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Abstract

The chromatic polynomials considered in this paper are associated with graphs constructed
in the following way. Take n copies of a complete graph K; and, for i = 1,2,...,n, join
each vertex in the ith copy to the same vertex in the (i + 1)th copy, taking n +1 =1 by
convention. Previous calculations for b = 2 and b = 3 suggest that the chromatic poly-
nomial contains terms that occur in ‘levels’. In the present paper the levels are explained
by using a version of the sieve principle, and it is shown that the terms at level ¢ corre-
spond to the irreducible representations of the symmetric group Symy. In the case of the
two linear representations the terms can be calculated explicitly by methods based on the
theory of distance-regular graphs. For the nonlinear representations the calculations are
more complicated. An illustration is given in Section 10, where the complete chromatic
polynomial for the case b = 4 is obtained.

MSC 2000: 05C15, 05C50.



Chromatic polynomials and representations of the symmetric group

1. Introduction

The chromatic polynomials considered in this paper are associated with graphs, which we
call bracelets, constructed in the following way. Take n copies of a base graph, and join
certain vertices in the ith copy to certain vertices in the (i + 1)th copy, the joins being
the same for each ¢, and n + 1 = 1 by convention. Here we take the base graph to be the
complete graph Kj, and the joins to be the matching in which each vertex in one copy
of K is joined to the same vertex in the next copy. This gives a bracelet that we denote
by B, (b). More generally, bracelets can be constructed by allowing the base graph to be
incomplete, and by allowing the copies to be joined in a more complicated way [5,7].

The chromatic polynomials for B,,(2) and B,,(3) are as follows [3, 4, 6, 7]:

P(B,(2);k) = (K> =3k+3)"+(k—1)(1—k)"+ B —k)") + (k* — 3k +1).

P(B,(3);k) = (k® —6k? + 14k — 13)"
(= 1) (=K% + Tk = 13)" + 2(~k? + 4k — 4)")
(k- 3)/2<(k5 —5)" +2(k — z)n)

4 (k- 1)(k— 2)/2<(k — 1)+ 2(k — 4)n)
+ (k® — 6k* + 8k — 1)(—1)".

A partial explanation of the form of these results is provided by the transfer-matrix method,
which leads to a formula of the kind

P(Bn(b); k) = Z my(k)A-(K)",

T

where A,.(k) and m,.(k) are the eigenvalues and multiplicities of suitable matrices T'(k), k
being a positive integer. However, the results quoted above suggest that more is true: the
terms occur in ‘levels’; the terms at level £ being of the form
(Polynomial of degree E) X (Integer) (Polynomial of degree b — E)n.

The levels can be explained, in general terms, by using the sieve method introduced in
[5]. In the present paper the method is applied to the graphs B, (b), where it turns out
that all the required polynomials of degree b — ¢ can be derived (in principle) from the
representation theory of the symmetric group Symy.

There are two reasons why this result is significant. The first is that the polynomials that
are raised to the nth power determine the behaviour of the chromatic roots of B, (b) as
n — oo, for all b. Indeed, a theorem of Beraha, Kahane and Weiss [2] can be used to
determine the curves that comprise the limit points of the chromatic roots. The second
reason is that the same general structure is observed to apply to many other families of
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bracelets, with different base graphs and different links. Since these graphs correspond
to the lattice-like models studied in theoretical physics, information about the limiting
behaviour of their chromatic roots is potentially of great interest [10,11,12].

The main result proved here (Theorem 4) is that, for every partition 7 of ¢ (¢ < b), the
corresponding representation R™ of Sym, gives rise to a ‘collapsed’ matrix N™ whose eigen-
values are also eigenvalues of the transfer matrix 7'(k); and conversely, every eigenvalue of
T(k) is an eigenvalue of N7 for some 7 and ¢. It follows that the chromatic polynomial of
B, (b) can be written in the form

b
P(By(b)ik) = Y Y ma(k) tr(N™)",
=0 |7|=¢

for certain polynomials m (k).

In the case of the two linear representations of Symy, the matrices N™ and their spectra
can be calculated by methods based on the theory of distance-regular graphs, using the
Johnson graphs J(b, ). This calculation produces explicitly d 4+ 1 polynomials associated
with the principal representation (where d = min(¢,b—/¢)), and two polynomials associated
with the alternating representation (Theorems 5 and 6). For nonlinear representations the
calculations are more complicated. As an illustration, the case b = 4, ¢ = 3 is studied in
Section 10, and the complete chromatic polynomial of B,,(4) is obtained. The result agrees
with that obtained by Chang [8], using a different method.

2. The sieve formula

We take V = {1,2,...,b} as the vertex-set of a complete graph K;, and regard the set
{1,2,...,k}, where k > b, as a set of colours. The set of all proper k-colourings of K} will
be denoted by Py, and Vj, will denote the vector space of real-valued functions defined on
Py. A basis for Vy, is given by the set of functions [v], v € Py, such that [y](«) = 0 unless
a = 7, in which case the value is 1.

Let X be a non-empty subset of V' and let 8 be a k-colouring of the subgraph of K} induced
by X. For any € Py, denote by yx the restriction of v to X, and define [X|0] to be the
element of Vi given by

X6 = > Il

Yx =0

In other words, [X|0] is the function that takes the value 1 on the colourings that agree
with 8 on X, and 0 otherwise.

To cover the case when X = () and ¢ is the empty function it makes sense to define
[0]¢] = >_,[7]; where the sum is taken over all v € Py. So [0[¢] is the function which takes
the constant value 1 on every element of P,. We also denote this function by wu.

We say that a pair (a, 3) of members of Py is compatible if a(v) # B(v) for all v € V.
Suppose this condition holds. Then, if two disjoint copies of K; are linked by edges, each
vertex v in the first copy being joined to the vertex v in the second, and the colourings
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«a and (8 are given to the first and second copy respectively, these colourings combine to
form a (proper) colouring of the linked graph.

