms:
(Kn(1)7V> = 1)b 1/ b v < Kp(1)71
u;kz+1(va¢n+17bn) = un+1(1} b ) K'n(l)_l < bnva < ¢n+1_1/€n(¢n+l)_1
(K (Ggr) T/ = 1)1/ Sty bin(bnr1) 7t < bv®
and
bl by v® < k(1)1
x5 (U, Opi1, by) = To(v,01) k(1) <00 < Pt o (Ppat)
(Pnribr) Ve Gni1 B (Pnia) "t < by0°

10 Appendix E: Linear dependence of profits on output

In this appendix we prove that in the Cobb-Douglas case that
F(v-G(bo), bo) = F(v,1) [ (G (bo)),
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so that in the square-root case we Kave
_ 1
F(vby?, by) = b—F(v, 1).
0

Our main conclusion is the result that:

F((bo), bo) = blOF(@u), 1)

which asserts that for an optimally carried forward stock, the future expected indirect profits are
linearly dependent on current indirect profit.

We note that in general, if(z) = 2'7%/(1 — a), so that/#(G(b)) = {251/ then the
formula at the head of this section in explicit terms is as follows.

F(vbg ¥, b) = %bg“‘“”“?@, 1).

For notation see section ?? above.
Proof. For transparency we write the proof in the square-root case.
We again refer to the formula (from Gietzmann M.B., Ostaszewski A.J. (2000) page 42):

B b(v,1) R .
v F(v,bo,¢) = /0 [F#(G(01) + ba(v = a1, b)) + F(a(1, br), by)| d@s

+/b:v1()b) {f(v — u(v,b1)) + F(u(v, by), bl)} 46

o [oh = (. b0) + FHGOh) + Fa(@(o,b). b)] dr.

We begin by assuming inductively the property that foralt 0

. 1
F+(U9 2b12agb1) = bleJr(Ug 2,9)
and show that for alb we have

I 1
F(vg~2by>, gbo) = %F(Ug ,9)-

In the formula above repladg by byg andv by vg~2b,%. We also make the substitutidn= b, /(gb,).
We now factorize oub, ' using inductive assumptions and some simple manipulations. To see this
done note the following calculations. First note that sitlee1) = K/+/v (for some constank’) we
haveb(v(gby)™2,1) = Kby/+/vg—2 = b(vg~2,1)by. Next we have
F(u(vg™2b52 br). by)
= Fi(u(vg™by?, hgbo), hgbo)
= I (u(vg~?by?(hgbo)?)(hgbo) 2, hgbo)
(u(
(u(

I~

= Fy(a(vg*(hg)*)(hgbo) =%, hygbo)

= Fy(a(vg—(hg)*)(hg)~2, hg)/bo

= Fi(u(vg™® hg), hg)/bo
31ThusH (w, b) = F(1/w?,b) is homogeneous of degredl.
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Similarly

F(u(1, gboh), gboh)
= F(a(1,1)(gboh) 2, gboh)
= Fi(a(1,1)(gh)~2, gh)by"*
= F.(u(1,gh), gh)by"

We thus obtain (dropping the display of the third term in view of its similarity to the first) that

v F(vg by, gbo, @)

bogtD [ 1 1 1 .
- —— + gboh — a(1, gh)) + F. (i(1, gboh), gboh) | dO+(h
/0 [gboh + gbo ((gboh)2 gzb%U( g )) + +(u( , 0o )79 0 )‘| Ql( )

b(vgi2a¢) _9,_9 97,9 T —27 -2
+/b [£ (0972857 — ulvg ™52, b1)) + Fy (ulvg by, gboh), gboh)| dQu () + ..

(vg=2,1)

B b(vg~2,1) 1 1 L 1 G(1. ah T (a1 h hb—l d h
_ /0 (bolgh+g(gh2—u(,g ))]*F L(a(l, g %9)0) Q1(h)

b(vg~—2,0) —
+ | b6 f (g™ = u(vg™>, hg)) + Fi(u(vg ™ hg), hg) /bo| dQ:(h)

b(vg—2,1
+...