For each k > b we define a compatibility matrix T = T'(k) (and an associated compatibility
operator on V) as follows. The rows and columns of T' correspond to the elements of Py,
and the entries are given by:

1 if @ and 3 are compatible;
(T)ap = { 45 P
0 otherwise.

The sieve formula [5] Suppose that k is given and let T' = T'(k) be the associated
compatibility operator. For any given o € Py let ax denote the restriction of o to X.
Then

Tlo] = Y (~1)¥[X]ax].

3. Invariant subspaces
In this section we shall prove the following result.

Theorem 1 Let S be a subset of the colours {1,2,...,k}, and let U(.S) be the subspace
of V), spanned by all functions [Y|3] with G(Y) € S. Then U(S) is invariant under the
action of T

The proof is in several stages. We begin with the following simple calculation:

TIY|6] = T( ) (o)

where

o(X,Y,0) = 3 [Xlax]

ay =4

In order to prove Theorem 1 we require an expression for o(X,Y, ) which, for all X,
involves only functions of the form [Z|y], with v(Z) C B(Y).

If § is an injection from X to {1,2,...,k} such that 6 and 3 agree on X NY, then there
is a function 6 * 3 from X UY to {1,2,...,k} defined by

~fo(vw) ifwveX;
(5*@(@)—{5(@) ifvey.
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Note that ¢ * 8 does not exist unless dxny = Bxny, and if it does exist, it may not be
an injection (because it is possible that, for some z € X \ (X NY)andy € Y\ (X NY),
d(z) = B(y)). We define

G(B) = {0 € Py | Ox * [ exists and is an injection}.
Recall that for any complex number z and non-negative integer n the ‘falling factorial’
(2),, is defined by

(2)o=1, (2)n=2(2—1)p1 (n>1).

In other words, (2), =2(z—1)---(z —n+1).

Lemma 1 Suppose that X and Y are subsets of V|, where | X UY| = p and |V| = b, and
let § be an injection from Y into {1,2,...,k}. Then

O'(X,Y,ﬁ) = (k_p)b—p Z [9]
0eG(B)
Proof  Using the definitions of o(X,Y, 3) and [X|ax] we have
XY, 8) = ) [X|ax]

ay =4

— Z Z [].

ay=0 Ox=ax
In order to reverse the order of summation it is convenient to write this as a sum taken
over pairs («, 0):
(XY, 8)= > [0
(a,0)€A(B)

where

A(B) = {(a,0) | ax = 0x and ay = §}.
Treating this a repeated sum we have
Yo=Y > 1=) [lm@.5),
(c,0)EA(B) 0 (x,0)cA(B) o

where m(0, 3) is the number of « such that ax = fx and ay = .

Suppose first that € is in the set G(3) defined above. Then 6x * § exists and is an injection
on X UY, and m(#, ) is the number of ways of extending this injection to an injection
defined on the whole of V. This number is just

(k=p)k—=p—1)...(k=b+1) = (k= Dplo—yp-
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On the other hand, if 6 is not in the set G(/3), there can be no injection « satisfying the
conditions, and m(6, 3) = 0. O

If Z is a subset of X containing X NY define

II(Z)={r | m:Z — Y is an injection and wxny = id}.
Note that II(X NY) contains only the inclusion function X N Y — Y.

Lemma 2 With II(Z) as above, and the other notation as in Lemma 1,

o(X,Y,8) =t(X,Y) Y (-1)¥x(2),

XNYCZCX

where

HXY) = (D) k= phy, 7(2)= ) (2] Bal.
well(Z)

Proof  Given the result of Lemma 1, it remains to evaluate ) _[f] taken over the set G([3).

Recall that G(f) consists of those 6 in Py for which (i) 0x * 3 is defined, and (ii) 6x * 3 is
an injection on X UY. The set of all 6 satisfying condition (i) consists of those for which
Oxny = Bxny, and the sum of [] taken over this set is, by definition,

(X NY|Bxny]-

We apply the sieve principle to obtain the relationship between this sum and the sum taken
over all # for which both conditions hold. It is convenient to put Z = (X NY)U D, so that
summing over Z such that X NY C Z C X corresponds to summing over all subsets D of
X\ (XNY).

So we write the sum over G(3) as

>, (-PIED,p),

DCX\(XNY)

where F'(D, [3) is the sum taken over  that satisfy condition (i), but fail to satisfy condition
(ii) on the set D. The second statement means that for each v € D there is some 7(v) in
Y such that (v) = B(mw(v)). Clearly, this defines an injection 7 from D to Y\ (X NY).
We can extend 7 to an injection from (X NY)U D to Y, by defining it to be the identity
on X NY, and since condition (i) holds this means that 6 x~y)up = B7. In other words

F(D,B)= >  [(XNY)uD|pa]=7((XNY)UD).
rell(XNY)UD
Putting Z = (X NY) U D we have the result. O
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The results obtained in Lemmas 1 and 2 provide the required formula for T[Y|3].
Lemma 3 The action of T is given by
TYIA) = Y ()M — X UY )y xov) Y, (-DPr(2),
XCcv XNYCZCX

where

We can now complete the proof of Theorem 1.

Proof of Theorem 1 Let Y, 8 be such that 5(Y) C S. According to Lemma 3, T[Y|5]
is a linear combination of terms of the form [Z|B7]. Here 7 is an injection Z — Y, and so
Br(Z) C B(Y) C S, as claimed. O

4. Explicit form of the coefficients

In this section we shall obtain a formula (Theorem 2) that gives the coefficients of the terms
[A]a] that appear in T'[Y|5]. This formula is remarkably simple, despite the complicated
arguments that are needed to justify it.