= bal /Ob(vg 21) (lglh + gh(g1h2 — ﬁ(l,gh))] —l—ﬂ(@(l,gh),gh)) dQl(h)

. b(vg™2,¢) Ly Ly _ Ly
w0~ ueg ™, gh)) + Fiuvg ™, gh), gh)] dQu(h) + .
L _ -
= 37 Flvg™9.9)
0

Taking averages we obtain the required result.

11 Appendix F: Book-value in the Feltham Ohlson model

It bears remarking here that the framework of the Feltham-Ohlson model takes as its primitive a notion
of accounting valuation, namely the book-value (from which ‘earnings’ are defined once dividends
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are known). Properly speaking, implicit to the model is therefovalaation function b(.) defining
the book value from the portfoliel; = (¢, vy, vy, ..., v;) of ex-dividend cash;, and unused investment
assets), ..., v; wherev; was bought at timeg and priceb; then the historic cost convention is that

Bt = C + Uobo =+ ... + Utbta
that is the valuation takes the general form:
Bt = b(ta Ht)

However, the realisation of the abnormal earnings stréam: {7}, as defined frond(., .), is then
predicted by a model of its dynamicd, which typically depends upon the current book value as
initial condition?, and so implies first of all a stochastic proceds = {v;}, i.e. stochastically
generated prediction of the realised stredmand then the price of equity via the identity (3). Thus
predicted price of equity is affected by the accounting convention (which is the historic cost conven-
tion in the Feltham Ohlson model). To see this more clearly supyasean alternative accounting
convention, yielding the alternative valuations

B; = b/(t7 Ht)a

~/ — !/
v, = v —rB_,,

then, provideds; also satisfies the standard technical assumption, we have, by the usual argument

Bt —+ Z ’}/TEt(’ljt+T) = Wt = B; + Z ’)/TEt(17£+T>.

T=1 T=1

So, abbreviating the summation of discounted expected values temporafjlweohave
B, + Vi[Ny| = B, + V;[N",]. (37)
It could therefore be that the same model of the earnings stream dyn&hdoges a value
B, + Vi[M",]

which is a better predictor dfi; than B; + V;[]\Z]. Now observed actual discrepancies from the
realization could either deny validity of th&R(1) assumption, or require that any explanation absorb
the discrepancy in a dividend policy consistent with th(1) assumption via (2), i.e.

d™ =M — B+ (1 +7)B;_1.

32By formulas like

w
P=y + vt +

R—w"' " (R-w)R-7)""
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However, an alternative accounting convention could perhaps generate different model predictions
closer to reality despite using the same underlying stochastic dynamics.

Evidently, the technical assumption proving (3), namely tfid&, — 0 asT — oo (i.e. that book
value does not grow faster than the bank yield r), implicitly favours thehistoric cost convention
(as perpetually unused stock is in the limit discounted to zero). However, the technical assumption
may be satisfied by an other convention governing unused production input assets provided, for in-
stance, that these assets are utilized almost surely within a uniformly bounded horizon. In reality
there is an expiry date for most inputs and this guarantees that it is optimal to utilize them ahead of
the best-before date.

Fortunately no such technicalities arise in a finite horizon, and in that setting there is a identity
corresponding to (3) that includes final book-valge (possibly as final dividend). There is thus an
alternative convention directly justifiable by the definition of residual income itself. Inspection of an
equivalent to the defining equation, namely

615 = Bt - (1 + T)Bt—l + dt (38)

in which old book-value is interest-adjusted before being deducted from current book value suggest
a common value rendering of the two book-values. We may therefore justifiably use as accounting
valuation functiort/(.) by following thecommon value accounting conventiorso that

B} = c+vo(1+7) by +v1(1+7) " 0 + ..+ viby

and the valuatiorB; thus includes i interest on cash in the bank from recorded earlier revenues and
also attracts cost of capital charges on top of historic costs.