Lemma 4 Suppose that Y and 3 are given, and that A and a are such that

a(A) CB(Y),  aany = Bany.
Then [A|a] appears as a term in o(X,Y, 3) if and only if X is a subset of V' satisfying

ACXCV\Y,

where Y =Y \ (ANY).

Proof Tt follows from Lemma 2 that the terms [A|a| appearing in o(X,Y, 3) are precisely
those for which

[Ala] = [Z]f7], where XUY C Z C X, and 7 € II(Z).

The given conditions on « ensure that a = g7 for some w € II(A), so the effective condition
is that XUY C A C X. Rearranging this as a condition on X we obtain the stated result.
d

Now that we have established which terms occur in T[Y'|3], it remains only to find the
coefficients.

For each integer n > 0 and any complex number z, the following formula defines a monic
polynomial of degree n:



Cln, ) = g(—lr('ﬁ) (2 P

In particular, the polynomials C'(n, z) for 0 < i < 4 are:

C0,2)=1, C(l,2)=z2—-1, C(2,2)=2>—32+3,

C(3,2) =2%—622 + 142 — 13, C(4,2) = 2* — 102> +412® — 842+ 73.

The relevance of these polynomials stems ultimately from the fact that C(b,k) is the
number of k-colourings 7 of K} such that 7 is compatible with any given k-colouring o.

In other words, it is the number of 7 that are ‘derangements’ of o: o(v) # 7(v) for all
ve{l,2... b}

For simplicity of notation, we fix the integers b and k£ > b, and define
ci=Cb—ik—1) (0<i<b).

Theorem 2 Let A and Y be subsets of V' = {1,2,...,b}, and let o, 8 be injections from
A and Y respectively to {1,2,...,k}, such that a(4) C S(Y) and aany = Bany. Then
the coefficient of [A|a] in T[Y|A] is

(—D)AM e 40y

Proof  According to Lemma 2, the coefficient of a term [A|a] that occurs in o(X,Y, )
is t(X,Y)(—1)Al. If o satisfies the given conditions then, by Lemma 3, [A]a] occurs in
o(X,Y, 3) if and only if X is such that A C X C V' \ Y. Since

XCcv
it follows that the coefficient of [A]a] in T[Y|A] is
>, YY) (=)L
ACXCV\Y'
Writing X = AU R, with AN R = (), the condition A C X C V' \ Y’ is equivalent to the
condition that R is a subset of V' \ (AUY). Furthermore,
I X|=1A|+|R], |XNY|=]ANY]|, [XUY|=|AUY|+|R|

Hence

HXY) = (=D — X UY )y xuy

= (=DM — AU Y] = |RDo|avy |- a1,

and the required coefficient is



Z (=D)IAHIEy X v (1)

RCV\(AUY)
= (—1)l47l Z (D) (k — [AUY| = |R|)p—|avy | |n

RCV\(AUY)
b—|AUY|
b—|[AUY
IR Sl (bl [TV SR
r=0

= (=)Ao - |AUY]|, k—|AUY)).

5. Levels 0 and 1

The action of T' on the invariant subspaces U(.S) with |S| = 0,1 can be described fairly
easily. When S = () the only relevant function is u = [|¢], and the equation Tu = cou
follows from Theorem 2. So the invariant subspace U() is just (u). Another proof of the
equation T'u = cou follows from the observation, already noted above, that c¢o = C(b, k) is
the number of k-colourings /3 of K} such that («, 3) is a compatible pair, for any given a.
In other words, ¢y is the number of 1’s in each row of the matrix 7. Standard arguments
lead to the conclusion that the eigenvalue ¢y has multiplicity 1.

Suppose that S = {h}, where h is any colour (1 < h < k). Denote by [y|h] the function
[Y'| 5] such that Y = {y} and ((y) = h. The terms that appear in T'[y|h] are the [A|a] for
which A =0, A ={y} and A = {z}, for all x # y. Clearly, for each A, there is a unique
«, and Theorem 2 tells us that the complete formula is

Tlylh] = e1 (u = [ylh]) + e (S [wlh]).
TAY
Since T'u = cqu, it follows that

U(h) = (u, [1|h], [2|h], . .., [blA])-

When k = b, the set of functions u, [1|h], [2|h],...,[b|h] is linearly dependent (u is the
sum of the other functions, since every b-colouring of K} assigns colour h to exactly one
vertex). However, if &k > b there are k-colourings of K} that do not use the colour h, so
u is linearly independent of the other functions, and the set is a basis for ¢ (h). We shall
assume henceforth that this condition holds.

We have shown that the action of T" on U(h), with respect to the given basis, is represented
by the matrix

Co C1 C1 C1
0 —c1 ¢ Co
0 ()] —C1 o e Co
0 C2 Co —C1



We write this matrix as

MO *
O M)’
Here Mj is the 1 x 1 matrix (cg), and M is the b x b matrix in the lower right-hand corner;

O and x stand for zero and non-zero matrices respectively. In terms of the identity matrix
I and the all-1 matrix J we have

MOZCOI; M12—01[+CQ(J—I).
In the following sections we shall develop a general theory from which these two equations
follow as special cases.

For the time being, the eigenvalues and eigenfunctions of My and M; can be obtained by
elementary means. The trivial case My has already been discussed. For M; there are just
two distinct eigenvalues, and they are:

—c1+ (b—1)co  (multiplicity 1);
—c1 — co  (multiplicity b — 1).

The corresponding eigenfunctions can be obtained directly from the formula for the action
of T'. First, let

on = [1|h] + [2|h] + - - - + [blh] — (b/k)u.
It is easy to check that T'¢p = ((b — 1)ca — ¢1)¢n, so that ¢, spans a 1-dimensional space
of eigenfunctions.

Next, for any vertices v # w let

p" = [vlh] = [w[h].