Thus cost of unused stock recorded in béthand B;_, on this convention cancel each other
out in the (38) calculation of residual income, allowing treatment of unused ‘stock in hand’ just like
interest on any earlier cash deposits sitting in the bank. This has two important consequences:

(i) residual income attributable to immediate utilization of fresh stoakaseasedby comparison
to the historic cost convention which would includes in addition the cost of unused capital;

(i) residual income attributable to eventual utilization of long unused stodkceseasedelative
to the historic cost convention.

Both these factors properly reflect return from investment in rewarding the record of profitable
activity from investment and down-playing unprofitable activity. See section below for a worked
example. Note that any unused stock sold back will also increase the value of residual income as a
cash addition.

We stress that both conventions must of necessity give rise to the same value of the firm by (37),
and either earnings stream may be interpreted from the other, for instance

Vt[f\ft]hist - (Vt[j\\fg] + B;)common_ (Bt)hisb

or as
(T)t)hist = (T)]{,)common'f‘ [Bt - (1 + T)Bt—l]hist - [Bé - (1 + T)Bg_l]common
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However, as each gives a different interpretation to the term ‘residual income’, each offers a different
route to predicting managerial activity and predicted residual earnings stream. In each dividends are
still left outside the scope of equity value computation.

We should point out an additional advantage of the modified convention that well serves our
purposes. If we employ a model of economic activity with constant expected return then common
value convention automatically gives constant returns to unused stock.

11.0.1 Example: A stylised two period residual income model

Suppose we start with+ u units of capital at = 0 purchased fop, a unif? and we plan to use of
the units in the first period andof the units in the second peritidvith a square root returns function
operating in both periods, that is:

opening net assefd, = po(u + )

We assume a square root returns function.

Version 1: stylised model under historic cost convention We compute the two periods’ respective
earnings and residual incomes under the historic cost convention

By = 2\/x + pou By = (1+7)2y/x 4+ 2y/u
Bl—Bozvl BQ—B1:U2

v1 = 2/ — por Vg = 2¢/u — pou + 24/xr
U = vy — rpo(u + 1) Uy = vy — 7(2y/x + pou)

=2yx — (1 4+7r)pox —rpou = 2y/u — (1 +7)pou

Note that the revenu®,/z included inB; arises at the end of the first period (i.e. time 1). As
a check, note the value of the firm at time- 0 is

Uy Us
I+r (147r)?
N 2v/x — (L4 r)pox —rpou ~ 2/u — (1 + 7)pou

By +

= po(ut ) 147 (1+7)?
2 — 2 —(1+
_ pgu s 2o 2V — (L )pou
1+ (1+7)?
2\/x 2\/u

1+r+ (1+7r)?

33Assume this is financed by the owners initial equity investment.

34In order to make the simplist representation we shall assumetisahe dynamically optimal second period usage;
that is even though the firm could buy or sell more units after observing the second period input price of capital it is not
optimal to buy or sell capital. Our immediate object here is to map the the two models into a common notation rather than
to concentrate on optimization. Once the mapping is established we will return to optimization issues.
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Version 2: stylised model under ‘common values’ convention And now we compute using the
common value accounting convention, as given below equ

ation (38):
Bl =2x +pou(l+7r) By=(14r)2y/z+2u
B} — By =, B, — B} =)
V] = 23/ — pox + pour vy = 2y/u — pou(l + 1) + 2y/xr
0] = v —rpo(u + x) b = vl — r(2y/x + pou(l + 1))
=2z — (1 +r)pox =2vu— (1+7)pou
Here
2 —(14+7m)pexr  2v/u — (1 +r)%pou
po(U+I)+ \/_ ( )pO \/_ ( 2) Po
1+7r (1+7)
2\/x N 2\/u

I+r (1+47r)?