Again, it is easy to check that TW}" = (—ca—c1)9p™. So we have b(b—1)/2 eigenfunctions,
one for each edge vw of Kj. These eigenfunctions span a space of dimension b — 1, a basis
for which is obtained by taking the functions corresponding to the edges of any spanning
tree of K3. For example, we may fix w = b, and take v=1,2,...,b— 1.

Up to this point we have been considering the action of 1" on the subspace U(h), for a
given colour h. In fact, for each one of the k£ colours there is an eigenfunction ¢, and
the only linear relationship between them is that their sum is identically zero. Thus, in
the action of T on the whole space Vi, the multiplicity of the eigenvalue (b — 1)co — ¢; is
(k — 1). Similarly, the multiplicity of —cy —¢1 is (b—1)(k — 1).

This completes the analysis of the terms at levels 0 and 1. We can now exhibit the leading
terms of the chromatic polynomial of B,,(b), for all b > 2:

P(BLb):K) = e + (k= 1)((—er+ (b= Dea) + (b 1)—er —e2)") 4.
where ¢; = C(b—1i,k—1),i=0,1,2.
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6. The general case

In this section we consider the action of 7" on an invariant subspace U (S) with |S| = ¢ > 2.
As in the previous section, it is often convenient to use a more explicit form of the notation,
so we write

[y17y27 s 7y7”|h17h27 .. ~7hr]

for the function [Y|3] when Y = {y1,y2,...,y-} and B(y;) = h; (1 <i <r).

We begin with the case ¢ = 2. Theorem 2 provides the following basic formula for the
action of T" on the space U(S) with S = {hy, ho}:

T[v,v'|h1, he] = c2 <U = [vlha] = [V'|h2] + [0, V| ha, h2]>

+es( D2 wlha] + [wlhz] — [, wlhr, ho] = [w, /|, ha))
w#v,v’

+ C4< Z [w,w’|h1, hg] + [w',w|h1,h2]>.

w,w’ v’

Note that for each set A of two vertices {w,w’} there are two injections from A to {hq, ha},
and thus two terms in the last sum.

Clearly the space U(hy,hs) contains as subspaces U(()), U(hy) and U(hs). Tt is easy to
check that

U(hy) NU(hs) = U(D),

so the subspace U(h1)+U(h2) has dimension 2(b+1)—1 = 2b+1. A basis for this subspace
is

u, [1|h1], [2|h1], ceey [b|h1], [1|h2], [2|h2], ceey [blhg],

which can be extended to a basis of U(hy, hs) by adding the functions [z,y|h1, he] and
[y, z|h1, ho] for all pairs {z,y}. Then the action of T' on U(hi,he) with respect to this
basis is represented by a matrix of the form

My * * *
O M1 O *
O O Ml *
O O O M

Here My and M, are the matrices discussed in Section 5, O denotes a matrix of zeros, and
* denotes a non-zero matrix. The matrix M is a b(b — 1) x b(b — 1) matrix whose rows
and columns correspond to the functions [P|v|, where |P| = 2 and v : P — {hj,ha} is a
bijection.

The entry in row [P|y] and column [@Q|d] of My is the coefficient of [Ply] in T[Q|d], so
using the formula for T'[v,v’|hq, he| displayed above, it follows that the entries of My are
given by:
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Ca if P=@Q and v = 9;
—c3 if PNQ = {z} and v(z) = d(x);

M =
(M2)ippieiel =9 o it PO =0 ;
0 otherwise.
We now turn to the general situation when S is a fixed set of ¢ colours, {hy,ha,..., he},

¢ > 2. In general, the formula for T[Q|0] with 6(Q) = S contains terms [P|y] with
v(P) = S’ for each subset S’ of S. Thus the action of T' on U(S) can be represented by
a matrix T’ of a form analogous to that given above for the case |S| = 2. Specifically,
for r =0,1,2,...,4, T has a "diagonal’ consisting of (f) submatrices M,., one for each
r-subset of S. The entries in the lower triangle of T are all zero, so the eigenvalues of T
are the eigenvalues of the diagonal submatrices. We shall suppose that these eigenvalues

have been determined for r < ¢, and concentrate on the matrix M,. Henceforth ¢ will be
fixed and we write M = M.

For each P C V of size ¢ there are ¢! injections v : P — S and /! corresponding func-
tions [P|y]. Thus the number of rows and columns of M is (Z) x 0! = (b)g, and M can
be partitioned into square blocks MF® of size #I. The block MT? corresponds to the
intersection of the rows labelled [P|y] and the columns labelled [Q|d], for a given pair of
(-subsets (P, Q). According to Theorem 2, in each block the entries are (—1)/F"@lep g if
YPnQ = dpng, and 0 otherwise.

In order to analyse MT? we need some notation. Write P = {pi1,p2,...,pe}, where
p1 < p2 < --- < pg. Given a permutation o in Symy, the symmetric group on {1,2,..., ¢},
define the function

[Pa U] = [pa(l)apU(Q)a' - Do(0) | h17h27' . ~7h€]~

We consider MP? as a matrix whose rows and columns correspond to the members of
Symy, the entries being

(MP9)or = Mip o] (@.7]-
Suppose |P N Q| = i. Then, using our standard notation for P and @, there are subscripts
aj, 3; such that po;, = qg;, 7 =1,2,...,4. Let

Fpg ={¢ € Symy | d(a;) =65, 1 <j <i}.

Note that, given any ¢ € Fpg, the set Fpg is a left coset ¢H in Sym,, where H is the
subgroup fixing 1, B2, ..., f; pointwise. Thus |Fpg| = (¢ —1)!.

Lemma 5 Let X(p) be the permutation matrix representing p in the regular repre-
sentation of Symy on itself; that is, X,,(p) is 1 if 7 = po and 0 otherwise. Also, let

gpq = (—1)IPClepyqg).
Then the block MP® of M can be written as

MP? = gpq > X(p).

pEFPQ
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Proof  The functions [P, o] and [@, 7] correspond to the colourings o* of P and 7* of @
defined by

O'*(pcr(r)) :hr; T*(qq—(r)) = hr, r= 1,2,...,£.