Observe thaB; includes the current income and the interest-adjusted historic valuation of unused
stock left languishing; hence the residual incosheomprises the profit on current production using
stock valued at the interest-adjusted historic valuation (as it was bought one period ago). SiBijlarly,
includes the current cash revenue and deposited cash revenues from the previous period (compounded
up); consequent on the treatementBh of unused stock, the residual incormg here equals the
profit from final production using long unused stock valued at the interest-adjusted historic valuation
(bought two periods ago). Recalling

(@)hist = (ﬁt)common‘i‘ [Bt - (1 + 7’)Bt*l]hist - [BQ - (1 + T>B£71]common

we have
(Bl>hist - (Bi)common: (2\/5 + pou) - (2\/5 +p0u(1 + T)) = —pour

(Bz)hist - (Bé)common: 0
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12 Appendix G: Alternative stylised models

We follow through the valuation formula in some simple instances. We begin with an important
comment.

12.1 Comment on a Simple Example.

Consider the Cobb-Douglas model with production functign) = 2./z. (This example is charac-
teristic of all the Cobb-Douglas models). Hefé(z) = /z and{f'} ! = G(b) = b=2. Observe first
that the myopic one-period problem at tirne: ¢,, is to maximize

f(z) = pn(14r)x,

wherep, is the observed price, the factér + r) = ! represents an interest load on the cost
payable at the end of the period. If the firm is in the black this is only the opportunity cost of capital.
The above formalism assumes that there is no technical progress factor. Noféxthegpresents
payments received at the end of a production period. Thus the first order condition is

fi(@) = bn,
where
by, = pm(1+ 7).
Thus the optimal demand for inputi$ = G(b,,) and so the (indirect) profit is

f@®) = bpa® = f7(G(bn)) = by}

12.2 Two period model with a capital stock ofu at the end of the first period

In the two period model we have:

Wb, 61) = /Obl(“)<b11+b1u>d@<b1 ravi [ g + /°° G ushagoy
bi(
= /0 *dQ (b1) + / \/_dQ b1) +/ " @ dQ(b1)
+u [ /0’“(“ Q) + - [ y Tt aqey+ [T ¢1b1dQ(b1)]
b1(w) )/Cf)
= [ rGodae) + [ pwde)+ [T p(Gen)dam)
0 b1 (u)/ 1

tu [/:1( brdQ(by) + b (u) /bl 00 +/ GihdQ bl)]

by (u)
= E[f*(21(01))] + ug(bi(u)).
35This is of course the Fenchel dual

f(b) = max[f(x) - ba.

x
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Recallb; (u) is known at timet,. Thus the future value derived from the project given a sunk
resourceu equals the Tobin valuation of the resource plus the expected indirect profit. In particular if
u = 0 we have

Vi(0,b0) = ELf* (i) = [ 5-dQ(e)

0
and ifu = u; we have

Vi(ty, bo) = E[f*(x71(b1))] + t1qo(b1 (1))
= E[f*(z}(b1))] + t1bo.

If the project begins with zero stock and carries forwardnd the charge on the capitalis by
then the clean surplus is

F7(G(bo)) +Vi(u, bo) — bou = f7(w5) + Y ELf* ((b1))] + G[ya(bi(u)) — bo,

and if the amount: is selected optimally ai; we haveyq(b,(u;)) = by and so the clean surplus is

F#(x5) + vE[f*(2(b1))].

12.3 Two period model with0 capital stock at the beginning of the first period

First consider time = ¢, with zero stock. The optimal stock to purchase is

1

R + @1 (bo)

Vo

and this is bought for a price (valued at end of period timg, i.e. by = po(1 + r) wherep, is the
price announced/revealed at tia¢. From this investment the project generates immediate revenues

of
2

bo
and offers an additional expected PV (=present value)

Vi (i, bo).
In the two period case we have
Vi(tn, bo) = E[f*(x1(b1))] + 1bo,
and in general
Vi, bo) = By, [f# (27 (i, b1)) + Vo7 (w* (i1, by), by)] + Tiabo