The term (MT?),, is non-zero if and only if 0png = Thng: and then it is equal to gpq.
Thus it is sufficient to prove that opo = Tpng if and only if Xy (p) = 1 for some p € Fpq,
or equivalently, 7o~ € F PQ-

Given po, = g3, € PNQ, let a; = o(x). Then

T (QT(az)) =hy = o (po(m)) =0" (paj>-
Suppose 7o~ ! € Fpq, so that 7(z) = 7o~ !(a;) = 3;. It follows that 7*(gg,) = 0*(pa,),
SO Opng = Tpng- 88 required.
Conversely, suppose 0png = Tpng- Then 0*(pa;) = 77(gp,;) and so 3; = 7(x). Since

=0 1(a;), it follows that 70! is in Fpg. O

7. The collapsed matrix associated with a representation

In this section b and ¢ are fixed positive integers with b > ¢. If R is an r-dimensional
matrix representation of Symy, let Nr be the matrix defined as follows. In the formula for
the block MT? of M obtained in Lemma 5, replace each permutation matrix X (p) by the
corresponding R(p)*, where the superscript denotes the transpose. Thus Ny is a matrix
with blocks

(Ne)™2 = gpq 3 R(p)"
pEFPQ

Note that the blocks are now of size r, instead of ¢!. Given P, designate the row of Ng
given by the ith rows of the blocks (Ng)¥? by (P,i), and similarly for the columns. If f
is an eigenvector of Nr with eigenvalue A, so that f is defined on pairs (P, 1), then for all
such pairs we have

> (Nr)panf(Q.4) = A(Pi).
(Q.4)

Since

(NR)(Pi).(@.5) = 9PQ Z Rji(p).

pEFPQ

this can be rewritten as

h
> are ) f(Q4) D Riulp) = A(Pii),
Q j=1

PEFPQ
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Theorem 3 Let R be a matrix representation of Symy, of degree r, and Ni the matrix
defined above. Then each eigenvector f of Np with eigenvalue A can be lifted to r linearly
independent eigenvectors of M with the same eigenvalue.

Proof ~ We shall show that, for i = 1,2,...,r, the vector fi defined by

T

filP.o] =3 Rji(0) J(P.j)

is an eigenvector of M with eigenvalue .
We have

(Mflz{)[P,O'] = ZMPO' QTfIi%[QJ ]

(@Q,7]
—ZZQPQ Z XO'T fRQ? ]7
pEFPQ
ZQPQ Z ZXUT fRQ? ]
pEFPg T

The last sum is

> Xor(p)f£1Q.7] = fR[Q, po]
= Z Rji(po) £(Q, )

—Zf Q. j) ZRJh )Rai(o

Thus, since Ngf = Af,

(M fR)[P,o] = ngcz > Zf@] ZR]h )Rhi(o

pEFPqg j=1
= ZRhi(U) Z grq Y _F(Q.5) D> Rjn(p)
h=1 Jj=1 pEFPQ
= Z Rpi(o)Af(P, h)
- )\fR[ ,U].
The linear independence of the r vectors f5 follows from the fact that each matrix R(p)
is invertible, and hence has rank r. O
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The irreducible representations of Sym, correspond to the partitions 7w of ¢. If R is the
representation R™, denote Nr by N7™. The degree n, of R™ is given by a well-known
formula of Frobenius, and the size of N7 is n, (2).

Suppose that the eigenvalues of N™ are

i

V. with multiplicities f! (i =1,2,...,iz),

so that

i=re(y)

According to Theorem 3, v/% is an eigenvalue of M with multiplicity n, f% so, as eigenvalues
of M, the total multiplicity of all the v/. is

: b
T 2
It is a standard result that > n2 = ¢!, the order of Sym,. Thus the total multiplicity is
E!(Z) = (b)¢. Since this is equal to the size of M we have the following result.

Theorem 4 Every eigenvalue of M is an eigenvalue of N™ for some partition 7 of /,
and conversely. O

The symmetric group Sym, has two representations of degree 1: the principal represen-
tation defined by RP"(s) = 1 and the alternating representation defined by R (o) =
sign(o). These representations correspond to the partitions [¢] and [1¢]. Each has a cor-
responding matrix whose P(Q block is the scalar

grq Y. x(p),

pEFPQ

where x is RP™ or R% (considered as a character). These matrices will be denoted by NP
and Nt In the following sections we shall obtain explicit formulae for the eigenvalues of
these two matrices.

8. The principal terms

The Johnson graph J(b,{) is defined to be the graph whose vertices are the ¢-subsets of a
b-set, two of them being joined by an edge whenever they intersect in a set of size ¢ — 1
[1]. This is a connected graph of diameter d = min(¢, b — ¢), and the distance between two
vertices P and @ is £ —|PNQ)|. The distance matrices Ay, A1, ..., Aq are therefore defined
by

1 if |[PNQ|=1—j;
A — )
( J)PQ {O otherwise.
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Lemma 6 The matrix N = NP™ can be expressed in terms of the the distance matrices
of the Johnson graph J(b, /), as follows:

d
N =) (=17 jlem; A;
=0

J

Proof  According to the formula given at the end of the previous section, Npg is equal
to gpQ|FpQ’. If |Pﬁ Q| = ¢ then grQ = (—1)ZC%,Z' and |FPQ| = (f — Z)', SO

NPQ = (—1>i02€_i<£ — Z)' .

The result follows by putting ¢ = £ — j and using the definition of the distance matrices.
O

Note that when ¢ = 0, 1 the formula gives N = cgAp and N = —cy Ag + c2 A1, respectively.
The matrix Ay is the identity, and when ¢ = 1 the graph J(b,1) is a complete graph, so
A1 = J — 1. In these cases we have M = N and so we recover the formulae for M, and
M, obtained by direct means in Section 5.

Since J(b,¢) is a distance-regular graph, each matrix A; is a polynomial function of the
adjacency matriv A = Ay, that is A; = v;(A). In fact, the polynomials v; can be obtained
explicitly from the Eberlein polynomials, defined formally by the rule

sw-3 () ()00

Although E;(u) is ostensibly a polynomial in u, of degree 2j, it turns out [1] that it is also
a polynomial function v; of A\, = (¢ —u)(b — ¢ — u) — u, of degree j. Since the eigenvalues
of A = Ay are

Ni=W0—=0)b—C0—1)—1i (0<i<),
it follows that the eigenvalues of A; = v;(A) are v;(\;) = E;(1).

Theorem 5 Let T(k) be the compatibility operator for k-colourings of the untwisted
bracelet on K3, where & > b. Given ¢ such that 0 < ¢ < b put d = min(¢,b — ¢). Then
T (k) has d + 1 eigenvalues vy;, 0 < i < d, given by the formula

d

(—Dvs = Y (=1 jl ey B(D),

j=0
where ¢py; = C(b—{—j,k—{¢—j) and E; is the Eberlein polynomial defined above. Each
(—1)*vy; is a monic polynomial in k of degree b — .

Proof The set of eigenvalues of T'(k) contains the set of eigenvalues of the matrix 7'
representing its action on a subspace U(S), where |S| = £. Among these eigenvalues are
the eigenvalues of M, and by Theorem 4, these in turn include the eigenvalues of N.
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The result follows from the formula for N given in Lemma 6, and the expression for the
eigenvalues of A; in terms of the Eberlein polynomials. O

The multiplicities of the eigenvalues of NP" can be deduced from the general theory
of distance-regular graphs. It is known [1] that the multiplicity of the eigenvalue \; =
(¢ —4)(b— € —1i) — i of the adjacency matrix A; of J(b, ) is

()= (2

m; = . — . .

1 1—1

Since NP" is a polynomial function of A, the eigenvalue vy; also has multiplicity m;.

It has already been mentioned that, when ¢ = 0 and ¢ = 1, M is equal to NP"*, so
all the eigenvalues of M are given by Theorem 5. When ¢ = 2 and b > 4 we have
N = cAyg — c3A1 + 2c4 Ao, and there are three distinct eigenvalues of IV, which are also
eigenvalues of M. They can be obtained as follows. The relevant Eberlein polynomials are

Eo(u)
E1 (U)

L;
A =02—-u)(b—2—u)—u

1
Ea(u) = 5 (Ai (b2 — (26— 4)).
It follows that the eigenvalues of N are:

ca — (2b—4)es + (b — 2)(b — 3)cq, multiplicity 1;
ca — (b—4)cs — 2(b — 3)cq, multiplicity b — 1;
co + 2c3 + 2¢4, multiplicity b(b — 3)/2.

9. The alternating terms
The matrix N** is simpler than NP7, for the following reason.

Lemma 7 If |[PNQ| </¢—2then (N%)pgy = 0.

Proof 1If |[PNQ|=/{—j, the set Fpg is a coset of the stabilizer of a symmetric group of
order j!. When j > 2 this coset contains equal numbers of odd and even permutations, so

Z sign(p) = 0.

pEFPQ

The result follows from the definition of N, 0

When P = @ the set Fpg contains only the identity permutation, and when |[PNQ| = (—1
it contains just one, non-identity, permutation ppg. It follows that

N = (=1)%(¢e] — ¢441 D),

where
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Dig = { Simlpra) HPNQI=-1;
0 otherwise.

It is helpful to think of D as the adjacency matrix of a signed graph J*(b,¢), that is,
J(b,£) with the edge PQ given the sign of ppg. It will be convenient to write

sign(ppq) = (~1)°P9,
and consider €(P, @) as an integer modulo 2.

The next lemma provides a useful method of determining €(P, Q). Given a subset A of
{1,2,...,b} and an element a € A define 7(a, A), the place of a in A, to be the value of s
such that a is the sth member of A in the standard (increasing) order.

Lemma 8 Suppose that P and @ are ¢-subsets of {1,2,...,b} such that |[PNQ|=¢—1,
and let. P\ (PN Q) = {p}, @\ (PN Q) = {g}. Then

(P, Q) =m(p,P) +m(q, Q).
Proof Let s =m(p, P),t = 7(q,Q), and suppose that s > t. Then

pi=q (G=1,...;t—1,i=s+1,....0), pi=q41 (i=1%...,s—1).

Thus ppg must be the cycle (¢,t+ 1,...,s), which has sign (—1)*7% = (=1)5**. It is easy
to check that the result holds for s < ¢ also. O

Lemma 9 If D is the adjacency matrix of the signed graph J* (b, £) then
D? =4(b— I+ (b—20)D.
Proof  Since (D?*)pg = >, DpzDzq, it is clear that (D?)pg = 0 whenever the distance

between the vertices P and Q of J* (b, £) is greater than 2; that is, whenever |[PNQ| < £—2.

If P =Q, we have (D*)pp = 3, D%,. Here the non-zero summands correspond to the
vertices Z that are adjacent to P in J* (b, ¢), and each non-zero summand is 1. Since there
are £(b — £) such vertices, (D?)pp = £(b — ).

If |[PNQ|=¢—1 or ¢— 2 the non-zero summands Dpz Dz correspond to the vertices Z
that are adjacent to both P and Q.

Suppose first that P and @ are adjacent, and let R = P N @ where |R| = ¢ — 1 and
P =RUp, Q= RUgq. Then there are b — 2 vertices adjacent to both P and @), of two

types:

b— /¢ —1 vertices RU z, (x ¢ RUpUQq);
¢ —1 vertices R\yUpUgq, (y€R).