= Uby + E[Z Y (@ (b))
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Let V(7,) be the present value of the project (at timé net of v, then
V(to) = f(xo)+yVi(l1,bo)

= f(z0) + yaotis + E[Z_: Y (0 (b))

and inclusive of costs we have clean profit equal to

N
Here is an alternative derivation. Begin with a valuation as follows:

credits less debits

where credits comprise: revenues + discounted valuation of future indirect profits +book-value of
stock, whereas debits consist entirely of capital charge. The valuation term thus assumes the stock
carried forward is a sunk cost. Noyy, = b, (noting thatby = ~ypo, the price at timé, so that in fact

we havey, = py). Here we have that the PV of the project netigis

V(2o) = f(x0) + V1.
So the clean surplus is
N

V(o) —boto = [*(w0) + [yqo — o)ty + E}> V() (by)]

n=1

= fF(wo) + B[ 7" (@ (b))

n=1

Thus the valuation on the rhs contains the PV of the charge for the sunk aost of

12.4 Two period model with initial stock 0 at time t,, and understocked at time
1]

Given the initial stock of zero the project commences the petied ¢; with stockz,. Here we
suppose that the optimal stock to hold is greater thaand is

1

171 = b2 +U2(b1)
Additional stock required is thus
PO 1 r
V1 —U1 = 35 +U2(bl) 5 —U1<bo).
b3 by
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The project generates new revenue
2

by
thus the present value of the project at titpés as before:

credits less debits

where credits comprise: past and present revenues + discounted valuation of ‘continued activity
(meaning future indirect profits with stock carried forwakdtreated as a sunk cost) +book-value of
stock, whereas debits consist entirely of capital charge. Here we have;sineeh, that the PV is

N
o B )]+ (o)
(g + o)) = bl + () — (b))
0 1
= blo + ;1 + 72 Va (i) + yb1ia(by) — botix (bo) — Ybi (ta(br) — T (bo))
N
= fF(wo) + 7% (21) + E[Z Y () (b)) — (bo — Yb1) i (bo).

Thus the value of the project comprises the realized indirect profits plus the future valuation of indirect
profits less an adjusted charge on the initial forward outlay.
Alternatively derivation: we have, given a sunk cagt

Va(la,b1) = Ey, [f#(x*(@% ba)) + 773#(“*(?71, b1),b1)] + U

N
= Taqu + E[>_ A" (2 (b))
n=2
so we have current plus expected revenues

V(W) = f(xo) + 7f (1) +~+*Va(tiz, bo)

less costs
bolo + Vb1 [01 — U]

giving clean profit of:

S (o) + 7 (1) + 7 [t2qn + E[Z v () (b))
—botty — by [ﬁz - al]
= [T (xo) + /7 (21) + E[Z Y (5, (bn))] — T [bo — Ybu].
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12.5 Three period model initial stock0 at time ¢y, and understocked at timet;
and again at timet,

Given the stated assumptions at time ¢, the stock on opening is equald@e and is less than optimal
stockwv,. Buy extrav, — 1, at priceb,. Here we have net af, new revenues of

W = f(x2) + yV3(us, by)

So

N
W — bty = f#(x2) +vqotiz + E[>_ " f# (a5, (bn))] — bolia

n=3

N
= [F(xa) + B A" 7 (2 (bn)]
n=3
Hence all revenues amount to

f(@o) +7f(@1) + 77 f(2) + 7 Va(ts, by)

with total costs being
boTo + Vb1 [01 — @] + 7ba[Us — o]

leading to a profit of
N
S (o) + 77 (1) + 27 (22) + E[Y 4" 7 (2 (ba))] + 7 a2l
n=3
—{botiy + b1 [ty — U] + v*bo[Uis — U]}
N
= [F(wo) + [T (20) + 77 [ (wa) + E[D_ 2" 7 (25,(ba))] +

n=3

—{[bo = ybi]ty + y[b1 — yba]Us}.
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