For a vertex X = R U x of the first type we have
¢(P,X)=n(p,RUp) +7(z,RUx), X, Q)=mn(z,RUz)+7(q, RUq).

18



Hence e(P, X) + €(X,Q) = €(P,Q), and DpxDxq = Dpq for all b— ¢ — 1 vertices of this
type.
For a vertex Y = R\ y U p U q of the second type, we have

e(P,Y)=m(y, RUp) +7(q, R\yUpUq), €Y,Q)=n(p,R\yUpUq)+r(y,RUq).

Here it turns out that €(P,Y)+¢(Y, Q) = ¢(P,Q)+1. For example, suppose that p < y < ¢;
then

m(p,R\yUpUq) =n(p,RUp), w(¢,R\yUpUgq)=m(q,RUq),

m(y, RUp) =7(y,RUq) + 1,

which gives the result. Hence, for all £ — 1 vertices Y of this type, Dpy Dyg = —Dpq.
So the value of (Dpg)? when |[PN Q| = ¢ — 1 is therefore

(b -0 — 1)DPQ -+ (6 — 1)(—DPQ) = (b — 2€)DPQ.

If|PNQ|=¢—2,suppose P =SUaUb, Q =SUcUd, where |S| = ¢ — 2. For brevity,
write P = Sab, and so on. Then there are just four vertices adjacent to both P and Q:
Sac, Sad, Sbc, Sbd.

Suppose a < b < ¢ < d. Then it is easy to check that

e(Sab, Sac) + €¢(Sac, Scd) = 1 + €(Sab, Sbc) + €(Sbe, Sed)
€(Sab, Sad) + €(Sad, Scd) = 1 + e¢(Sab, Sbd) + €(Sbd, Scd).

It follows that (Dpg)? = 0 in this case, as required. The other cases can be verified in a
similar way. O

Theorem 6 Let T'(k) be the compatibility operator for k-colourings of the untwisted
bracelet on K3, where k > b. Then for each ¢ in the range 2 < ¢ < b — 1, T'(k) has two
eigenvalues vj;, i = 0, 1, given by the formulae

Vip=(=1)"(ce = (b= Oceyr),  viy = (=1)(co + Leera).
(Note that when ¢ = b the eigenvalue v}, = (—1)® can also be regarded as belonging to
this family - see Section 10).

Proof  The set of eigenvalues of T'(k) contains the set of eigenvalues of the matrix T
representing its action on a subspace U(S), where |S| = ¢. Among these eigenvalues are
the eigenvalues of M, and by Theorem 4, these in turn include the eigenvalues of N®*.

It follows from Lemma 9 that the eigenvalues A1, Ao of D are the roots of the quadratic
equation

A2 = (b—20)A—£(b—¢) =0, thatish =b—¢, Ay = —L.
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Consequently the eigenvalues of N = (—1)%(coI —cpy1D) are (—1)%(co — (b—£)cpy1) and
(—I)Z(Cg + 6054_1). O

The multiplicities of the eigenvalues v;; can be computed directly. Since the trace of D is
zero, the multiplicities fp and f; of its eigenvalues b — ¢ and —/ satisfy

folb— )+ f1(=0) =0, h+h:(®.

Hence the multiplicities of the eigenvalues vy, and v}, are

b—1 b—1
f0_<£_1>7 fl—( / )
Since the principal and alternating representations are the only representations of Symy
when £ = 2, in this case the eigenvalues of NP and N** account for all the eigenvalues of

M. For b > 4 there are three distinct eigenvalues of NP™* (Section 8) and for b > 3 there
are two distinct eigenvalues of N%*, which are

co — (b—2)cs, multiplicity b — 1;
c2 + 2c3, multiplicity (b—1)(b— 2)/2.

10. Conclusion: the cases b=2,3,4

In the Introduction it was pointed out that the terms in the chromatic polynomial of B, (b)
appear to occur in levels, the terms at level ¢ being of the form
(Polynomial of degree E) X (Integer) (Polynomial of degree b — E)n.
The foregoing theory reveals that each ‘Polynomial of degree b — £’ is an eigenvalue of a
matrix M = My, and the corresponding ‘Integer’ is its multiplicity as a eigenvalue of M.
Furthermore all these expressions can be obtained from collapsed matrices N associated
with representations R of Symy,. In this section we shall study the cases b = 2,3,4,
obtaining all the eigenvalues and multiplicities explicitly. In these cases a little extra
work will produce the full chromatic polynomial, specifically the ‘Polynomial of degree
¢ involved in each term. This polynomial arises because the matrix M is defined for a
fixed f-subset of the k colours available, and so M occurs many times as a block of the
compatibility matrix T'(k). This means that each eigenvalue has a global multiplicity as an
eigenvalue of T'(k), as well as its local multiplicity as an eigenvalue of M.

All the eigenvalues that we have obtained can be expressed in terms of the functions
¢i = C(b— i,k — 1), where C' was defined in Section 4. For a given b, ¢; is a monic
polynomial in k of degree b —i. Each eigenvalue \ at level ¢ is a linear combination of the
¢;’s, with coefficients that depend on b, not k, and it is easy to check that (—1)*) is a monic
polynomial of degree b — ¢. It is also worth remarking that there are many relationships
among the \’s, arising from the recursive form of the definition of the ¢;’s.
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In the following exposition it will appear that the cases b = 2, 3, 4 are mainly covered by the
general theory of the principal and alternating representations, as developed in Sections
8 and 9. In addition there is the simple observation that, when ¢ = b, the matrix M is
(—1)°1. Tt remains only to deal with the case b = 4, ¢ = 3, which involves a nonlinear
representation.

The case b = 2

In this case the relevant polynomials are

C():k2—3k—|—3, Clzl{?—Q, 62:1.

At level 0 we have the eigenvalue ¢y, and at level 1 two principal eigenvalues

_Cl+62:_<k_3), —01—02:—(k—1),

both with local multiplicity 1 and global multiplicity & — 1 (Section 5). At level 2, we have
the eigenvalue co = 1, which is both a principal eigenvalue and an alternating one. It can
be shown [3] that the global multiplicities are k(k —3)/2 and (k —1)(k — 2)/2 respectively,
so the total global multiplicity of 1 is k2 — 3k + 1. The chromatic polynomial of B, (2) is
thus as given in Section 1.

The case b =3

In this case the relevant polynomials are

co=k>—6k>+14k —13, 1 =k*>—5k+7, ca=k—3, c3=1.

At level 0 we have the eigenvalue ¢y, and at level 1 two principal eigenvalues

—c1+2c0 = —(k* =Tk +13), —c1 —co = —(k* — 4k +4),

with local multiplicities 1 and 2 respectively, and global multiplicity k£ — 1. At level 2 we
have d = min(¢,b — ¢) = 1, so there d + 1 = 2 principal eigenvalues, and two alternating
eigenvalues:

co—2c3=k—5, co+c3=k—2, co—cg=k—4, co+2c35=k—1,

with local multiplicities 1,2,2,1 respectively. It turns out that the principal eigenvalues
have global multiplicity k(k—3)/2, and the alternating eigenvalues have global multiplicity
(k—1)(k —2)/2 (compare the case b =2, { = 2).

Finally, at level 3 we have the eigenvalue —c3 = —1. Its global multiplicity is k3 — 6k2 +
8k — 1, so this completes the derivation of the chromatic polynomial of B,,(3), as given in
Section 1.

The case b =4

In this case the relevant polynomials are
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co=k* —10k® + 41k> — 84k + 73, ¢ = k® — 9k + 29k — 34,
62:k2—7l{3+13, 63:]{5—4, 04:1.

At level 0 we have the eigenvalue ¢y, and at level 1 two principal eigenvalues

—c1 + 3¢y = —(K® — 12k® 4+ 50k — 73), —c; —co = —(k* — 8k* + 22k — 21),

with multiplicities 1 and 3 respectively. At level 2, general formulae for the three principal
eigenvalues were obtained in Section 8, and for the two alternating eigenvalues in Section
9. Putting b = 4 in these formulae we obtain the eigenvalues

co—des+2c4 =k — 11k +31, co—2c4 =k*> —Tk+11, co+2c3+2c4 =k*> —5k+7,

Co— 205 = k%2 — 9k 421, o+ 23 =k*—5k+5,

with multiplicities 1,3,2,3,3 respectively.

The calculation at level 3 presents a new feature, because the nonlinear irreducible repre-
sentation of Symg is involved. Such representations can be constructed using the methods
given by James and Kerber [9], for example. In this case the representation is associated
with the partition [21] and is generated by the following matrices

R (12) = ((1) j) - RRU(123) = (j (1)) ,

Returning to our theory, we proceed as follows. Enumerate the 3-subsets P of {1,2,3,4}
in the order 234, 134, 124, 123, and label the rows and columns of M accordingly. This
means that M can be written as a 4 x 4 matrix composed of blocks MT?, each block being
a 6 x 6 matrix given by the formula in Lemma 5. Here the set Fpg contains only one
permutation in each case, and since c3 = k — 4, ¢4 = 1, we can write M = Z — (k — 4)1
where

O I X(12) X(123)

g I o) I X(23)
| x(a2) I 0 I
X(132) X(23) I 0

According to Theorem 4, every eigenvalue of M is an eigenvalue of one of the collapsed
matrices NP7, N*t N2 corresponding to the irreducible representations of Syms. For
NP and Nt the eigenvalues are given explicitly by theory developed in Sections 8 and
9.

The matrix N2 is the 8 x 8 matrix obtained by replacing the 6 x 6 matrices X (p) by
the appropriate 2 x 2 matrices R (p)t. Writing N1 = ZPYU — (k — 4)I, we find that
Z121 has eigenvalues 2,0, —2 with multiplicities 3,2, 3 respectively, so the eigenvalues of
NP are —(k — 6), —(k —4), —(k — 2), with the same multiplicities. Recalling that, as
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eigenvalues of M, the multiplicities are doubled (because the degree of R ig 2), we have
the complete set of eigenvalues and multiplicities of M:

principal : —k+7 (1) —-k+3 (3)
alternating: —k+1 (1) —k+5 (3)
21]: —k+6 (6) —k+4 (4) —k+2 (6).

The global multiplicities are as follows: ¢k(k — 1)(k — 5) for the principal eigenvalues,
+(k —1)(k — 2)(k — 3) for the alternating eigenvalues, and $k(k — 2)(k — 4) for the RI?1
eigenvalues. (Note that the last expression is generally a half-integer, but everything comes
out right because the local multiplicities are double-integers.)

The multiplicity of the level 4 eigenvalue ¢4 = 1 can now be found by ad hoc methods,
giving the following result, in agreement with Chang [8]:

P(B,(4);k) = (k* —10k® + 41k* — 84k + 73)"
+(k—1) ((—k:3 + 12k% — 50k + 73)"™ + 3(—k> + 8k? — 22k + 21)”)
+ k(k - 3)/2 <(k:2 11k + 31" 4+ 3(k2 — Tk + 11)" + 2(k? — 5k + 7)”)
4 (k- 1)(k—2)/2 (3(k2 — Ok + 21)" + 3(k2 — 5k + 5)”)
4 k(k — 1)(k - 5)/6 ((—k 7)™+ 3(—k + 3)%)
4 (k—1)(k—2)(k —3)/6 ((—k 1)+ 3(—k + 5)“)
4 E(k—2)(k —4)/6 (6(—k +6)" + A(—k +4)" + 6(—k + 2)%)
+ k% — 10k3 + 29k* — 24K + 1.
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